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Abstract—Confidence in sensor measurements is essential for
the localization of autonomous robots. But in critical contexts,
when encountering sensor failures, we still need to know how
our algorithms will behave. In this article, interval analysis and
set-based inversion techniques are used to handle measurement
outliers and bounded uncertainties in both sensor data and
environmental knowledge. We are ultimately able to guarantee
estimation performance without advanced statistical models or
complex and numerous simulations.

The main result is a computation method of a guaranteed
estimability in a context with outliers and uncertain environ-
mental parameters by leveraging a relaxed intersection approach.
This process is illustrated in a simple experiment of the static
localization of a telemeter-equipped robot in a 2-D structured
environment. A simulated environment is used to generate estima-
bility maps, allowing to visualize localization performance before
deployment, providing a practical tool for mission planning and
system monitoring.

Index Terms—Planning and Navigation; Mobile Robots; Iden-
tification and Estimation in Mechatronics

I. INTRODUCTION

Autonomous vehicles operating in sensitive and structured
industrial environments, such as maintenance facilities, de-
commissioning sites, or underground mining sites, must re-
liably localize themselves to execute critical missions. Many
of these environments are inherently hazardous for human
operators, making robust automated systems essentials.

In known environments, localization uses prior information
paired with sensor measurements to estimate the system’s
position. However, real missions and critical applications may
involve sensor failure, outliers in measurements, or uncer-
tainties in the environment model. Even in such contexts, it
is crucial to provide guarantees on the performances of the
position estimation, as well as to understand the effect of such
failures and uncertainties on the localization results.

Conventional probabilistic methods [1] can be used to define
a localizability metric. Several metrics have been proposed in
the literature. Walther et al. [2] simulate point clouds and use
a Monte-Carlo particle filter, feeding a binary localizability
accuracy metric to a neural network. Roy and Thrun [3] use
Markov localization and the associated probability distribu-
tion over the state space, scored with an entropy function,
high when the distribution is spread, low when the results
are accurate. Zhen et al. [4] model the observations as a
linear system, and process the constraint matrix until a SVD
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associating eigenvalues to a reduced number of constraints
— lower eigenvalues means lower solvability of the system.
However, these metrics are usually tied to specific estimation
models and prior assumptions on error distributions, which
makes them difficult to compare across applications and less
suited to situations with outliers or poorly known error statis-
tics. In contrast, interval analysis [5] and set-based methods
handle bounded uncertainties and outliers in a guaranteed
way, without requiring an extensive probabilistic model of the
errors. Set-based methods allowed us to define a theoretically
universal method of estimability for a constrained system.

This article focuses on interval based computation of estima-
bility [6]. While previous works took into account a potential
bounded noise on measurements, in this article we broaden the
guaranteed estimability definition in the presence of outliers
and external parameters. This definition is then applied to
the localization of a robot equipped with range sensors in a
structured environment.

Section II of this article dives into interval analysis concepts
and tools, to ultimately define the estimability computation. In
Section III, these concepts are applied to the localization of a
vehicle in a known planar environment described by segments.
Lastly, results and potential perspectives are discussed in
Section IV before concluding.

II. THEORY
A. Interval Analysis introduction

In this article, unknown values are represented as intervals
of R for the one-dimensional case, vectors of intervals or boxes
for the multi-dimensional case in R™. We will respectively
denote TR and IR"™ the sets of intervals and boxes.

Let us note z € R. The interval representation of x will be
noted [z] € IR. If [z] = [z7,27], (z7,2") € R, then the
width of [z] is the difference width([x]) = #T — ™. Vectors,
as well as their interval representation, will be noted in bold,
egx=(z1...2,)T €R™and [x] = [z1] x -+ X [z,] € IR™.
Lastly, when given a function f : R™ — R™, then [f] : IR" —
IR™ is an inclusion function [7], which must satisfy:

v[a] € IR", £([a]) < [f]([a]) (1)

Interval analysis defines a set of mathematical tools that allows
to process these intervals, and to apply usual operations — i.e.
intersection, union, arithmetic operations, usual functions —



in a way that is guaranteed to be sound. Interval analysis has
been used successfully on many problems such as SLAM [8],
[9] or visual processing [10].

B. Set Contraction

In some problems, direct computation over interval sets is
intractable, and we require processes that propagate constraints
while containing the result. This is done via set contraction,
which is the process of applying constraints to reduce the
width of an interval. The result of a contraction is an interval
that is included in the original one (contractance), and that is
guaranteed to contain all the possible values of the variable
given the constraints applied (consistency) [7].

When solving a Constraint Satisfaction Problem (CSP),
which takes into account several constraints and intervals
variables, the contraction algorithm is applied iteratively, until
there is no more reduction of the input intervals.

C. Set inversion

The estimation algorithm’s goal is to approximate an un-
known vector p, using a large set of parameters w, and
multiple measurements (y;)1<;<,. These quantities are linked
through the observation functions:

R' x R™ — R
(p7 W) = Yi

It is assumed that the error on the measurements is bounded.
If we know a starting estimate [p] € IR', the bounded interval
vector of possible parameters [w] € IR™ and [y;] € IR

the intervals containing each measurement, then the estimation
problem aims to find:

P={p € [p][3w € [W],¥i € [1,n], filp,w) € [u:]} (3)

This implies:

Vi€ [1,n], f; : 2)

PC {p € [p”ElWl € [W},fl(p7W1) € [yl]""v

W € (W fu(Prwn) € ]}
sPc(peplve W o el ©
~PcpeblwemLifimw e}  ©

The process of estimating P is the inversion of the set of
known measurements [7], which is illustrated in Figure 1. This
inversion via intersection process is valid as long as all the
measurements are within the tolerated error. The following
concept shows a way to account for potential outliers among
the measurements.

D. Relaxed intersection

A first enhancement to the set inversion is to make it
robust to outliers in measurements. We make the following
assumption:

MNO (Maximal Number of Outliers) assumption: Out-
liers measurements may exist, but their number never exceeds
a maximum of q.

Fig. 1: Illustration of the set-inversion problem with a single
measurement y and 1-dimensional parameter w. The unknown
pair (p,w) generates a measurement y in blue. The goal is to
estimate P = £~ ([y]) in the red crossed out area.

In Figure 2, the relaxed intersection of sets, i.e. the inter-
setion with outliers is illustrated. Let us consider n sets. The
g-relaxed intersection contains points which belong to at least
n —q sets. Thus, up to q of the sets can disagree with the final
result. This process does not determine which ones are the
outliers — perspective on outlier identification are discussed
in Section IV.
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O

Fig. 2: Tllustration of the g-relaxed intersection with n = 6
disagreeing sets, and ¢ € {2,3,4,5} (from top-left to bottom-
right) [11].

Let us name [p;] an interval vector such that {p €
[pl[Fw: € [w], [fi](p,w:) € [1:]} € [pi]. The result param-
eter estimation is now the relaxed intersection of said [p;]

boxes:
{a}

PC () [pi (7)

i€1,n]

Relaxed intersections have been used for other localization
algorithms, with a temporal evolution function [12].

E. RSIVIA Algorithm

A major setback for the set-inversion is to have to start
with a very wide starting vector of intervals. Let [x] € IR"
be this vector. To reduce its width, we bisect it, often along
its largest dimension, to get two sub-boxes. The Relaxed Set
Inverter Via Interval Analysis (RSIVIA) [12] is used. The
RSIVIA algorithm uses the following principle: after using
the set-inversion algorithm described before, if the result is



not empty, bisect the result and restart the algorithm with the
two smaller boxes. This allows to repeat the inversion process
on smaller and smaller boxes, until a stopping condition is
met. This condition can be on the number of iterations, or on
the size of the boxes considered. In the simple version used
here, when the stopping condition is met, the result is added
to a list of solution sets.

FE. Estimability

We described a method to interpret measurements and
estimate p. The next addition of this article is the use of a
guaranteed tool to estimate the performances of said method.
As described in [6], the first step is to find the other vectors
that can yield the same measurements as p, here with any en-
vironmental parameter w. The hypothesis was made that there
is a bounded noise e € F;, E; C R on each measurement, such
that:

yi = [i(p, W) +e ®)

The goal is to compute the other vectors p which are estimable
from the measurements (y;)1<;<n, i.¢. vectors which satisfy:

I(w,w') € [w]?, Vi, 3(er, e0) € E?,
fi(p, W) +e1 = fi(p, W) + e

From this, let us define the i-th potential observation set, for
any environmental parameter:

Yi(p) = {fi(p,w)+e2—e1 | w € [W], (e1,e2) € E]} (10)

The vectors estimable from p would then be:

P(p) = {p € [p] | Iw € [W],¥i, fi(p,w) € Yi(p)}
C{p € [p]|Vi3we [w], fi(p,w) € Yi(p)}

In practice, the vector p is unknown, and is estimated via a
known algorithm through noisy observations. For any outlier,
we have: P C P(p). In P(p) are stored vectors that can be
estimated from p, hence its name: estimability set.

Next, let us take into account the MNO hypothesis. For two
vectors (p,p), we assume the presence of up-to ¢ outliers
among measurements. We need to find n — ¢ measurements
compatible with p, and n — ¢ other measurements compatible
with p. Hence, there is a minimum of n — 2 - ¢ common
components between the two measurements vectors. Which
ultimately translates to:

{2-¢}
P(p)C () {pedl|Iwe[w], fi(p,w) € Yi(p)} (13)

1<i<n

9)

Y
12)

This estimability set includes any combination of outliers in
the measurements and taken into account by the estimation
process. ﬁ”(p) is computed through a set-inversion process
alike the one described previously.

Once the approximation of I@’(p) is computed, a metric is
used to describe its size, and quantify the estimability of p.
This function must be monotonic and resulting in R™ [6].
For example, if the estimation process leaves us with a list
of interval vectors as a result, this metric can be the width

of the largest interval from the list or the sum or product of
their width, the volume of their union etc. This metric is then
used to map the performances of the estimation on the whole
application domain. In the following section, the estimability
set is illustrated for a localization problem.

ITII. APPLICATION
A. System and environment description

We consider the problem of the global static localization of
a robot in a known planar environment. Let [D] C R? be the
box containing the entire known environment, and [p] the box
containing the estimation of the robot position. The heading
of the robot is supposed to be contained in the interval [6].
Known structures are approximated by a list of m segments,
named (Wy)i<ip<m. Let ([Wg])i<h<m C IR*>™ be the list
of the known boxes containing said segments. The robot is
equiped with a LiDAR, which emits n range measurements.
Each measurement yields the distance d; from the position of
the LiDAR to the nearest obstacle, with a direction ¢;, relative
to the robot’s heading. The maximum range of the LiDAR is
d. The error on the LIDAR measurements is bounded, and
reflected in the two terms Ad and Ac, such that the intervals
used when processing a measurement (d;, &;) are:

[di] = [d; — Ad/2,d; + Ad/2]

[d; (14)

5)

The i-th measurement is [y;] = ([d;], [i])T. See Figure 3 for
an illustration of the considered problem, with 5 known walls
and their bounding boxes. The green outline represents the 4
range sensors measurements, accounting for the uncertainty
on distance and orientation.

Fig. 3: Simulation of the system in a simple convex environ-
ment.

B. Localization Process

For each received measurement, the box [p] is translated
along the rays defined by the measurement’s direction and
distance, in a manner similar to [9]. The translated box is
contracted around the walls’ boxes found in its area; then
the reverse translation is applied. The Figure 4 illustrates this
process for a single measurement. This is repeated for the n
measurements, of which we take the g-relaxed intersection to
obtain [p]|. The detailed operations used to compute [p] are
given in the Procedure 1 below. For each measurement, we
check in Line 3 if the measured distance is in the sensor range,
otherwise the distance is changed to account for out of range



(a) Starting estimate (b) After translation

(c) After contraction around (d) Final result after the inverse

the walls translation

Fig. 4: Localization process for a single measurement.

obstacles. In Line 6, the position box is translated along the
measurement. Then, in Lines 7 to 10, the intersections between
the translated position and each known wall is stored in [p,,],
corresponding to the mixed pattern red line in Figure 4. If
there was no wall and the result is still empty, then Line 12 is
applied and [p;] takes the value of the starting box, effectively
ignoring the measurement. Otherwise, [p,,] is re-translated in
the opposite direction and the result is stored in [p;], in Line
14. Finally, p is contracted as the g-intersection of the [p;].
This process is coupled with the RSIVIA algorithm, which
stops after the volume of the starting boxes reach an arbitrary
minimum. In practice, the operations on intervals are computed

Procedure 1 Localization process

1: [p] = [D]
2: for all ([dl], [Oél])lglgn do
3 if [d;] N [0,d] = @ then
4: [d;] = [d — Ad/2, +o0]
wooenet cos]([0] + )
o =+t (GG L)
ik [Pw] =92
8: for all ([Wk])lgkgm do
: [Pw] = [Pw] U ([Pe] N [Wi])
10: end for
11: if [pw] = @ then
12: [pi] = [p]
13: else

B [cos]([0] + [cu)])
14: [pi] = [Pw] — [di] * ([sin]([o] + [ai])>
15: end if
16: end for

7 [p) = [pI N,y P

using the Codac library [13]. This library provides standard
contractors, operations, and inclusion functions for both real
numbers and intervals, ensuring the enclosure of all solutions.

C. Computing the observation set

Now that the localization algorithm is defined, the last step
is to use the estimability as defined earlier and provide an
estimability map. Its goal is to illustrate, for each position
on the map, if the algorithm can provide a good result.
To generate this map, the starting domain [D] was divided
into a grid G. For each cell [p] € @, the corresponding
observations [f;]([p], [w]) = ([d;], [a;])T are computed using
the knowledge on the environment. The i-th ray intersects a
segment defined by the points a and b if the position p and
heading 6 satisfy:

det(a —p, (Snigre))) - det(b —p, (i) <0 (16)
Then, the distance from the system’s position to the considered
segment is given by:

det(a— p,b —a)

" det((nfaran) b - a)

a7

If d; ¢ [0, d], then the wall is considered as not detected. The
constraints presented are applied to the interval representation
of the different variables involved. Since there are some
ambiguous cases where a sensor beam can potentially cross
several walls, the output is the union of possible distances.
If no wall is detected, then the returned distance interval is
[d, +-oc]. Finally, the observation set Y;(p) is computed. Since
the error is centered, the set {ex—e; | (e1, e2) € E2} becomes

2 - F;, which means for our application:

Yi(p) € [f]([p). [W]) + ([-Ad, Ad], [-Aa, Aa])"  (18)

D. First localization results

To ensure that the localization process is relevant, it was
tested in the company common spaces. The room’s walls were
mapped using measuring tape. The boxes used to represent
them are large enough to take into account measurements
uncertainties. Other obstacles, like furniture, or the lower
half of the staircase, were roughly positioned and represented
through bigger boxes. See Figure 5 for the resulting map. The

Fig. 5: The room used for the experiment.

sensor used is a LiDAR with the following parameters:



o Number of measurements n = 252;

o Maximum range d = 6 m;

o Maximum error on the measured range Ad < 0.5 m;
o Maximum error on the ray orientation Aa < 1°.

o Maximum number of outliers ¢ = 20;

The outlier budget was inferred experimentally, and reflects the
poorly made map, that does not account for every obstacle in
the room. The localization algorithm was launched with these
parameters and the starting domain [D] = [—0.05, 12.05] x
[—0.05,6.77] meters. The results for two different starting
poses are presented in Figure 6.

iz
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Fig. 6: Localization results. The small black box is the
measured position; the larger red box is the estimated result.
The numerical value are detailed in the Table I.

TABLE I: Measured vs. estimated positions for the two test
poses.

Pose 1 Pose 2
Heading 6 (°) [-5, 5] [—40, —32]
Measured (z, m)  [1.99,2.05] [4.15,4.21]
Estimated (z, m)  [1.96,2.08] [4.03,4.49]
Measured (y, m)  [2.00,2.06] [4.63,4.69]
Estimated (y, m)  [1.76,2.22] [4.46,4.87)

E. Generating the estimability map

Since we lacked a precise cartography for the environment
at hand, introducing outliers and generating an estimability
map is done for a simulated environment illustrated in Fig-
ure 7, with the parameters:

o Number of measurements n = 30;

e Space between measurements o+ — a; = 1°;

o Maximum range d = 7 m;

e Maximum error on the measured range Ad < 0.5 m;
e Maximum error on the ray orientation Aa < 2°.

LR

y (m)

m
-20 x(m) 30

Fig. 7: Map and sensors parameters used in the simulation.

As briefly mentioned in Section ILF, there are different ways
to quantify the estimability of the position p using PP. The
set-inversion algorithm outputs a list of solution containing
interval vectors, of which we take the union. Two functions
were tested:

1) The surface of the output;

2) The width of each dimension of the output.
The starting domain D was divided in cells of 1 x 1 meter.
An estimability map was generated for a few values of ¢g. In

() g=10

®q=15

Fig. 8: Resulting estimability maps for growing values of
MNO, using the surface of the result in square meters.
Corresponding legend on the left, with 1250 m? being the
size of D.

Figure 8, we can see exactly how and where the localization
is worsened as the hypothesis on outliers becomes more pes-
simistic. The corners of the environment are the most robust
locations, while empty space and corridors degrade faster,
since they translate lesser information. Looking at the result
in Figure 9 with ¢ € {0,5}, as expected, knowledge on the z
coordinate is better in the vertical corridor, and knowledge on
the y coordinate is better in the horizontal corridor. Although,
with ¢ = 10, performances degrade altogether.
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Fig. 9: Resulting estimability maps for growing values of
MNO, with the width along the z-axis on the left column,
and the width along the y-axis on the right.

IV. DISCUSSIONS
A. On the identification of sensor failure

In some cases, outliers in measurements can be caused
by a sensor complete failure. With multiple telemeters, in a
dynamic context, if the system can diagnose that a sensor
is consistently giving outliers measurements, a strategy to
explore would be to ignore this sensor for the next iterations
of the localization process.

In a similar manner, knowledge on environmental parame-
ters could be updated if they are found consistently incompat-
ible with the measurements. This can happen in a localization
context if a wall is found to be consistently undetected or
inconsistent with the measurements.

B. On other estimability functions

Beyond the surface area metric chosen in this work, several
alternative estimability functions merit investigation:

« Obstacle avoidance capacity: Estimating the minimum
distance to detected obstacles relative to the localization
uncertainty could be used when validating safety margins
for path planning;

« Distance to a reference trajectory: A predetermined
path can be a better and more relevant reference than the
reference frame axes, which were used in this work. Es-
pecially in environments with a more complex geometry,
not necessarily aligned with said axes.

A comparison with an adaptation of stochastic methods such
as [4] would allow for a relevant performance comparison.

V. CONCLUSION

This article has presented a general robust guaranteed
estimability computation and mapping, using Interval Anal-
ysis. While previous definitions only took into account the

presence of a bounded noise, this method works with a
maximum number of outliers assumption and external environ-
mental parameters in the constraints equations. We illustrated
this method for the localization of a vehicle equipped with
telemeters. The estimability maps generated can be used to
perform mission planning and risk assessment, and more
rigorous localization performances analysis, for example in
the PANORAMA method [14].

Among perspectives, the next step would be the integration
of an evolution function to apply the method to dynamic
systems [12], paired with computation optimization in rays
intersections and searches, as well as sensor failure identifica-
tion as discussed. We could also better the characterization of
measurements with potential outliers using the tools of [15].
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