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Landmark-based navigation

Using landmarks for navigation
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Experimental validation

Thesis objective : Will the robot reach the desired area?
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Trajectory of a robot: Perfect case

Perfect case
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Trajectory of a robot: Disturbed case

Disturbed case
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Reachable set: Definition

Definition
Consider the dynamical system

ẋ (t) = γ (x (t) ,w (t)) (1)

The reachable set at time t is

Rt (X0,W) = {x (t, x0,w) | x0 ∈ X0, w (·) ∈ W} (2)

Since w (·) can move arbitrarily in W, we treat a differential inclusion.
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Reachable set: Illustration

Reachable sets through time
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Objectives

• Inner and outer approximations of the reachable set

• of a disturbed dynamical system

• in a guaranteed way
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Approximations of the reachable set

Reachable set to approximate
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Outer approximation

An outer approximation of the reachable set is a superset

R+
t ⊇ Rt (3)

“My robot can not end up outside this set”

Obstacle is avoided 12



Inner approximation

An inner approximation of the reachable set is a subset

R−
t ⊆ Rt (4)

“My robot can for sure end up in this set”

Risk of collision 13



Disturbances

A robot is per definition a disturbed system

• Actuators are not perfect

• Subject to external disturbances (wind, current...)

• Noisy sensors affect the navigation
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Handling guarantees: Set based methods

Under the hypothesis of bounded uncertainties, set based methods propagate them
in a guaranteed way.

Usual sets are:
1. Interval and boxes (interval vectors)
2. Ellipsoids
3. Zonotopes
4. Parallelepipeds

We will use the CODAC library for interval arithmetics.
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Numerical guarantee: Rounding strategies

Rounding strategies

16



Numerical guarantee: Rounding strategies

Rounding strategies

16



Numerical guarantee: Rounding strategies

Rounding strategies

16



Numerical guarantee: Guaranteed implementations

Guaranteed enclosures

CODAC builds upon GAOL (pronounced jail) which implements this numerical
guarantee.
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Objectives

• Inner and outer approximations of the reachable set,

• of a disturbed dynamical system,

• in a guaranteed way.
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Context

Let us consider a nonlinear dynamical system. It follows an ODE of the form

ẋ (t) = γ (x (t)) (5)

If we consider an initial state x0, we get an Initial Value Problem (IVP)

{
ẋ (t) = γ (x (t))

x (0) = x0
(6)

19



Reachable set and Flow function

Definition
Consider an IVP. If γ is continuous and C1, it has a unique solution called the flow
function. It satisfies

ϕ (t, x0) = ϕt (x0) = x (t) (7)

Definition
Consider an ODE and an initial set X0. The reachable set of the system at a time t is

Rt (X0) = {ϕt (x0) | x0 ∈ X0} = ϕt (X0) (8)
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Our strategy

Boundary based approach

22



Image of the boundary

Let us denote ∂X0 the boundary of X0. Since ϕt is bijective and continuous, we have

∂ϕt (X0) = ϕt (∂X0) (9)

i.e. computing ϕt (∂X0) is sufficient.
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Objectives

24



Objectives

24



Objectives

24



Objectives

24



Objectives summary

• Define an inclusion function (for g),

• Use it to compute the image of the boundary of a set,

• Use it for reachability analysis.
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Interval inclusion function

Consider a function g : R → R2.

Interval inclusion function

26



Parallelepiped inclusion function

Consider a function g : R → R2.

Parallelepiped inclusion function

27



Principle

Linear approximation inflation

28



Parallelepiped inflation1

Parallelepiped inflation

1M. Godard, L. Jaulin, D. Massé, “Inner and outer approximation of the image of a set by a nonlinear function”, International Journal of
Approximate Reasoning, 2025.
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Parallelepiped Enclosure of the Image of a Box

To improve the quality of the inclusion, we can introduce a size ε ∈ R.

• Split [x] in subboxes [xs ] of diameter inferior to ε,
• Compute ⟨g⟩([xs ]) for each subbox.

Finally,

g ([x]) ⊂
⋃
[xs ]

⟨g⟩([xs ]) (10)
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Example

Let us compute the image of [−1, 1]2 by

ψ0 (x) =


1√

1+x2
1+x2

2
x1√

1+x2
1+x2

2
x2√

1+x2
1+x2

2

 (11)
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Parallelepiped enclosures

Aproximations of ψ0

(
[−1, 1]2

)
32



Gnomonic atlas: Principle

• Define a an inclusion function,
• Use it to compute the image of the boundary of a set,
• Use it for reachability analysis.

Gnomonic atlas of the unit sphere 33



Gnomonic atlas : Definition2

Definition
Given a manifold M ⊂ Rm of dimension n. A gnomonic atlas {ψ0,Σ} for a manifold
M is composed of the inverse chart ψ0 and a set of symmetries Σ of Rm such that

M =
⋃

σi∈Σ

σi ◦ ψ0([−1, 1]n) (12)

2M. Godard, L. Jaulin, D. Massé, “Inner and outer approximation of the image of a set by a nonlinear function”, International Journal of
Approximate Reasoning, 2025.
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Image of the boundary of a set: gi functions

Construction of the gi functions
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Image of the boundary of a set: With parallelepipeds

If {ψ0,Σ} is a gnomonic atlas of ∂X, we denote

gi = f ◦ σi ◦ ψ0 (13)
We then have

f (∂X) =
⋃
i

gi
(
[−1, 1]m−1) (14)

Each gi is a function from Rn to Rm, n ≤ m. We have

f (∂X) ⊂
⋃
i
⟨gi ⟩([−1, 1]m−1) (15)
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Objectives

• Define a an inclusion function,
• Use it to compute the image of the boundary of a set,
• Use it for reachability analysis.
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2D Example : Brusselator

Consider the Brusselator system following the ODE

(
ẋ1
ẋ2

)
=

(
1 − 2x1 +

3
2x2

1 x2
x1 − 3

2x2
1 x2

)
(16)

We integrate the box [0.9, 1]× [0, 0.1] over 3s3.

3CORA example “nonlinear_reachInner_01_brusselator”

38



Comparison with the CORA library

Computation time (s) Langage Numerical guarantee

CORA 20 Matlab ×

PEIBOS (CODAC & CAPD) 0.18 C++ ✓

Inner and outer approximations of the brusselator 39



3D example: Lorenz system

The Lorenz system is defined by :

 ẋ1
ẋ2
ẋ3

 =

 σ(x2 − x1)

ρx1 − x2 − x1x3
x1x2 − βx3

 , σ = 10, ρ = 28, β =
8
3

We integrate the unit sphere over 0.1s
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Lorenz system integration

Integration of the Lorenz system
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How to save computation time?

Condition to verify
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Adaptive strategy

Bad, good and adaptative approximations

44



Example: area reaching

Area reaching of the car
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Example: Model

Consider the Dubins car following the ODE


ẋ1
ẋ2
ẋ3
ṫ

 =


cos(x3)

sin(x3)

cos(2πt)
1

 (17)

The robot initial set is a ball of radius 0.03.
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Reference trajectory

Reference trajectory with PEIBOS
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Last time step4

Adaptive enclosure of R1 (∂X0)

4M. Godard, L. Jaulin, D. Massé, “Constrained adaptive parallelepipedic approximation of the image of a set by a nonlinear function”, International
Journal of Approximate Reasoning, 2026.
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Comparison5

Adaptive Classical
Constraint validated in 7 times less time

5M. Godard, L. Jaulin, D. Massé, “Constrained adaptive parallelepipedic approximation of the image of a set by a nonlinear function”, International
Journal of Approximate Reasoning, 2026. 49
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Context

• Inner and outer approximations of the reachable set,
• of a disturbed dynamical system,
• in a guaranteed way.

Let us consider an nonlinear dynamical system. It follows an ODE of the form

ẋ (t) = γ (x (t)) + w (t) (18)

Both X0 and W are compacts. ∂X0 is a smooth manifold and ∂W is an ovaloid.
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Origin of the idea6

• Starts from an initial state
• Select random initial extremal disturbances
• Make them evolve to reach the extreme states in a search direction
• Convexify and inflates the result

Concept of Thomas Lew’ reachability analysis

6T. Lew, R. Bonalli, M. Pavone, “Exact Characterization of the Convex Hulls of Reachable Sets”, 2023 62nd IEEE Conference on Decision and
Control (CDC). 52



Modifications7

• Start from an initial set,

• Consider all disturbances to avoid the inflation,

• Avoid the convexification.

7M. Godard, L. Jaulin, D. Massé, “A new interval approach to compute an inner and outer approximation of the reachable set”, submitted to
Automatica.
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Desired disturbance

Desired disturbance
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Gauss map

Gauss map
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The augmented IVP


ẋ = γ (x) +

(
n∂W

)−1
(q)

q̇ = −Projq( dγ
dx (x)

⊤q)(
x (0) ,

(
n∂W

)−1
(q (0))

)
∈ ∂X0 × ∂W

q(0) = n∂X0 (x (0))

(19)

“Set” point of view
56



Experimental validation: Video
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Experimental validation: model

The model of the USV following a heading θd is

 ẋ1
ẋ2
θ̇

 =

 −v · cos (θ)
v · sin (θ)

K · (θd − θ)

 , v = 1.48, K = 0.2, θd = 0.8 (20)

X0 and W are centered balls of radius 0.15 and 0.06.
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Reference trajectory: 3D

Ground truth (green) and disturbance free model (pink)
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Reachable set

(x1, x2) cut (x2, θ) cut (θ, x1) cut
Cuts and projection of the reachable set at t = 1.83s

60



Non smooth case8

“Set” point of view

8M. Godard, L. Jaulin, D. Massé, “A new interval approach to compute an inner and outer approximation of the reachable set”, submitted to
Automatica.
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Non smooth case: example

Consider the dynamical system defined by

(
ẋ1
ẋ2

)
=

(
x2

2 + 0.6
0

)
(21)

X0 and W are centered disk of radius 0.4 and 0.1.
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Non smooth example: Result

Reference, disturbed and reachable sets through time

63



Non smooth example: Fake boundary

Reference, disturbed and reachable sets at 8s
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Non smooth example: Expected result

Fake boundary removed
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Difficulty

Self intersection in the boundary
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Chain decomposition9

89 chains in the initial (left) and image (right) set

9M. Godard, L. Jaulin, D. Massé, “Boundary approach to characterize the inner and outer approximation of the image of a disk”, Acta Cybernetica,
2025.
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Chains intersection

Intersections between chains
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Self intersections

Self intersections
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How to classify inner areas?

Orthogonal to the surface
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Inner and outer approximations

Inner and outer approximations of the reachable set
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Fake boundaries detection

Orthogonal to the surface for fake boundaries
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Fake boundaries removed

Part of the fake boundary removed
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Improved inner and outer approximations

Inner (green) and outer (green + yellow) approximations of the reachable set
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Conclusion

• Defined a method to compute the image of the boundary of a set,

• Implemented it with numerical guarantee in the CODAC library,

• Used it to get an inner and outer approximation of the reachable set under
disturbance,

• Experimental validation of the method,

• Proposed a solution for the issues of time computation and fake boundaries.
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Perspectives

• Improve the scalability of the method (different integration scheme...),

• Connect the reachability analysis with disturbance and the validation,

• Diversify the experimental setups (other robots, other mission...),

• Conduct experiments in higher dimension.
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Contributions: Articles

• M. Godard, L. Jaulin, D. Massé, “Inner and outer approximation of the image of
a set by a nonlinear function”, International Journal of Approximate Reasoning,
2025.

• M. Godard, L. Jaulin, D. Massé, “Boundary approach to characterize the inner
and outer approximation of the image of a disk”, Acta Cybernetica, 2025.

• M. Godard, L. Jaulin, D. Massé, “Constrained adaptive parallelepipedic
approximation of the image of a set by a nonlinear function”, International
Journal of Approximate Reasoning, 2026.

• M. Godard, L. Jaulin, D. Massé, “A new interval approach to compute an inner
and outer approximation of the reachable set”, submitted to Automatica.
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Contributions: Libraries and codes

• Created PEIBOS (Parallelepiped Enclosure of the Image of the BOundary of a
Set),

• Multiple developments in CODAC including the integration of PEIBOS,
• Updates to VIBes (viewer),
• All codes are available on a public repository.

PEIBOS (creator) CODAC (developer) VIBes (developer)
Contributions to libraries 80



Conferences and seminars

• Submeeting 2024 and 2026

• JJCR 2024 and 2025

• SWIM 2024 and 2025

• SCAN 2025

• International Online Seminar on Interval Methods in Control Engineering
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Thank you for your attention

81



Libraries and codes

• PEIBOS: https://godardma.github.io/subpages/libs/parallelepiped.html

• CODAC: https://codac.io/

• VIBes: https://github.com/ENSTABretagneRobotics/VIBES

• Codes: https://github.com/godardma/thesis_example

https://godardma.github.io/subpages/libs/parallelepiped.html
https://codac.io/
https://github.com/ENSTABretagneRobotics/VIBES
https://github.com/godardma/thesis_example


Neighborhood relation

Definition
Let [xi ] ∈ IRn and [xj ] ∈ IRn be two boxes. We define the neighborhood relation
noted Rn between [xi ] and[xj ] as :

[xi ]Rn [xj ] ⇔ [xi ] ∩ [xj ] ̸= ∅ (22)

If two boxes are in neighborhood relation, they necessarily intersect.



Chain relation

Definition
Let [xi ] ∈ IRn and [xk ] ∈ IRn be two boxes and g : Rn → Rm a C1 function. [xi ]

and [xk ] are in Chain relation for g, noted RBC ,g is equivalent to :

∃m ∈ N, [xj1 ] , . . . , [xjm ] ∈ IRn,

{
[xi ]Rn [xj1 ] ∧ · · · ∧ [xjm ]Rn [xk ]

g is injective on [xi ] ∪ [xj1 ] ∪ . . . ∪ [xjm ] ∪ [xk ]

(23)

In our case, the different gi = ϕt ◦ σi ◦ ψ0 functions will be studied.



Chain decomposition

Chain decomposition



Thomas Lew article



Reachability method hypothesis

• X0 is compact and its boundary ∂X0 is a smooth manifold

• W is compact and its boundary ∂W is an ovaloid

• f is at least C1, globally Lipschitz and its Jacobian df
dx is Lipschitz

• The disturbances w ∈ L∞ ([0,T ] ,W) are integrable



Robust under approximate

Rf
AE (t;Z0,U ) = {z ∈ Rn | ∀uA ∈ UA, ∃uE ∈ UE , ∃z0 ∈ Z0, z = φf (t; z0, u)} (24)

• uA is “an uncontrollable disturbance”
• uE is “a controllable input signal”



Hamilton-Jacobi

Ian M. Mitchell article



Parallelepiped

Definition
A parallelepiped ⟨x⟩ ⊂ Rn can be defined by it center c ∈ Rn and its shape matrix
A ∈ Rn×n as

⟨x⟩ = c + A · [−1, 1]n (25)

Parallelepiped in 2D



Non square cases

Flat parallelepiped and zonotope



Parallelepiped inflation: Flat case

If the parallelepiped is flat, we first complete its shape matrix with additional
generators. They can be chosen arbitrarily, or by using the null space of the flat shape
matrix.

Parallelepiped inflation : Flat case



Parallelepiped inflation: Algorithm

Inflation algorithm



Convergence order: Definition

Definition
Given g : Rn 7→ Rm a C1 function with n < m. The inclusion function ⟨g⟩ converges
with an order k if, for any tiny box [x], we have

vol(⟨g⟩([x])) = εmεk(m−n) (26)

where ε = O(w([x])). The order of convergence of ⟨g⟩ is the largest k such that ⟨g⟩
converges with an order k.



Convergence order: Example

Convergence order



Boundary approach

Image of the boundary



Example : Explored area

Explored area as a direct image computation



Example : Parallelepiped enclosure

Output of the PEIBOS algorithm



Example : Inner and outer approximations

Inner and outer approximations of the explored area (ε = 0.0625)



Example : fake boundaries

Fake boundaries



Constraint and contractor

Definition
A constraint L is a boolean function defined by :

L (x) =
{

1 if the constraint is satified
0 otherwise

(27)

Definition
A contractor CL associated with the constraint L is a function which satisfies the
following properties

• ∀ [x] ∈ IRn, CL ([x]) ⊆ [x] (Contractance)
• ∀x ∈ [x] , L (x) = 1 =⇒ x ∈ CL ([x]) (Consistency)



Contractor on the complementary

Contractor on the complementary



Adaptive parallepiped enclosure



Adaptive example

Reference and adaptive



Adaptive: Inner

Inner approximation



Adaptive: outer

Outer approximation



Comparison with inversion

Inversion and adaptive parallelepiped approaches



ARCH-COMP

“it [CORA] does not consider rounding errors”



CORA interval implementation10

“CORA does not consider rounding errors”

10M. Althoff and D. Grebenyuk, “Implementation of interval arithmetic in CORA 2016,” in Proc. of the 3rd International Workshop on Applied
Verification for Continuous and Hybrid Systems, 2016, p. 91–105



Hélios

Hélios USV



Sonar detection of buoy

Sonar detections



Serment [En]

In the presence of my peers,

With the completion of my doctorate in robotics, in my quest for knowledge, i have
carried out demanding research, demonstrated intellectual rigour, ethical reflection,
and respect for the principles of research integrity. As i pursue my professional carreer,
whatever my chosen field, i pledge, to the greatest of my ability, to continue to
maintain integrity in my relationship to knowledge, to my methods and to my results .



Serment [Fr]

En présence de mes pairs,

Parvenu(e) à l’issue de mon doctorat en robotique, et ayant ainsi pratiqué, dans ma
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