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Abstract

This paper introduces a new wrapper called a gutter. Gutters are used to enclose a part of
the solution set defined by nonlinear equations. We show that gutters may allow us to obtain
a better accuracy for the approximation with less computations. Some examples taken from

the literature illustrate the efficiency and the accuracy of the approach.

1 Introduction

In this paper, we want to characterize the set
X = {x € W|f(x) = 0} (1)

where x € R™ and f(x) € R™ is a nonlinear differentiable function. We assume that m < n.
This type of problems has already be considered by several authors using interval based methods
[6] [16] [I5] [TT][T7][20] [I8]. To characterize the solution set, we can build a paving of R™ made
with boxes. For each box [x]| of the paving, we can compute an approximation of the solution.

Moreover, if a high accuracy is required, a first order approach is needed.

Let us recall the principle of a first order approach [15][5][7], taking a small box [x] with center
X, as illustrated by Figure [1}
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Figure 1: Principle to get (x), a first order approximation of X N [x]

On this small box, we build the following linear approximation:

f(x) ~ f()‘()—i—Av- (x — %) @)
fr.(x)

where A = % (x). The linear approximation set for X:
Xy = {x € X|fL(x) = 0} (3)
is valid on the box [x]. Equivalently, we can write
XN [x ~XpN[x (4)
Now, this approximation is not reliable. Indeed, if the error
e(x) = fL(x) - f(x) ()

is small for all x € [x], we cannot conclude that X N [x] and X, N [x]| are close. For instance
if f(x) = 0 for all x € [x] and we can always find f;(x) (for instance, a constant) which is a
good approximation for f but which never vanishes. However, this situation occurs only when the
Jacobian of f is not full rank and can be considered as non-generic.

In this paper, we propose to use this first order approach to enclose the solution set X. For this,

we need to compute a reliable upper bound for the distance between the two sets X N [x] and
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X, N [x]. More precisely, we need to know how much we need to inflate X, in order to get an

enclosure (x) for X N [x].

The notion of first order approximation is taken from [5] where an approximation of order k
is said to be obtained if Vol((x)) = O(¢" - e*™=™) where ¢ = O(w([x])), w([x]) denoting the
width of [x]. This is illustrated by Figure [2| in the case n = 2, m = 1, k = 1. We have indeed
Vol((x)) = O(e? - "1 = O(e?), whereas Vol([x]) = O(£?).

A L2

™

Figure 2: The set (x) is a first order approximation for X N [x]

This paper is organized as follows. Section [2| recalls the approximation theorem needed to enclose
XN [x] by a polygon for a small box [x], i.e., for a box with a small width. Section (3| introduces
a new type of domain called gutter, which is defined by a box [x]|, an affine function Ax = b
(called a flat), and a radius p. Gutters are easy to handle (project, intersect, . ..) still preserving
an order one approximation. Section |4| defines the notion of gutter contractors that will be used
to approximate accurately the solution set. An illustration of the efficiency of gutters is given in

Section [4] on three test-cases taken from the literature. Section [6] concludes the paper.

2 Approximation theorem

This section proposes a method to compute an outer approximation of XN [x] with an order one.



2.1 Parallel linearization

As written previously, to enclose XN [x], we need first to enclose the graph f(x) over [x]. This can
be done using the parallel linearization (see Section 4.3.4 of [9]). For this, we approximate f(x)

over [x] by its tangent at the center x of [x]:
£(x) ~ £(%) + A - (x — ) (6)
The error of this approximation is
e(x) = f(X) + A - (x —x) - f(x) (7)

An accurate box [e]([x]) containing e(x) on [x] can be obtained using the centered form [15]:

el()) = o) + 22 (b)) - () - %) )
or equivalently
b)) = e(x)+ (A = (6D - (6 - ) )

2.2 Polyhedron approximation of X N [x]

Proposition 1. We have

A -x € [b]
£(x) =0 A= f(x)
{ xelx] b] = A% — £(%) + [e] (10)
le] = (A — & ([x]) - (x] - %)
Proof. For x € [x], from (7)) and (9], we have
£+ A (xx) -~ f0) € (A~ () ) (W - % (1)
e(x) h P g
Since f(x) = 0, we get
f(x)+A-(x—x) € [e] (12)
- A-x€Ax—{(x) +[e] (13)
]
O



As a consequence, the set X N [x] is enclosed by the polyhedron defined as the intersection of
the box [x]| and the part of the space defined by A -x € [b]. Now, polyhedrons are not easy to
handle. For instance computing the projection of a polyhedron or even computing the interval
hull is challenging as soon as we want guaranteed results. We prefer instead to use another type of
wrapper which is easier to handle and which preserves the first order approximation, as introduced

in the following section.

3 Gutters

A gutter a new type of abstract domain (or wrapper) (see [4] for more on abstract domains).
Gutters will allow us to compute nonoverlapping paving of a solution set with a first order ap-
proximation. This is not possible to get these two features with classical wrappers such as boxes

[15], ellipsoids[12], zonotopes [22][3] or octagons [14].

3.1 Notion of gutter

Definition 1. The gutter associated with a box [x] C R", a matrix A, a vector b and the inflation
rate p is the set (x) defined by

<X> = <[X],A,b,p>

(14)
= {x€[x],3p,Ap=Dband ||x - p[| < p}.

An illustration is given by Figure [3]

The quantity p = rad((x)) is called the radius of the gutter (x). The affine space Ap = b is called
a flat.

Our motivation for using gutters is to have the following properties

e The box [x] in the structure of the gutter will allow us to build a nonoverlapping covering
of X. This is not the case for zonotopes.

e A gutter can easily be bisected, contrary to ellipsoids.

e The axis-aligned projection is easy with gutters, contrary to polyhedrons.



e A first order approximation is possible, contrary to boxes.

Ax=Db

Figure 3: The gutter (green) is here the intersection between the box [x] and a cylinder

3.2 Axis aligned projection of a gutter

Consider the gutter (see (14)) (x) = ([x], A, b, p). The vector x = (x3,x3) € R", with x; € R™
and x, € R*™™,

Definition 2. We define the orthogonal projection of the gutter (x) = ([x], A, b, p) in the x;-space

as follows
Projp,, (([X], A, b, p)) =< [x1], AP bP™ p > (15)
where
(A1, As) = A
proj _ -1 1
A (Al.Aﬂ (16)
bpre = APYATD
xi1] = proj,([x])



In this definition, proj,.,, denotes the orthogonal projection with respect to the first m entries.
Figure [4] illustrates the projection in the case where m = 2 and n = 3.

Ax=b

ADPIOji, = pProi

Figure 4: Projection of (x) on the horizontal plane

Proposition 2. If x € ([x|,A,b,p), then proj,.,,x € proj,.,,({[x], A, b, p)). See Definition[] for
the projection of a gutter.
Proof. We have to prove that if x € ([x], A, b, p), then, x; = projy.,,x = ([x1], APl bP™i, p).
(i) The fact that x; € [x1] € projy.,, ([x]) is trivial.
(i) Take x = (x1, X2) such that Ax = b. We now check that is projection x; satisfies
AP x; = bPrl, (17)

We have
A1X1 + A2X2 =b (18)
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1.€.,

X1 = Al_lb - A1_1A2X2 (19)
or equivalently,
X1 — Aflb = —AflAQ - X9 . (20)
—_—— —
y M b
Now, recall that
y=M-b&s Ny=0 (21)

where N is orthogonal to M, denoted by N = M=, Indeed, if y is a linear combination of the
columns of M (i.e., y = M - b). It means that y is orthogonal to the null space of M (i.e.,

Ny = 0). As a consequence

— (A7'A9)" (s — A7) =0 (22)
1.€.,
(AT'AL)" % = (AT'AL) " AT'D. (23)
v oore

(iii) Take now x = (x3,X3) such that x is at a distance to the flat P : Ax = b less that p. Then x;
is at a distance to proj,.,,,P, less that p. This is due to the property that any orthogonal projection

is non-expansive, meaning they do not increase distances. O]

The corresponding Python code compute the projection of a gutter.

def project_gutter x1x2(A,b):
m,n=A.shape[0],A.shape[1]
A1=A[:,0:m]
A2=A[:,m:n]
U,S,Vt = np.linalg.svd((inv(A1)@A2).T)
Aproj= (Vt.T[:,n-m:]).T
return Aproj, Aproj@inv(A1)@b



Illustration
To explain the procedure, take m = 2 and n = 3. The system becomes.

X
aix G2 13 " _ b
9 =
Q21 Q22 Q23 by (24)
N—_——

N J/ 3,1'3

A b
After the elimination of x3 we get
(a23a11 - a13a21) T+ (a23a12 - a13a22) Ty = agsb; — ajzhy (25)
Therefore, we can write
pl”Oij(([X], A7 b7 P>) = <[X1]7 Aproj’ bproj’ P> (26)
where
Apmj:(aa—aa aa—aa>
| 23011 13021 23012 13022 (27)
ppProl = as3b; — ai3by

3.3 Intersection between two gutters

Definition 3. We define the intersection between the gutter (x;) = ([x]|1, A1, by, p1) and the
gutter (x2) = ([X]2, Ag, b, p2) as

(x1) N (x2) = ([x]3, Az, b3, p3) (28)

where
x]s = x]1 N [x]2

o ()
’ (29)
we o (n)
bs

1

p3 = smg\/p%j + p2 4+ 2papp - cos B

where 6 is the principle angle between the two spaces generated by A; and A,.




Figure [5] illustrates the projection in the case where m = 2 and n = 3. To compute 0, we first

compute the null space matrices K;, Ky for A, A;. Then we get

0 = arcsin \/1 — o2, (KTKj) (30)

max

where o,,c returns the largest singular value.

A|X:b1

S

M

\
>
P
g

Tl a1

Figure 5: The blue set on the right corresponds the gutter intersection between the two gutters
on the left

Proposition 3. If x € (x1) and x € (x3) then x € (x1) N (X3) .

Proof. The nontrivial point is the radius p3. From the construction of Figure [6] we have

bsin = h,

asinf = hy

Moreover, from the law of cosines, the diameter of the parallelogram is

d = Va?+ b2+ 2ab - | cos b
2
= oy ot Jcosd) (31)

= g Vi + W2+ 2hahy, - [ cos 0]

We conclude that

1
p3 =

S a \/p?, + p2 + 2papy - cos b (32)
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Figure 6: Computation of the diameter of the parallelogram

4 Gutter contractors

We consider again the set
X = {x € [x]|f(x) = 0} (33)

where f(x) € R™ and x € R", m < n. We take a box [x]. We want to compute a gutter
(x) = ([x], A, b, p) enclosing X N [x]. The radius p = rad((x)) represents the inflation to be done
for the flat Ax = b to enclose X N [x]. Equivalently, p corresponds to the Hausdorff distance
h((x),X N [x]) between X N [x] and (x).

Proposition 4. Consider the subspace of R™
Ey={x € R"|Ax = 0}. (34)
The orthogonal projection of a vector'y on Eq is given by
g = (1 — AT (AAT) A> y. (35)
Proof. Denote by a; the vector corresponding to the ith row of A, i.e.,
AT = (ay]...|an). (36)

The set Eq corresponds to the set of all x that are orthogonal to all a;. Equivalently, the vector

space A = span (aj, as, . .. ) generated by the a;, satisfies
A=Ej (37)

and
Eo = A, (38)
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Denote by y the orthogonal projection of y on A.
S’ :ﬁlal + - +ﬁmam = ATf)

where

p=(p1,..,pm)" =argmin{|ly — ATp|,p € R"}.

Using the least-square formula, we get that
p=(AA") Ay,

1.€.,
y= A" ((AAT)" Ay)
Now, as illustrated by Figure[7, we have y =y —y. Thus

y=y-y=(1-AT(AA")"A)y.

Figure 7: Projection of y on E,

Proposition 5. Consider the two flats of R™

El = {XER”|AX:b1}
E2 = {XGR"|AX:b2}

The Hausdorff distance [2] between E; and Ey is

h(E1,Es) = [|[AT (AAT) ™ (b) — by ||

12
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Figure 8: Hausdorff distance between E; and E,

The proposition is illustrated by Figure [8]

Proof. First note that both E;, E; and Eg = {x € R" | Ax = 0} are all orthogonal to A. Take one
point x; € [E;. The nearest x, € E; to x; is such that the orthogonal projection of x; and x5 on

Ey corresponds to the same point xq. Equivalently

xo = (T- AT (AAT) " A)x, = (T- AT (AA") " A) x,, (46)
Therefore
X1 — % = AT (AAT) A (%1 — x3) (47)
1.€.,
x1 — %, = AT (AAT) " (b; — by). (48)
O

The following proposition tells us how to build a gutter enclosing X N [x].

Definition 4. Consider a set X of R™. A gutter contractor B associated to X is an operator which

takes as input a box [x] and returns a gutter ([x], A, b, p) such that
XA C (x,Ab,p). (49)

Moreover, B is said to have an order k if for all nested sequence of boxes converging to a point x
in X,
B({[x], A, b, p) X (1 [x])

rad([x])F — 0. (50)
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where rad([x]) is the radius of the box [x].

Proposition 6. Consider the set X = {x € R"|f(x) = 0}. The operator

B: x| = ([x],A,b,p) (51)
where
b = Ax — f(x)
A = £
o = oa-ublfel] 2)

le] = (A- (D) (x-%)
and where op = HAT(AAT)_1 o is the spectral morm of the matriz AT(AAT)_1 is a gutter
contractor of order 1.

Proof. From Proposition [I}, we know that

£(x) = 0 A-x=b
{ x)=0 _ b=Ax—f(X)+e (53)
x € [x e € e

Take E: A-x=band E: A -x = b. From Proposition

h(EE) = AT (AAT)" (b—b) | < oa-[Ib—B] (54)
It means that
dJpeR"A-p=Db
p € K7, p (55)
Ip—x[| < oa-ef
The order 1 for the gutter contractor comes from the fact that
rad ((A — £([x])) - ([x] — %))
—0 (56)
rad([x])
which is a property of the centered form [15]. O

5 Test-cases

We consider here three testcases from the literature. For each of these test-case, we have to solve

a system of 3 variables with two nonlinear equations

fi(zy,z0,23) = 0

f2(131,372,5€3) <57>

I
o
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We want to characterize the set
X = {(C(]l,l‘g,xg,) |f([)31,172,1'3) = 0} (58)

In the following, the solutions will be depicted on the (z,x2)- space.

5.1 Algorithm

For the resolution, we use a branch and prune algorithm such as SIVIA (see e.g. [10]). Now, we
take advantage of the gutter contractor B for the solution set X € R®. A paving with boxes is
generated and the current paving is stored in a list £. The final gutters are stored in X*. The

algorithm can be described as follows.
Initialization: £ = {[x]}; X* = {}.

Resolution.

e Contraction step. Replace each [x] € £, by the smallest box enclosing the gutter (x) =

B([x]).

e Bisection step. For each [x] € £, if [x] is too small then push (x) on X*, otherwise, bisect

[x] and push the two resulting boxes in L.

By too small, we mean
rad([x]) < e or rad((x)) < 0.01e (59)

where ¢ is a small positive number corresponding the desired accuracy. The condition rad([x]) < e
is classical in many interval based algorithm. The condition rad({x)) < 0.01e tells us that if we
have a large box [x] such that its gutter approximation is already much more precise than what
we want, then there is no need to bisect it. This condition may reduce drastically the number of

generated boxes.

Moreover, in the definition of the solution set P (see ), we only want to enclose the projection
of X C R3. Each gutter of (x) of X* should thus be projected on the (z,7s) space, as explained
in Subsection3.2l
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5.2 Delay system

Consider the linear time-delay system [21] given by
J+29(t — 1) +y(t —22) =0 (60)

where x1, x9 are two parameters. Its characteristic function is

0(x,8) = 8% + 25”51 4 7572, (61)

The location of the roots for 6(zy, xo, jo3), where j2 = —1, provides a good understanding of the
stability of the system. As in [21], we define the set

{(z1,22) | J23 € [0, 10], O(p, jx3) = 0}. (62)

Since
0(x1, 2, jr3) =0

o f(x) = ( —x3 + 2z sin(z32;) + cos(x31s) ) _0 (63)
2x3 cos(xgry) — sin(x3xs)
the resolution can be done using our algorithm. Different cases have been treated, as illustrated
by the following table. In Figure |§| the lines correspond to different cases (a,b,c,d). The left
column shows the paving obtained using one of the best (to my knowledge) interval method with
a contractor which is asymptotically minimal [§]. The right column shows the paving obtained
by gutter contractors. Several initial boxes have been taken with different accuracy . The
computing time is denoted by 77 for the interval contractor and T, for the gutter contractor. The
volume of the approximation is denoted by V; for the interval contractor and V5 for the gutter
contractor. We observe that the improvement becomes significant when ¢ is small. Indeed, the
approximation is more accurate and the computing time is lower. It is a consequence of the first

order approximation of the gutter contractor.
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Case (a) Case (b) Case (c) Case (d)
[0,2] 1.3,1.8] [1.595, 1.615] [1.601, 1.603]
] 2, 4] 3,3.5] [3.2,3.22] [3.202, 3.206]
[0, 10] [0, 10] [0, 10] [0, 10]

- o4 98 912 916
Ty(s) 0.51 0.84 0.11 0.19
Ty(s) 0.86 1.46 0.17 0.05

Vi 0.092 2.05-1073 3.06 - 1076 4.18-107"

Vs 0.02 1.93-1073 7.2-1077 5.78 - 107

" 3.8 4.6 15.3 72.4

For Case (a), we observe that the gutters do not yield any improvement. When & decreases, we
become more and more accurate with respect to an interval approximation (represented by the
ratio V3 /V4,) and the resulting computing time is reduced. In subfigure (a), right, we observe many
red boxes. For these boxes, we were unable to get any gutter contraction on only the interval
contractor has been needed. In Subfigure (c), right, the blue boxes on the right are large compared
to the left boxes. This is due to the fact that the for the right boxes, the gutter approximation
is good enough to be stored in X without any further bisection. In Subfigure (d) right, all blue
boxes are such that rad(B([x])) < 0.01e . The stop criterion rad([x]) < € is not needed anymore.
Compared to the classical approach (see Subfigure (d) left), many boxes have to be generated to
reach the condition rad([x]) < e. This explains why gutters become much more efficient as soon

as a high accuracy is required.
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Figure 9: Left: resolution with asymptotically minimal contractors; Right: resolution with gutter

contractors
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5.3 Tensegrity

Consider robot described by Figure 10| with three springs (green) and three rigid bars (see [,
pps. 182-183 for more details). The length x; of the red rigid bar can be tuned. The magenta

bar can slide with no friction along the blue bar.

Figure 10: Tensegrity system, only z; can be controlled

At the equilibrium, the potential energy U of the mechanism, given by:

U = (3 + 03+ (%) —myLysinay — maLosinas
(32 — 4Lyxy cos by + 2 (L] + L3 + Ly Ly cos(xy + x3) — 4Lyxy cos 3)) (64)

—my Ly sinxy — moLs sin xs

SRS

should be stationary [23], i.e.,

W= 0
® (65)
We get
kL sin(xy + x3) — 2kxy sinxg + mocosxy = 0 (66)
kLysin(xy + 23) — 2kxy sinxg + mycosxy = 0

As in [23], we want to characterize the set of all (z1,22) € [0,2] x [, 7] such that there exists
x3 € [—m, 7| for which the two equations are satisfied. Fore =278 L; =1, k = 100, m; = my = 5,
and Lo € {0.99,1,1.05}, our algorithm generates Figure [11| (bottom), to be compared with the
symbolic approach of [23]. For our algorithm, the computing time is less than 1sec. No computing

time is given in [23].

In the workspace, a discrete approximation of the occupancy set is depicted on Figure [12]
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Figure 11: Set of all (xy, z5) corresponding to an equilibrium; Top: symbolic approach by Wenger

and Chablat; Bottom: with gutters
Left: Ly = 0.99, Center: Ly = 1; Right: L, = 1.05

I

5.4 RP-5AH robot

We consider the example taken from [I3] with the robot RP-5AH made by Mitsubishi, as illustrated
by Figure The parameters are taken as a; = —1, as = 0, by = 1, by = 0, {1 = {5 = %,
¢35 = {4 = 2. For this robot, we can control the two angles x; and x5 that are linked by the

constraint that the point p should belong to the Lissajou curve of equation

plrs) = ( %—1—008(3963) ) (67)

for some x3 € [0,27]. Equivalently [13], we want to characterize the set of all (x,z2) such that
there exists x3 € [0, 27] such that

(sinzy — lycos g — ar)® + (3 + cos(3ws) — l3sinay +ag)? — F =

(Sin r3 — 64 COS X9 — bl)2 -+ (% + COS<3ZE3) — 64 sin o — b2)2 — E% =

o O
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Figure 12: In the workspace, representation of all configurations for the robot, for different values
of L2

a= (aly G/Z) b= (bl, bg)

Figure 13: Left: RP-5AH Robot (Courtesy of Mitsubishi Electric Corporation).
Right: The point p should stay on the Lissajou curve

Using our algorithm for € = 276 in less than 1 sec, we get Figure right, to be compared with
the continuation method (left) obtained by [13]. The frame box is taken as

[x] = [<0.6,2.5] x [0.7,2.1] x [0, 2x]. (69)

Note that the continuation method is also based on parallelepipeds, but looses solutions (compare
carefully the top on the two figures) in some specific situations, where no valid initial points are

chosen near the solution curve to be selected.
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I

Figure 14: Solution set of the two armed problem in the (z7,x2) space;

Left: continuation method, Right: with gutters

In the workspace, a discrete approximation of the occupancy set is depicted on Figure [15]

Figure 15: Occupancy set in the workspace

The code source of the test-cases is based on the codac library [19] and can be found at:
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https://www.ensta-bretagne.fr/jaulin /buche.html

6 Conclusion

In this paper, we have introduced a new abstract domain called a gutter to represent the solution
set of a nonlinear equations. A gutter ([x], A, b, p) is composed of a box [x], a flat Ax +b =0

and a radius p.

e The box [x] is needed to allow nonoverlapping wrappers.

e The flat is needed to have the linear approximation and getting an approximation with an

order 1.
e The radius p is needed to have the guarantee.
This new wrapper makes it possible to increase the accuracy of the approximation compared to

classical interval techniques. Moreover, gutters are easy to project or to intersect, which is not

the case for other first order approximations such as parallelotopes, ellipsoids, zonotopes.

Three test-cases taken from the literature have shown the efficiency of gutters and the accuracy

of the approximation that could be obtained.
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