Validated prediction using intervals and integrals
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Reachability

1. Reachability



Reachability

We have
@ a dynamical system x = f(x,u)
@ an uncertain input u(z) € [u]
@ an initial state vector x(0) € X,

The reach set is

X(r) = {a] 3x(0) € Xo,3u(") € [u], a = @) (x(0)) }

where @, ) is the flow.






Reachability

Interval tubes
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Reachability
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Reachability

x()+y() € KO+

x()xy() € W) =DIC)
sin(x(+)) € sin([x](-))
Jox() € (-
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Boatbot towing a magnetometer



Reachability
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Integral algebra

3. Integral algebra



Integral algebra

An integral ring is a a ring (#,+,-) equipped with the integration
| such that

(1) RcZz

(i) Vac R, [ac X



Integral algebra

Consider Z, the smallest real integral ring.

We have
a=2¢€ % it is a constant

b=2tec % since, b= [a



Integral algebra
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Integral algebra

Consider an integral ring extension is £ | .
An element u of .Z is said to be integral %-algebraic independent if

2 3
u,/u,/ u,/ u,...

are all independent.



Integral algebra




Integral algebra

Integral dynamical system



Integral algebra

Given an integral ring Z.

We denote by Z < uj,uy,--- > the integral ring generated by #
and by a finite set {u;,us,...} that are integral #-algebraic
independent.



Integral algebra

Example. Consider the integral ring ¥ = %y < u > . We have

cost e Z
u+ [sinu+3 € Z

u+f(sinf3u)+3 S



Integral algebra

Definition. Consider a system of the form

-

This system is an integral dynamical system if for all i € {1,...,n},
Xi €Ay <uy,...,up>.



Integral algebra

Interval extension of an
integral dynamical system



Integral algebra

Consider an integral dynamical system
{xX1.00x0} €0 < upy... upm >.

@ For each x;, we can build an expression which involves
x1(0),...,x,(0), uy,...,uy as variables and +,—,-,/, [ as
operators.

@ An interval evaluation for the x;’s can be performed using the
classical rules of interval arithmetic.



4. Applications



Applications

The Car-Trailer



Applications
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Applications
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Can we conclude that x1,...,xs belong or not to %y < uy,us >7



Applications

Proposition. An integral formulation of the car-trailer is

xi = x1(0)+ [ (xscosx3)
X3 = X2 (0) + f (X5 SiHX3)
X3 = X4+ V1

X4 = X4(0) + f(xs sin Vl)
Vi = V1 (0) —i—fu]

X5 = X5(0) —|—fu2

with
v1(0) = x3(0) —x4(0).



Applications
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Integral representation of the car-trailer
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The interval trajectory is obtained by:

—~ — —

~—
—_— o~ — —

o ATSTSig Teers
S+ 4+ L+
NN NN TS TN
SO OO0 O wo o
N
— — <t <+ —
AREERSRRR
| T | RV |
TN TN N TN TN
O N NN TN TN -
e T —
s )
e Pl Pe Pie e

iy

R WA



_l’_

—t
SRS
[—0.001,0.001]
[—0.001,0.001]

[0.2,0.2]

[—0.01,0.01]

[—0.001,000.1]

-1,




Applications

Integral simulation of the car-trailer



Applications

The hovercraft



Applications

X |-

Z1

The hovercraft has two propellers and can glide in all directions
without any friction



Applications

The state equations are given by

X1 = vicosy —wsiny
X = wvisiny+vycosy
Vi = ur+on

V), = —@0vp

VvV o= o

O = u



Applications
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Proposition. An integral formulation of the hovercraft is

where
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Applications

Take
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The interval trajectory in the (xj,x2)-space is obtained by



a
c
o

k=
©

g

a
o

<

S~ N

SST=%FF
s= =8 % =
[n( . ~— N/~
.= «»n - nS\I/\}
! O\IJ)T [ S| O/4|l\/4l.\
S okt 00—
— L — = . =
2 SE== YT
TSRSt SRRl 6 8
)OOII.W.[(.JCS
== Torow >
=SS~—T"T"2S——
N -
_gE =~ 5587F ~
353 2 ==°1 2
H— & 83 X

| [ | Il

— —~

S T = =

In:



Applications




Applications

References



Applications

O Integral algebra [4]

@ Validating trajectory [13][3]

@ Tank-Trailer Model [10]

© Hovercraft [2]

© Monotone systems [12]

@ Interval analysis [6][5]

@ Tubes: interval tube arithmetic [1][9][11][8]
@ Interval for control [7]



Applications

[§ F.L.Bars, J. Sliwka, O. Reynet, and L. Jaulin.
State estimation with fleeting data.
Automatica, 48(2):381-387, 2012.

[§ I. Fantoni and R. Lozano.
Non-linear control for underactuated mechanical systems.
Springer-Verlag, 2001.

[§ L. Fribourg and R. Soulat.
Control of Switching Systems by Invariance Analysis:
Application to Power Electronics.
Wiley-ISTE, 2013.

& L. Jaulin.
Integral algebra for simulating dynamical systems with interval
uncertainties.
International Journal of Approximate Reasoning, 178, 2025.

[ L. Jaulin, M. Kieffer, O. Didrit, and E. Walter.



Applications

Applied Interval Analysis, with Examples in Parameter and
State Estimation, Robust Control and Robotics.
Springer-Verlag, London, 2001.

[ R. Moore.
Methods and Applications of Interval Analysis.
Society for Industrial and Applied Mathematics, jan 1979.

[ A. Rauh and E. Auer.
Modeling, Design, and Simulation of Systems with
Uncertainties.
Springer, 2011.

[3 S. Rohou.
Codac (Catalog Of Domains And Contractors), available at
http://codac.io/.
Robex, Lab-STICC, ENSTA-Bretagne, 2021.

[ S. Rohou, L. Jaulin, L. Mihaylova, F. L. Bars, and S. Veres.



Applications

Reliable Robot Localization.
Wiley, dec 2019.

[d P. Rouchon, M. Fliess, J. Lévine, and P. Martin.
Flatness and motion planning: the car with n-trailers.
European Control Conference, 01 1992.

[@ J. A. D. Sandretto and A. Chapoutot.
Dynibex: a differential constraint library for studying dynamical
systems.
In Conference on Hybrid Systems: Computation and Control,
Vienne, Austria, 2016.

[4 H. Smith.
Monotone dynamical systems: An introduction to the theory of
competitive and cooperative systems.
Mathematical Surveys and Monographs. American
Mathematical Society, 41, 1995.



Applications

[ J. Tillet, L. Jaulin, and F. L. Bars.
Non-linear control under state constraints with validated
trajectories for a mobile robot towing a trailer.
In IEEE/RSJ International Conference on Intelligent Robots
and Systems, IROS 2020, Las Vegas, NV, USA, October 24,
2020 - January 24, 2021, pages 7729-7736. IEEE, 2020.



	Reachability
	Integral algebra
	Applications

