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(xi,yi) is known when a poor accuracy compared to the aij,bij
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Consider m robots Ri, i ∈ {1,2, · · · ,m}:
ẋi

ẏi

θ̇i

v̇i

=


vi cosθi

vi sinθi

ωi

αi


where θi is its heading and vi is the speed.
The inputs are the yaw ωi and the acceleration αi.
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For each tk = k ·dtk, k ≥ 0,

each Ri measures (xi(k),yi(k)) with a precision ±eGPS. For
each tk, we have ∼ m intervals [xi] and [yi].

for any pair of robots (i, j), the vector(
aij(k)
bij(k)

)
=

(
xj(k)− xi(k)
yj(k)− yi(k)

)
is measured with an error of ±eDGPS. For every tk, we have
∼ m2 intervals [aij] and [bij].
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For each (i, j, ℓ), we have ∼ O(m3) equations

aij = aiℓ+aℓj (Chasles)
bij = biℓ+bℓj
aij +aji = 0 (symmetry)
bij +bji = 0

These relations can be used to contract the intervals for aij,bij.
The propagation could be long.
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We would like to do better considering all these constraints as a
global constraint.
We will build a �xed-point contractor using (max,+) algebra.
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2. (max,+) algebra
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{
a⊕b = max(a,b)

a⊗b = a+b

Example:
2⊕3 = ?
2⊗3 = ?
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{
a⊕b = max(a,b)

a⊗b = a+b

Example:
2⊕3 = 3
2⊗3 = 5
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(R,⊕) is not a group, only a monoid.

(R,⊕,⊗) is not a ring only a dioid (tropical semiring).

We can build a matrix algebra

Luc Jaulin and Laurent Hardouin A (max,+) based interval contractor for swarm localization



17 / 64

Di�erential GPS (DGPS)
(max,+) algebra

Fixed-point contractors
Contractor for potential matrices

Interval DGPS

Why (max,+) algebra?
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Bus 1 left Rennes at time x1. It takes 2 hours to arrive to Brest.
Bus 2 left Paris at time x2. It takes 5 hours to arrive to Brest.
When both buses are in Brest, Bus 1 will leave Brest to go to
Quimper.
At what time Bus 1 will leave ?
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Bus 1 can leave at times:

x3 = max(x1 +2,x2 +5)
= 2⊗ x1 ⊕5⊗ x2

=
(

2 5
)
⊗
(

x1
x2

)
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{
x1 (k+1) = max(x1 (k)+2,x2 (k)+5)
x2 (k+1) = max(x1 (k)+3,x2 (k)+3)
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x(k+1) =
(

2 5
3 3

)
⊗x(k)
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A matrix A is said to be ⊗ idempotent if

A⊗2 = A.
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Example. The matrix

A =

(
0 1
−2 0

)
is idempotent:(

0 1
−2 0

)
⊗
(

0 1
−2 0

)
=

(
max(0+0,1−2) max(0+1,1+0)

max(−2+0,0−2) max(−2+1,0+0)

)
=

(
0 1
−2 0

)
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In the tropical algebra, the identity matrix is

I =


0 −∞ . . . −∞

−∞ 0
...

...
...

...
. . . −∞

−∞ . . . −∞ 0


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3. Fixed-point contractors
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A mapping C :IRn 7→ IRn is a contractor for a set X⊂ Rn if:

C ([x])⊂ [x] (consistency)
[x]∩X⊂ C ([x]) (correctness)

[x]⊂ [y]⇒ C ([x])⊂ C ([y]) (monotonicity)
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To build a �xed-point contractor for

X= {x | f(x) = 0}

we rewrite the equation into a �xed point constraint;

g(x) = x.

A �xed-point contractor is given by

C ([x]) = [x]∩ [g]([x])

where [g] is an interval extension of g .
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Example. The equation

x1 + x2 = x3

is equivalent to: x1
x2
x3


︸ ︷︷ ︸

x

=

 0 −1 1
−1 0 1
1 1 0

 x1
x2
x3


︸ ︷︷ ︸

g(x)

The corresponding �xed-point contractor is [x1]
[x2]
[x3]

 7→

 [x1]
[x2]
[x3]

∩

 0 −1 1
−1 0 1
1 1 0

 [x1]
[x2]
[x3]


Luc Jaulin and Laurent Hardouin A (max,+) based interval contractor for swarm localization
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Example. The equation

x1 ⊕ x2 = x3

is equivalent to:  x1
x2
x3


︸ ︷︷ ︸

x

=

 x1 ⊖ x3
x2 ⊖ x3
x1 ⊕ x2


︸ ︷︷ ︸

g(x)

where ⊕ and ⊖ denote the max and min operators.
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A �xed-point contractor is given by [x1]
[x2]
[x3]

 7→

 [x1]
[x2]
[x3]

∩

 [x1]⊖ [x3]
[x2]⊖ [x3]
[x1]⊕ [x2]


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For matrices. A contractor �the matrix A is idempotent� , i.e.,
A2 = A is:

C ([A]) = [A]∩ [A]2.
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Di�erential constraints: The state equation ẋ = f(x), rewrites
into a �xed point form:

x(t) = x(0)+
∫ t

0
f(x(τ)) ·dτ

known as the Picard equation. The associated �xed-point
contractor is

[x](t) = [x](t)∩
(
[x](0)+

∫ t

0
[f]([x](τ)) ·dτ

)
.
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matrices
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A potential matrix is a matrix A with entries aij which satis�es

aij = aik +akj (Chasles)
aij +aji = 0 (skew symmetry)

A potential matrix encompasses the DGPS constraints.
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We have

A is potential⇔


A = A⊕ I
A = A⊗2

A = −AT
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A contractor for the constraint �A is a potential matrix�, is given by

Cpot([A]) = [A] ∩ ([A]⊕ I) ∩ [A]⊗2 ∩ −[A]T.

Moreover, a C ∞
pot is minimal.
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Example: electric circuit
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We measure n2 voltage aij between each pair of n nodes
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We collected the following interval matrix
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5. Interval DGPS
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Consider the swarm localization problem with m robots Ri,
i ∈ {0, . . . ,m}.
We express the localization problem in a �xed point manner:

Luc Jaulin and Laurent Hardouin A (max,+) based interval contractor for swarm localization



47 / 64

Di�erential GPS (DGPS)
(max,+) algebra

Fixed-point contractors
Contractor for potential matrices

Interval DGPS

Luc Jaulin and Laurent Hardouin A (max,+) based interval contractor for swarm localization



48 / 64

Di�erential GPS (DGPS)
(max,+) algebra

Fixed-point contractors
Contractor for potential matrices

Interval DGPS

If we de�ne the vector

X = (xi(t),yi(t),θi(t),vi(t),A(t),B(t))

the set of equations can be written under the form X = G(X).
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For the initialization, we have to take into account the GPS and
DGPS measurements:

xi(tk) ∈ [xi](tk)
yi(tk) ∈ [yi](tk)
aij(tk) ∈ [aij](tk)
bij(tk) ∈ [bij](tk)
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Test case
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Consider m = 10 robots moving in the plane. The inputs are
assumed to satisfy

ω(t) ∈ 1− e−t +[−0.01,0.01]
α(t) ∈ 1− e−t +[−0.01,0.01]

We took randomly a pose in the box [−50,50]× [−50,50] and
tmax = 10sec.
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Trajectories of the 10 robots
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Integration of the di�erential inclusion
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Combining the GPS with the dead reckoning, without the potential
contractor
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With the (max,+) potential contractor
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Let us have a look of the interval uncertainties viewed by R1.
This view is indeed what can be used by R1 to avoid the collision
with other robots or to contribute to maintain a formation.
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Viewed by R1: without (gray) and with (red) the potential
contractor
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