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RESUME

La robotique distribuée se situe a l'intersection de la robotique mobile et du
calcul distribué. La robotique mobile considere d’abord la physique, ot un robot
est soumis a des forces et le défi consiste a le diriger malgré des capteurs bruités
et des actionneurs imprécis. Le calcul distribué se focalise sur I'information, ou1 le
défi est de garantir un comportement collectif malgré le fait que chaque processus
s’exécute avec seulement sa vue locale. Malgré ces hypotheses différentes, les
deux communautés partagent 'intérét de modéliser des agents qui prennent des
décisions locales sous information incomplete, lesquelles doivent néanmoins étre
globalement cohérentes. Des efforts récents ont rapproché ces perspectives, en
adaptant des procédures algorithmiques au contrdle de systemes dynamiques, et
en ajoutant une dimension spatiale a des modeles computationnels. Cette these
développe les fondements mathématiques de cette intersection.

L'observation centrale est qu'une structure pertinente a la coordination vient
de l'information disponible aux robots lorsqu’ils doivent décider. La premiere
contribution formalise cette intuition en établissant que les systémes dynamiques
hybrides et des modeles computationnels discrets peuvent encoder la méme infor-
mation épistémique. En séparant les descriptions physiques et computationnelles
d"un robot en deux sous-systemes connectés, une relation de simulation préservée
au cours des exécutions justifie 'adoption d’abstractions discretes pour raisonner
sur des robots a dynamique continue.

Cette équivalence fournit un modele d’exécution commun a partir duquel
trois cadres complémentaires sont développés. Le premier formalise les besoins
épistémiques pour la coordination robotique a travers une logique temporelle-
épistémique avec propositions spatiales dérivées de l'espace de mission. La
connaissance au cours d"une exécution est modélisée géométriquement, ou les
états globaux sont reliés par des relations de causalité ou d’indiscernabilité. La
connaissance des faits statiques est préservée par les systémes robotiques avec
mémoire parfaite, et des conditions suffisantes pour l'exploration, la surveillance
et le rassemblement sont dérivées, séparant propriétés comportementales de celles
liées & la communication.

Le second cadre reformule la résolvabilité des taches comme un probléme
d’extension d"une information locale a la structure globale, a travers la théorie

des faisceaux. Un faisceau de tache assigne des décisions localement valides aux
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cellules d"une catégorie dérivée de la structure d’exécution, avec des restrictions
imposant la cohérence par robot. Ces faisceaux peuvent étre définis individu-
ellement par agent et se composent de maniere unique, permettant une analyse
modulaire. La résolvabilité correspond a 'existence de sections globales, et la co-
homologie de degré zéro de sa linéarisation fournit une procédure semi-calculable
pour construire des solutions lorsqu’elles existent.

Le troisieme cadre récupere le processus génératif des exécutions qui a été
abstrait par les cadres précédents. En restreignant I’attention aux communications
sans-attente et spécifiées par rounds, la spécification de ce qui peut arriver a
un seul état global pour un round devient suffisante pour dériver toutes les
configurations atteignables. Les protocoles de communication sont modélisés
comme des endofoncteurs sur les ensembles semi-simpliciaux chromatiques, dont
les algebres libres accumulent ces configurations par une itération non bornée.
Une logique temporelle-épistémique sur ces algebres exhibe la persistance de la
connaissance comme propriété structurelle plutét que comme axiome externe. Le
cadre est ensuite étendu aux foncteurs de protocole avec valeurs de décision, o1
des protocoles concrets modélisent explicitement le processus de décision itératif.

Ensemble, ces approches relient les perspectives épistémique, topologique et
algébrique sur la coordination dans un langage commun. Cette collection d’outils
auparavant isolés permettent de raisonner préalablement a I'implémentation sur

la faisabilité de missions robotiques distribuées.
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INTRODUCTION

The coordination of multi-robot systems requires solving two intertwined prob-
lems: controlling physical systems under dynamical constraints, and guaranteeing
the collective behavior of distributed agents with limited information. The first set
of problems is studied within mobile robotics, while the second is the subject of
distributed computing. Their intersection encompasses what can be understood
as distributed robotics.

The two fields have evolved towards multi-agent systems from distinct per-
spectives. Mobile robotics considers first the physics of the system, where a
robot is subject to forces and the challenge is to steer it despite the gap between
intended and actual behavior. It deals with noisy sensors, imprecise actuators,
and dynamics that impose hard constraints on which executions are feasible. A
natural evolution was to assemble several robots into larger coupled dynamical
systems, where control theory was already well-developed. The transition to
multiple robots was marked by the seminal work of Olfati-Saber, Fax, and Murray
[OFMO07] that framed consensus as a stability problem over interaction graphs
while retaining a global viewpoint of the system.

Distributed computing begins instead with a focus on information. Com-
putation is abstracted into processes that communicate by exchanging messages

or writing in a shared memory, where the challenge is to guarantee collective

1



INTRODUCTION 2

behavior despite each process executing independently with only its local view.
The central objects of study are structures derived from the possible executions,
encoding varying communication protocols, activation schedules, among other
sources of uncertainty. Lamport’s abstraction of concurrent events into partial
orders [Lam78] made this approach explicit, while the impossibility of consen-
sus with one faulty process established by Fischer, Lynch and Paterson [FLP85]
revealed that the obstacles lie not in computational power, but in the epistemic
limitations of what can be inferred from local observations. Mobility came later
through the LOOK-COMPUTE-MOVE model of Suzuki and Yamashita [SY99], ar-
riving as a discrete abstraction where robots jump between positions, observe
instantaneously, and with negligible computation time. Such simplicity enables
a more precise carving of the solvability landscape, but creates the need for a
translation back to continuous dynamics, where physical robots operate.

Despite different assumptions about dynamics and communication, both
communities share the interest in modeling agents that make local decisions un-
der incomplete information, which must nevertheless be globally coherent. This
observation was made explicit by Alcantara et al. [Alc+19], who showed that
robot coordination under crash failures reduces to distributed agreement. This
reduction opened the way for the topological characterizations of task solvabil-
ity from Herlihy and Shavit [[H599] to be applied in the mobile setting. In the
opposite direction, algorithms for fault-tolerance have also been shown relevant
for networked dynamical systems by Dibaji and Ishii [DI17], who applied mes-
sage filtering to agents with second-order dynamics. Such transfers succeeded
because the relevant structure comes not from the physics, but from the informa-
tion available to robots when they must decide. This thesis develops that insight
systematically.

The first contribution makes precise under which conditions hybrid dynami-
cal systems and discrete computational models are two facets of the same epistemic
information, justifying computational abstractions for reasoning about robots with
continuous dynamics. The following contributions emerge from this common
foundation, each addressing a different aspect of distributed coordination. A
temporal-epistemic logic formalizes task requirements in terms of the information
available to robots, individually and as a group, separating behavioral properties

from communication properties. Cellular sheaves reformulate task solvability as a



INTRODUCTION 3

question of whether local choices extend to global decisions, for which cohomology
provides a constructive answer. Protocol functors capture how communication
builds the distributed state space as structure-preserving transformation, with free
algebras accumulating all reachable configurations through unbounded iteration.

Organization and contributions Chapters 2 and 3 establish the modeling foun-
dations.

Chapter 2 reviews the frameworks used in mobile robotics and distributed
computing to represent multi-robot systems, and recalls the mathematical tools
used throughout.

Chapter 3 addresses how dynamic and computational models of distributed
robotics relate. The main contribution lies in making precise when reasoning with
a computational abstraction transfers meaningfully to the dynamical model. The
convenient separation of a robot state into ontic and epistemic components, isolat-
ing the computational information from the physical dynamics, makes evident
limitations arising from the information available. Time paths are introduced
as a geometric model defining the relationship between local and global time in
a multi-robot system. A hybrid dynamical system captures the physical evolu-
tion of robots, later abstracted into a compositional I/O automaton. The two are
connected by a system abstraction that preserves their epistemic content (Corol-
lary 3.36), justifying the adoption of the discrete model for the subsequent chapters.
This is an extension of the first part of [Cig+25].

The discrete compositional model defined in Chapter 3 provides a common
execution structure from which three complementary frameworks are developed
in Chapters 4 to 6, each addressing a different aspect of distributed coordination.

In Chapter 4, we formalize epistemic requirements for different levels of
robot coordination. System frames extend the runs and systems framework of
Fagin et al. [Fag+95] with explicit causality and indistinguishability relations
parametrized by groups of robots, providing a geometric representation of how
knowledge evolves throughout executions. A temporal-epistemic logic with
spatial propositions connects regions of the mission space to formulas modeled
on these frames, and we show that the knowledge of static facts is preserved
by robotic systems with perfect recall (Theorem 4.13). This language is used to

derive sufficient epistemic conditions for three tasks, separating behavioral from
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communication requirements. Exploration requires both physical coverage and
communication liveness (Theorem 4.21). Surveillance adds a temporal dimension
to the mission space and requires analogous coverage properties (Theorem 4.30).
Gathering is reduced to a variation of stabilizing agreement with regions of space
as decision values (Theorem 4.36), bridging this classical distributed problem to
the robotic setting. This chapter is an extension of the second part of [Cig+25].

In Chapter 5, we move from specifying what robots must know to character-
izing when they can act on that knowledge. The tension between local decisions
and global validity is central to distributed computing, and sheaf theory provides
a natural language to express it. System slices extract finite substructures from
system frames via execution cuts, and are shown to be as expressive as the origi-
nal frame for assessing whether a task can be solved (Theorem 5.10). A cellular
category derived from the slice encodes the causal consistency constraints that
any valid terminating decision function must respect. Task sheaves assign to
each global state the space of valid decisions, with restriction maps enforcing
agent-wise consistency. These sheaves can be defined individually per agent and
compose uniquely (Theorem 5.29), enabling a modular analysis. The solvability of
a task corresponds then to the existence of sections in a task sheaf from a given
system and task (Theorem 5.33). Additionally, we show the first advantage of
this framework by observing that the zeroth cohomology of the linearized task
sheaf provides a semi-computable procedure for constructing solutions when they
exist (Theorem 5.44). This chapter is based on [FHR25b] and its extended version
[FHR25a].

In Chapter 6, we recover the generative process of the executions that both
previous chapters abstracted away. System frames, while derived from an op-
erational semantics described in Chapter 3, assume a given set of executions to
work from. Protocol functors model communication as structure-preserving endo-
functors on chromatic semi-simplicial sets, while their free algebras accumulate
all reachable configurations through unbounded iteration from any initial state
(Corollary 6.21). A temporal-epistemic logic is then interpreted on these algebras,
where knowledge persistence emerges as a structural property (Theorem 6.29)
rather than an external axiom, contrasting with the axiomatic approach of Chap-
ter 4. The framework is then lifted to protocol functors with decision values,

where concrete protocols model the iterative decision process explicitly. These
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are also shown to be models of an extended temporal-epistemic logic, recovering
specifications analogous to the spatial task properties of Chapter 4. This chapter is
adapted from [Gou+25].



PRELIMINARIES

Distributed multi-robot systems live at the intersection between mobile robotics
and distributed computing. Robots have dynamical constraints imposed by their
physical construction, such as limited maneuverability or sensor range, while
they must solve complicated coordination problems as a distributed system. This
chapter reviews preliminary concepts from three perspectives: mobile robotic sys-
tems as physical entities (Section 2.1), and as computational entities in distributed
computing (Section 2.2), followed by the mathematical frameworks used for rea-
soning about distributed systems (Section 2.3). The progression from concrete
dynamics to abstract models of computation mimics the structure of our main
results, where the overlap between perspectives provides the main insight of this
thesis: these different views are representations of the same content and evolution

of information.

2.1 MOBILE ROBOTICS

Mobile robotics centers on three fundamental challenges: mapping unknown
environments, localizing within those environments, and planning safe paths

to goals. We define now the minimal vocabulary needed to speak of robots as
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physical systems. Robots are first described as individual entities, and then as part
of a multi-robot system.

2.1.1 MODELING ONE ROBOT

We model a robot as a (possibly hybrid) dynamical system capable of performing
observations through its sensors and of being steered through a controller. The
main reference for this section is the textbook by Khalil [Kha02].

» Definition 2.1 (Dynamical system). A dynamical system is a tuple (X, f) where X C
R? is the state space and f: X x RT — X is a dynamics function describing the
system evolution & = f(z,t), which satisfies the locally Lipschitz property, i.e., for
every zo € X, there exists a neighborhood U of zy and a constant L such that
1(f (2, t) = Fy, )l < L]z =yl forall 2,y € U. «

The state of a dynamical system encodes the physical quantities of the robot,
such as position, velocity and orientation. It may include arbitrarily more variables
that one may want to keep track of, such as the individual speed of each of its
motors, or its logical counters. The dynamical system’s evolution is described by
the differential equation @ = f(z,t), where f is assumed to be locally Lipschitz in
x to ensure the existence and uniqueness of solutions.

A robot interacts with an environment through actuators, to influence its own
state, and sensors, to obtain information. The influence mechanism is formalized
by extending the dynamical system’s evolution to depend on external inputs,
such that they “steer” the state of the system. This forms a controlled dynamical
system.

» Definition 2.2 (Controlled dynamical system). A controlled dynamical system is a tuple
(X,U, f), where U C R™ is a set of possible control inputs and the dynamics
f: X xU xRt - X incorporates U. Its evolution is described by & = f(x,u,t). <

The set of control inputs describes the possible ways in which a dynamical
system can be influenced. There are multiple ways to generate such inputs. The
simplest is to define a function dependent of the current state of the system.
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» Definition 2.3 (State-feedback controller). Let (X, f) be a dynamical system model-
ing the dynamics of a robot with evolution f and U C R™ a set of available control
inputs. A state-feedback controller isamap h: X x R* — U. <

A state-feedback controller selects a control input u € U according to the state
r € X and time ¢t € RT. When time-invariant, the dependence on ¢ is omitted.

The controlled dynamical system can equivalently be written component-wise

as follows.
1 = fi(zr,. ., Ta, Uy Uy, t)
b= Frut) = ’LQ = :fg(xl,...,rz:d,ul,...,um,t) 2.1)
tg = falxy, ..., Ta,u1, ..., Up,t)

» Example 2.4 (Dubins car). The Dubins car is a dynamic model commonly used
for modeling a robot that moves forward through a controllable linear velocity
along its heading direction, and turns with bounded angular velocity. Such robot
is nonholonomic, without lateral velocity. Cars and torpedo-like submarines are
common examples that can be simplified as Dubins cars. It is characterized by a
state (x,y,0) € R? x SO(1), i.e., a position (z, y) in the plane and its orientation .
The control inputs are a linear velocity v and an angular velocity w, constrained

by |w| < Winee, comprised in an input © = (v, w). The dynamical system is defined

as follows.
T =wvcosb
T = f(x,u) = y —vsinf (22)
0=w

A state-feedback controller can be used for generating the control inputs as u(t) =

In the context of robot modeling, the usage of such a state-feedback controller
assumes full information about its state. In practice, the information available is
derived from multiple procedures and rarely perfectly accurate. When no external
sensors are available, a robot may perform dead reckoning, where it simulates its
own dynamics with the knowledge of control inputs, and uses its estimated state
in place of its real one. Sensors improve estimations through the observations they

provide. This interface is formalized by an observer.
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» Definition 2.5 (State observer). A state observer for a dynamical system (X, f) capa-
ble of performing observations y = g(x) € Y, where Y is a set of possible obser-
vations, is a dynamical system ()A( , h) where the function h : X xY xRt = X is
designed so that ||Z(¢) — z(t)|| = 0 as t — oo. <

Through the observer and the controller one models both the information
gathering capacities of a robot and its intended behavior. These two components,
alongside the robot’s dynamical system model, form the most basic representation
of a robot in mobile robotics. An important extension is to consider discrete
transitions in its dynamics, accommodating that the trajectory of the system may
perform occasional “jumps”. Examples are the (intentional) discrete logical steps
of an algorithm and (unintentional) events such as the introduction of a dangerous
element that must be handled differently. This type of system is formalized as a
hybrid dynamical system.

» Definition 2.6 (Hybrid dynamical system). A hybrid dynamical system is a tuple
(X,E,U,V, f,p), where (X, f) define its continuous dynamics with possible con-
trol inputs U, and (£, ¢) define its discrete jump dynamics with possible jump
inputs V. The complete system dynamics is defined as

i(t) = f(z,u,t) te RT\ T
o(z,v,t) teJ

8
+
—~
<+~
~—
I

where J = {t; € R*|t; < t;41} is an increasing sequence of jump times. <

We observe now that the challenges found in problems of mapping, localiza-
tion and path planning motivate questions in the design of controlled dynamical
systems. The relationship between the different problems is depicted in Figure 2.1.

In the localization problem, a robot must estimate its state © € X from poten-
tially noisy observations y = g(x) + ¢, such as GPS data or distance measurements
to landmarks, where ¢ is some sensor noise. This requires the design of a state
observer that accounts for the noise to produce an estimation of the state that
converges to the true value over time. Path planning can be depicted as the need to
generate control inputs that steer the robot from its initial state towards some goal
state, potentially having to avoid obstacles. Obstacle avoidance can be formalized
as a set of unsafe states, X ,s.7c C X, which should not be reached through the
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inputs of the controller. The mapping problem is usually tackled through some
variation of the exploration task, where robots must construct a map represent-
ing an unknown environment by iteratively updating it based on observations,
while simultaneously using this partial map for localization and path planning. A
vast literature exists on tackling these problems through control theory [Kha02],
reachability analysis [BM15], interval analysis [Jau+01], probabilistic methods
[TBFO5], among others. There is a considerable overlap across these approaches,
as models or theoretical tools are often shared. Chapter 3 will depict a modeling
approach that allows us to include distributed computing techniques to this list,
and Chapter 4 will show the first of such usages, through a logical characterization
of the knowledge required to solve such tasks.

Path planning

Localization Mapping

Figure 2.1
Relationships between mapping, localization, and path planning problems. SLAM
stands for simultaneous localization and mapping.

Control theory addresses these challenges through tools such as the stability
analysis via Lyapunov theory, systematically building a stable control with PID
controllers, and handling some cases of non-linear systems with linearization.
Multi-robot coordination introduces a new communication layer to these problems,

which we review next.
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2.1.2 MODELING MULTIPLE ROBOTS

While individual robots can solve many problems in path planning, localization,
and mapping, multi-robot systems offer distinct advantages: parallel execution
reduces mission time, redundancy improves robustness to failures, and coordi-
nated control enables complex behaviors impossible for a single robot, such as the
simultaneous surveillance of an area and distributed sensing. In this section, we
focus on the changes found when considering the control of multiple robots in-
stead of one. The main reference for this section is the recent textbook of Postoyan
et al. [Pos+24] on networked dynamical systems.

The simplest extension possible to depict n robots as controlled dynamical
systems is to combine their dynamics them in a single stacked representation.
Their individual states z; € R? and dynamics i;(t) = f(z;,u;,t) are merged in a

global state x € R**" with dynamics

Ty J1(wy,ug,t)
x=|:]= : 2.3)

Tn fn(mnaunat)

The decoupled system above, however, ignores the interactions that make
coordination possible. Robots exchange information through perception and
communication'. Interaction naturally forms a graph structure, G = (V, F)), where
vertices V' = {1,...,n} correspond to robots and edges £ C V x V represent
interaction links. The graph of a robot network can be compactly represented
through its adjacency matrix A € R"*", with entries a; ; > 01if (¢, j) € E and zero
otherwise. This algebraic representation of connectivity enables the application
of the spectral theory of graphs as a new source of tools to design and analyze
multi-robot systems. The most fundamental of them is the graph Laplacian, a

matrix that encodes how local interactions propagate through a network.

» Definition 2.7 (Graph Laplacian). Let G = (V, E') be a graph with adjacency ma-
trix A € R"*". The graph Laplacian of G is the matrix L = D — A, where
D = diag(}_; a1,---,)_; an;) is the diagonal matrix. Equivalently, its entries

'Perception and communication will be formalized as distinct information
channels in Chapter 3.
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are
Ly = { ’ (2.4)
—Qij if i #j
<

The entries of the adjacency matrix are versatile weights used to denote
some form of coupling strength between robots, such as the flow of information
exchange for non-uniform influence, while Boolean entries are used when only
connectivity information is relevant. Note that, while pairwise interactions are
sufficient for numerous applications, higher-order interactions (across groups
of robots, simultaneously) can be modeled through hypergraphs and simplicial
complexes [Bat+20]. This modeling choice has been little explored in robotic
applications, and here we focus on the standard pairwise case.

The gathering robot task, where robots are required to meet in a common
position in space, can be solved in some cases using the Laplacian dynamics

JEN()
where N(i) = {j | (i,j) € E} is the set of neighbors of robot i. The complete
dynamics of the network becomes x = —L(x), and corresponds to each robot up-
dating its own position towards the average of its neighbors. Under assumptions

such as full network connectivity, the system is guaranteed to converge.

» Proposition 2.8 (Convergence of simple integrators following Laplacian [OM04]). Let
G = (V, E) be a static undirected and connected network graph with adjacency
matrix A. The system x = —Lx converges asymptotically towards consensus, i.e.,

limy_yo0 ||3:(£) — x;(¢)]| = 0 for all 7, j. <

While Proposition 2.8 only considers simple systems with single integra-
tor dynamics and static networks, a large body of work exists on generaliza-
tions to switching and time-varying networks [RB05], double integrator and non-
holonomic dynamics [LFMO05], malicious [DI17] and Byzantine faults [Sau+17],
delays in the communication [Nufi+22], beyond all the different combinations of
such constraints, of which Postoyan et al. [Pos+24] provides a recent survey. We
will later see in Section 4.3 that the gathering robot task is closely related to the



2.1 MOBILE ROBOTICS 13

consensus distributed computing task, which further increases this taxonomy to
include other variations in network and communication properties.

These extensions share the common objective of characterizing stability under
time-varying interactions. While the hybrid dynamical systems formalism can
model any type of discrete events, the simultaneous treatment of multiple prob-
lems becomes combinatorially more complex to analyze, as the jump dynamics
must track all possible transitions. In this light, switched systems provide a cleaner
abstraction to model the extra layer of complexity in cases such as asynchronous

activations, as seen in Lee [Lee21].

» Definition 2.9 (Switched system). A switched dynamical system is a tuple (P, X,
{f,}rer, &), where P is a finite set of modes, {f,},cp is a family of dynamics
indexed by the modes p € P, such that each pair (z, f,) is a dynamical system,
and ¢ : RY — P is a switching signal. The system evolution is described by

B(t) = few(x(t),1) (2.6)
<

» Remark 2.10 (Switched systems are hybrid systems). Observe that a continuous
switched systems are special cases of hybrid systems, where one neglects the
discrete jump dynamics and only uses the switching of modes, as it is argued in
Liberzon [Lib03]. We use switched systems as a more convenient formalism for
multi-robot systems. <

A common choice in multi-robot systems is to let each mode p € P encode
which robots are active at a given time. The switching signal captures then the
activation schedule’. When considering the gathering problem, a switched linear
system

2(t) = —Leaa(t) (2.7)

models the averaging procedure, now dependent on the time-varying interaction
graph represented at each mode p = (). The stability of such systems can be
analyzed through the joint spectral radius of the family of dynamics, as reviewed

2Section 3.1 will define a geometric model of such schedules using time paths,
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in Liberzon [Lib03]. The computational complexity aspects of such generalization,
as well as its approximations, are discussed in Theys'’s thesis [The05].

The hybrid and switched systems formalisms will serve as the grounding
model for robots and multi-robot systems in this thesis. In order to bring forward
the discrete computational processes behind coordinated behavior, Chapter 3
will partition the state space into ontic (physical) and epistemic (computational)
components enabling the individual treatment of the physical evolution and the
handling of information. As such, we will preserve the backing theory of hybrid
systems with our continuous and discrete separation, as well as that of switching

modes to model different activation patterns.

2.2 DISTRIBUTED COMPUTING

2.2.1 MODELING PROCESSES

Distributed computing consists of using multiple independent computing units, or
processes, to solve a common task, exploiting as much as possible their concurrent
execution to speed up computations. The distributed nature of the computations
comes from their physical separation, and introduces the need for communication
between processes. This adds a complexity layer to handle the information flow
in the distributed version of an algorithm, which is now split into a decision
function and a communication protocol. The fundamental challenge in distributed
computing is to coordinate local (process-wise) decisions to achieve the desired
global outcome. The main reference used in this section for modeling such systems
is Lynch [Lyn97].

A distributed system consists of a set of n processes I1 = {p, ..., p,} executing
an algorithm A. Each process p; contains a local state s; with its private information,
and the set of all local states forms a global state ¢ = {s1,...,s,}. A process can
only obtain information from another process’ local state through communication,
which can be modeled in several forms. We present now the two most relevant

ones for our work.

» Definition 2.11 (Shared memory model). A shared memory system consists of n pro-
cesses communicating through a shared object, the simplest of which being an atomic

register, supporting atomic operations of READ and WRITE. A process executes
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an algorithm composed of READ, WRITE and COMPUTE steps, where COMPUTE
abstracts a local computation. <

The shared object specifies the rule for handling simultaneous accesses, i.e.,
at the same time step” in the perspective of the object. A common choice for data
consistency is that READ operations can be done in parallel, but only one process
may WRITE at a time.

An important example is the immediate snapshot (IS), which guarantees that
processes execute atomically the READ and WRITE sequence of operations. That
is, if process p; executes a READ while another process p,; has only executed a
WRITE (and not the following READ yet), then process p; must execute its READ
operation before any other process p; is allowed to WRITE again. This constraint
ensures that WRITE and READ remain causally related, i.e., the value of p; seen by
p; is either the current one (they performed READ operations simultaneously) or
one value too old (p; executed READ before p; did a WRITE). This behavior can
be simulated in a fully synchronous setting [BG93], simplifying protocol analysis.
The shared memory system may also define different guarantees for its atomic

operations, changing its computation power.

» Definition 2.12 (Message passing model). A message passing system consists of n
processes II = {py,...,p,} in a network connected by directed communication
channels. For each pairwise channel (p;, p;), process p; has available operations
send; ;(m), which places message m in the channel, and receive; ;(), which either
retrieves a message or L from the channel. A process executes an algorithm
composed of SEND, RECEIVE and COMPUTE operations. <

The communication channel determines the message passing system’s limita-
tions. It may be reliable or unreliable depending on whether messages can be lost,
and implemented using different distributed structures, such as a FIFO queue
that preserves order or with randomized delivery. The channels can be formal-
ized through explicit communication graphs, which specify which processes can
communicate at each round.

Time itself is a complicated matter in distributed computing, which we will
address in Section 3.1.
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» Definition 2.13 (Communication graph). Let I be a finite set of processes. A com-
munication graph of 11 is a directed graph G = (V, E), where VV = II and each
edge (pi,p;) € £ C II x Il is a communication channel from p; to p,. Edges are
represented as p; — p; when the graph is clear from context. A process p; is active
in G if there exists the edge p; — p;, denoted active(G). The view of an active
process p; is viewg (p;) = {p; € IL | p; — p;}. <

An important generalization is the dynamic network model [KO11], when the
set of agents that can communicate with each other may change at each round.
The specific communication dynamics is given by a message adversary, that chooses
it at each round through a process that may depend on the system specification or
be oblivious [CGP15], when the possible graphs are the same every round.

Both shared memory and message passing models face the fundamental
challenge of synchronicity, i.e., determining when each process activates, executing
one of its local steps, and how the activation order influences the validity of the
information being processed. The possible activation orders are abstracted by a
scheduler, which captures the relative logical time, introduced by Lamport [Lam78],
of process executions. They range from synchronous (FSYNC), when every process
executes simultaneous step of identical duration, through k-synchronous (k-SYNC),
that bounds the difference between any two processes by a parameter k, up to
asynchronous (ASYNC), when no shared notion of time exists and steps may be
executed in any order and duration. Section 3.1 will formalize these schedulers
geometrically as time paths.

Another important challenge within distributed systems is resilience to fail-
ures. These can be either crash faults, when a process may halt (temporarily or
permanently), or Byzantine faults, when a process may behave arbitrarily (with
malicious or simply erroneous ways). A t-resilient system tolerates up to ¢ process
failures of either crash or Byzantine faults, in which case it is ensured to present a
globally correct behavior despite some local faults. A significant class of systems
are those that guarantee that every correct process completes its operations in
a bounded number of steps, regardless of the failures of others, in which case
the system is called wait-free (often abbreviated as WFSM for the shared memory
model). A wait-free system is necessarily (n — 1)-resilient, as it must tolerate all

but one process failing.
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» Remark 2.14 (Correspondence of shared memory and message passing models). Note
that the shared memory and message passing models possess equivalent computa-
tional power when both are (up to) t-resilient and asynchronous, for ¢t < n/2 with
reliable channels, shown in Attiya, Bar-Noy and Dolev [ABD95]. This allows us to
continue working with the more convenient shared memory systems without loss
of generality, whose I/O automata implementation [Lyn97] we use in Chapter 3
to model distributed multi-robot systems. <

The distributed computing literature encompasses a vast taxonomy of tasks,
distributed versions of computational problem, which are derived from the varia-
tions of synchronicity and resilience above. A common question to pose is whether
a distributed task is solvable under some communication protocol. This question
accepts a convenient re-framing, first seen in Elrad and Francez [EF82]: the system
tirst executes several rounds of communication and then collectively decides once
enough information has been exchanged. This leads to the standard task-theoretic

formulation of distributed problems.

» Definition 2.15 (Distributed task). Let I = {p;,...,p,} be a set of n processes. A
distributed task is a triple T = (1,0, A), where:

* ] is a set of possible initial global states, each specifying initial values v; per

process p; in which the task may start;

* O is a set of task compliant terminal global states, each specifying output

values d; per process p;;

e A C I x O is a relation specifying valid pairs of input and output global
states.

<

The question of task solvability becomes asserting whether a set of processes
with specified initial local states, after enough rounds of communication, are able
to deterministically and simultaneously decide on some valid output that matches

the requirements of the distributed task.

» Definition 2.16 (Distributed task solvability). Let II = {p;,...,p,} be a set of processes,
and T = (/,0,A) be a distributed task. A distributed system composed of II
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under communication protocol ¥ solves the task T if there exists a deterministic
decision function 6: W"(I) — O, defined on local states §: C}' — O, identically for
every p € I, that maps every reachable global state C" € U"(/) to a valid output
in O, 1ie., (C°d(¥(C")) € A, for some n > 0. <

The decision function requirement can be translated to achieving coordinated
distributed behavior, where the local decisions d; € im(d) are consistent according
to the task definition. In complex tasks, the first step to achieve such coordination
is often to establish some simpler common ground in which all processes can
agree. An additional common requirement for decision functions is that they are
terminating, that is, that once all local decisions are consistent with the task, the
processes should terminate their executions?, in which case decisions are said to
be final. The essence of these requirements is captured by the binary consensus
problem.

» Example 2.17 (Terminating binary consensus). Consider n processes Il = {p1,...,p,},
among which ¢ < n are faulty and n — ¢ are correct. Each process p; starts with an
input value v; € {0, 1} and must eventually decide on a value d; € {0, 1}.

The system composed of processes II, communication protocol ¥ and decision
function 0; solves terminating binary consensus if the following is satisfied.

e TERMINATION. Every correct process eventually decides a value, i.e., each
correct p; reaches a state where 0; outputs d;;

e VALIDITY. Every correct process decides a value that is proposed by at least
one process, i.e., every decision d; € {v1,..., 00 };

e ConseNsus. All decided values are the same, i.e., d; = d; for all correct

processes p;, p;.

<

*The requirement of a terminating decision function can be understood and
impose in multiple manners: either as an actual termination of the computational
process, or simply that the decision value does not change after some point. We
formalize such termination conditions in the context of robots in Chapter 4 in
terms of their knowledge, and in Chapter 5 we make explicit a sort of stability
requirement for terminal decision values
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In sufficiently unreliable networks, this level of consensus is in fact impossible,
as shown in the celebrated FLP impossibility result, from Fischer, Lynch and
Paterson [FLP85].

» Proposition 2.18 (Impossibility of consensus in asynchronous networks with faults [FLP85]).
Consensus is impossible in an asynchronous distributed system with at least one
crash fault. <«

As evidenced by Proposition 2.18, consensus can be too strict a requirement
when the network is unreliable. A more practical requirement is to demand
only approximate agreement, a relaxation of consensus when it is possible to
choose among a larger pool of values that should be sufficiently near to each
other. Concretely, the c-agreement task in a system of processes II = {py,...,p,} is
a modification of binary consensus requiring, for each input global state c¢; € /

* VALIDITY requires that the decisions d; are within the convex hull of the
inputs, i.e., d; € {Z A\iv; | v; € ¢y, Z)‘i =1},
i=1 i=1
* AGREEMENT requires that the decisions are no more than a parameter ¢ apart,
ie., for all (dz, dj), |dl — dj| < E&.

With s-agreement, it is possible for asynchronous and fault-tolerant systems
to achieve approximate coordination, as it was shown in Dolev et al. [Dol+86]
with the introduction of filtering schemes on top of an averaging algorithm.

We will shed some light on this taxonomy by casting it to a unified algebraic
framework in Chapter 6, where immediate snapshots will be seen as a special case

of dynamic networks, later generalized to include fault models.

2.2.2 MODELING ROBOTS

Robots are also present in the distributed computing literature. A review of the
models and problems can be found in Flocchini et al. [FPS19], and is the main
reference for this section. They are algorithmically described as mobile computing
entities that follow a cycle of LOOK-COMPUTE-MOVE operations as they interact

with a shared environment. The environment is either a graph or a continuous
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region of space, changing between combinatorial or geometrical approaches, e.g.,
[Flo+05] and [CMBO6]. This sequence is known as the LCM cycle:

1. LOOK. The robot retrieves a snapshot of the other robots in the environment.

2. COMPUTE. The robot computes its next desired state from the information
obtained during the LOOK operation.

3. MOVE. The robot moves to its desired state based on its latest computation.

4. WAIT. The robot does not perform any action, but remains observable.

Two models for robots running LCM cycles are predominant in the literature:
oblivious, introduced by Suzuki and Yamashita [SY99], and luminous, introduced
by Das et al. [Das+16]. They contrast in the means for communication and memory
made available to the robots. Robots under the oblivious robot model (OBLOT), have
no memory and can only obtain information from observing other robots in the
LOOK step. Robots under the [uminous robot model (LUMI), are enhanced with a set
of programmable lights that can be used for both (indirect) communication and
storing information for future COMPUTE steps. The lights are a physical element
representing the exposed memory of a robot, and hence can be observed with
the rest of the physical state of a robot during LOOK operations and are updated
during a MOVE operation. We focus on the LUMI model for their capacity to
perform intentional communication, which is closer in nature to the distributed
systems we are interested in.

Uncertainty can be defined in the behavior of each step, such as the accuracy
of the information or the actual moved distance. Other possible choices for
constraints or adversarial behavior in the LCM model are listed in Table 2.1.

This algorithmic perspective on robot tasks provides a direct insight into
the coordination problems that are present in multi-robot tasks, abstracting away
the physical and dynamical constraints. Two specially important examples are
the gathering and exploration tasks, which illustrate the traditional separation
between static and dynamic termination problems.

» Definition 2.19 (Gathering task). Let R = {ry,...,r,} be a set of robots in a graph
G = (V, E). Each robot has a position v; € V' and can be displaced in one MOVE
operation to a neighboring vertex Ng(v;) = {v; € V' | (v;,v;) € E}. The system
composed of robots R solves exact gathering if the following are satisfied.
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* TERMINATION: every robot decides in a vertex of G in a bounded number of
LCM cycles;
* VALIDITY: the decided vertex cannot be decided in advance;
* GATHERING: all decided vertices are the same.
<

It is also possible to relax exact gathering to an approximate version, where
the GATHERING requirement changed to one of the following.
* EDGE-GATHERING: all decided vertices share an edge.
* CLIQUE-GATHERING: all decided vertices form a clique.

» Definition 2.20 (Exploration task). The system composed of robots R = {ry,...,r,}
on a graph G = (V, E) solves terminating exploration if the following are satisfied.
* EXPLORATION: all vertices are eventually visited;
* TERMINATION: the robots complete exploration in a bounded number of
LCM cycles.
<

Extra properties can be imposed in order to model more specific task scenarios.
For instance, constrained environments where the space cannot accommodate
more than one robot, such as the verification of some tunnel infrastructure, may

impose the following.
e EXCLUSIVITY: no two robots visit the same vertex at the same time.

The termination property can be substituted by the following to describe a perma-

nent surveillance requirement.
* PATROLLING: all vertices are visited infinitely often.

These fundamental problems can be extended to more complex coordination
tasks. Gathering, for instance, is a building block towards pattern formation,
where a specific geometrical disposition of the robots must be achieved rather
than the same point in space. Similarly, flocking can be understood as a gathering
task over other components of the robots’” state, such as velocity and orientation.
Surveillance consists of ensuring that some region of space is either free of intrud-
ers and that their detection is guaranteed otherwise, which can be reframed as

exploration with a temporal component, as will be seen in Chapter 4.
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One should note that the models used by the LCM literature are frequently
too simplistic, as they completely abstract the physical dynamics involved in a
real robotic system. While this is a necessary step for being able to tackle such
complex systems, it creates a gap between theory and application that is hard to
surpass. Chapter 3 expands on this contrasting relationship between physical
and computational dynamics, deriving a sufficiently rich model to capture the

information that must be preserved through an abstraction procedure.

2.2.3 CORRESPONDENCE OF MODELS

The community working with robots under the LOOK-COMPUTE-MOVE framework
study problems analogous to the ones found in distributed computing. This
similarity has been formally stated in the work of Alcéntara et al. [Alc+19], which
shows that any robot algorithm in the extended asynchronous luminous robot
model (EALR), where the robots execute asynchronously and may start their
execution at different moment, can be simulated in a wait-free shared memory
model (WFSM). The simulation maps the lights of a robot to the shared memory
registers, where the LOOK-COMPUTE-MOVE cycle translates to READ-COMPUTE-
WRITE operations. The assumptions of the asynchronous scheduler match those of
the wait-free, where any subset of robots or processes may be active at each round

of execution.

» Proposition 2.21 (Equivalence of robot task solvability in WFSM and EALR [Alc+19]). A
robot task T on graph G is solvable in the EALR model with n > 2 robots tolerating
f failures if and only if T is solvable in the WESM model with n > 2 processes
tolerating up to f failures. <

The equivalence of Proposition 2.21 becomes concrete when considering spe-
cific tasks. For instance, exact gathering on a graph, where the robots must meet
on the same vertex, corresponds to consensus in distributed computing. Approxi-
mate agreement is a relaxation of consensus in the same manner edge or clique
gathering relax exact gathering, where robots may be in any subset of vertices
that meet the approximation property. This is a fundamental correspondence,
as it opens space for the transfer of results and tools across communities. The
connection is exemplified in the literature with Proposition 2.28, where the topo-
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logical characterization of distributed tasks is used for robot tasks. Chapter 4
makes use of this correspondence to apply a logical framework commonly found
in distributed computing to analyze task solvability.

2.3 MATHEMATICAL FRAMEWORKS

We present now some background on logical and topological frameworks that

have been developed for analyzing distributed computing systems.

2.3.1 COMBINATORIAL TOPOLOGY IN DISTRIBUTED COMPUTING

Combinatorial and algebraic topology has found usage in distributed computing
as a compact representation of the combinatorial state space of distributed systems.
The connection between the two fields has been largely exploited for characterizing
distributed task solvability. The main insight is in understanding the global states
of the system as simplicial complexes and communication protocols as simplicial
maps. An extensive presentation of the topic and the principal reference for this
section is Herlihy, Kozlov and Rajsbaum [HKR14].

» Definition 2.22 (Simplicial complex). A simplicial complex K = (V,S) consists of a
set of vertices V' and a family of simplices S of non-empty subsets of 1/, such that
forall X € §,Y C X impliesY € S. <

Given simplicial complexes K = (V, S) and K' = (V', "), a simplicial map K
and K'isamap f : K — K'that sends vertices of K to vertices of K’, such that
the simplicial structure is preserved, i.e., if X € S, then f(X) € S’. The simplicial
complex K is said to be a subcomplex of K', denoted KX C K’, if V' C V' and
S C 5'. A relation between simplicial complexes K and K’ is defined as a carrier
map A 1 K — 25, a function defined on simplices X € S, assigning to each a
subcomplex A(X) C K’, respecting inclusions, i.e., if X C Y, then A(X) C A(Y).

For a simplicial complex K = (V,S), when two simplices X,Y € S share
vertices, i.e.,, Y C X, itis said that Y is a face of X. Simplices are called facets when
they are maximal with respect to inclusion. A simplex X € S has dimension | X|—1,
and a simplex of dimension n is called an n-simplex. Simplices of dimensions
1 and 2 are called edges and triangles, respectively. We identify the 0-simplex
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{v} € S with the vertex v € S. A simplicial complex is pure if all its facets are of
the same dimension. A pure simplicial complex has the same dimension as its
facets.

By identifying processes within a distributed system to colors, we can form a

chromatic simplicial complex representation of their joint states.

» Definition 2.23 (Chromatic simplicial complex). Let A be a set of colors. A chromatic
simplicial complex K = (V, 5, x) consists of a simplicial complex (V,5) and a
coloring map x : V' — A, such that for all X € S, all vertices of X have distinct

colors. <

Both simplicial maps and carrier maps lift to chromatic simplicial complexes,
with the added condition that colors must be preserved, as chromatic simplicial
maps and chromatic carrier maps, respectively.

A distributed system composed of n processes will possess, at any given
moment, n different local states. Each possible combination of local states consists
of a global state. By labeling the set of vertices with colors corresponding to the
processes, their global states can be associated to chromatic simplices of dimension
n — 1. In this fashion, a pure chromatic simplicial complex of dimension n — 1
models a static view of the distributed system. With this mapping, we can now
formally specify distributed task, defining the desired computation outcomes.

» Definition 2.24 (Simplicial task specification). A distributed task is a triple T =
(Z,0,A), where 7 and O are chromatic simplicial complexes containing all pos-
sible initial global states and final states, respectively, and A : 7 — 29 is a task

specification chromatic carrier map. <

A task specification maps each possible initial global state of a distributed
system in a given task to all allowed final global states. Similarly, the communica-
tion protocol employed by a distributed system can also be seen as a chromatic
carrier map on global states to the reachable states in one step of the protocol. The

protocol is formalized as follows.

» Definition 2.25 (lterated protocol). A simplicial protocol is a chromatic carrier map
U : A — 25, where A and B are chromatic simplicial complexes. The n-iterated
application of the protocol is denoted ¥", and its image W™ (.A) is called the protocol

complex. <
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The protocol complex contains all possible states of the system after an iter-
ation of the protocol. A protocol solves a distributed task if there is a decision
function that maps every global state reachable from an input state to some output

state. This concept can also be modeled in the simplicial framework.

» Definition 2.26 (Simplicial task solvability). The protocol ¥ solves the task T =
(Z,0,A), for some n € N, if there exists a chromatic simplicial map 6 : ¥*(Z) — O,
such that forall X € Z, 6(V(X)) C A(X). <

Task solvability can also be understood process-wise. Note that such decision
function is local, that is, it can only use local state of a process. The requirement
of the decision to be a function enforces process” output to be simultaneously
consistent with all global states to which it can belong’. This constraint gives rise
to the epistemic interpretation of chromatic simplicial complexes, reviewed in
Section 2.3.2.

An interesting feature of this topological formulation is that connectivity
appears as an important property in determining the solvability of consensus-like
tasks, as they are related to continuous deformations from arbitrary configurations
to solving ones. Finding meaning in topological properties and invariants of
this sort is among the main benefits of adopting the simplicial framework for
analyzing distributed tasks. We will see similar arguments in its generalizations
in Chapters 5 and 6.

» Proposition 2.27 (Impossibility of consensus for path-connected protocol complex [HKR14]).
Let T = (Z, 0, A) be a consensus task where not every process starts with the
same input in every configuration of 7. If W is a protocol such that V(o) is path-

connected for all simplices in 7, then it cannot solve T. <

Furthermore, following from the connection between distributed computing
and mobile robotics shown in Section 2.2.3, the same theory of simplicial task
solvability can be applied to certain robot tasks expressed in the LOOK-COMPUTE-
MOVE framework.

°Note that there is yet another formulation of distributed task and their solv-
ability condition using csets, as it will be seen in Chapter 6, Example 6.22.
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» Proposition 2.28 (Simplicial robot task solvability [Alc+19]). A robot task (Z, O, A) is
solvable for n robots in the extended asynchronous luminous model tolerating
n — 1 crash failures if and only if there a chromatic simplicial map 6 from Subd(Z)
to O, such that for every simplex o, 6(Subd(c)) C A(o). <

2.3.2 EPISTEMIC LOGICS AND CHROMATIC SIMPLICIAL
COMPLEXES

Epistemic logic provides a framework for reasoning about knowledge in dis-
tributed systems [Fag+95], where each process only has partial information about
some global state. Informally, knowledge is formalized as information that a
process can distinguish to be necessarily true rather than just a possibility. This
sort of information is encoded in a formal language, which is defined for a given

set of possible facts, known as atomic propositions, from the following grammar.

» Definition 2.29 (Language of epistemic logic). Let At be a countable set of atomic propo-
sitions and let A be a set of processes. The language of epistemic logic is generated by

the following grammar.
p=rlopl (@A) [ Kap | Dup|Cap  peAtac AUCA
<

The knowledge operator K ,p reads “process a knows ¢”, and a dual pos-
sibility operator is defined as P,y := =K ,~¢. The operator D4 stands for “the
group A has distributed knowledge of ¢”. The syntax of epistemic logic consists
of propositional formulas extended with a knowledge operator for each process.
The epistemic logic S5, is defined by a set of axioms that captures properties of
knowledge (truth, positive introspection, negative introspection). One of the main
features of epistemic logic is access to higher-order knowledge, that is, knowledge
about knowledge. For instance, from a snapshot of the system global states, one
could verify if a formula saying that “process a knows that process b knows ¢”,
written simply /K, K¢, holds true. Common knowledge extends individual and
distributed knowledge to capture publicly shared information within a group.
The operator C' 4y is interpreted as all processes know ¢, and all processes know

that all processes know ¢, and so on.
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Halpern and Moses [HM90] showed that achieving coordination in dis-
tributed systems often requires common knowledge of the decision, establishing
a fundamental connection between the logical analysis and impossibility results
in distributed computing. The problem of coordinated behavior is then recast
into assessing what information each process can distinguish to be true or pos-
sibly true. In order to assess truth, one provides a model in which a formula is
verified to be satisfied or not. The usual model for S5,, epistemic logic is a Kripke
model M = (W, {~}aca, (), which consists of a Kripke frame (W, {~,}.ca) and a
valuation function ¢ : At — 2", which assigns to each proposition p € At the
set of possible worlds W in which it holds. The truth value of a formula ¢ is then
given by the following semantics, where S5,, is sound and complete for the class
of frames where ~, is an equivalence relation [Fag+95]. Furthermore, a group
indistinguishability relation can be added as the intersection of the individual
ones, it too satisfying the S5 axioms.

» Definition 2.30 (Kripke semantics). Let M = (W, {~,}.c4, {) be a Kripke model. For
a possible world w € W, the Kripke semantics is defined as follows:

M,wEp iff w e ((p)

M,w E —p iff M,w

M,wE(pAy) iff MiwlEyepand M,w =1

M,wE K9 iff VYuw' € Wst w~, w', M,w" ¢
MwkEDap  iff Vw' e Wstow () ~ew, M ¢

acA

M,w | Cap iff Vw'EWs.t.w(U ~a> w', M,w' = ¢

a€A

<

An interesting connection has been shown between models from Kripke
frames and models from chromatic simplicial complexes by Goubault, Ledent
and Rajsbaum [GLR21]. More precisely, a simplicial complex model is a tuple M =
(V,S,x,¢), where K = (V, S, x) is a chromatic simplicial complex and ¢ : At —
2facets(K) jg a valuation map defined on facets. The following semantics is used
then.
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» Definition 2.31 (Simplicial complex semantics). Let A/ = (V/, 5, x, () be a simplicial
complex model. For a facet X € §, the simplicial complex semantics is defined as
follows:

M, X Ep iff X € /{(p)
M, X E -y iff M, X o
M, X = (pAw) iff M, X Egpand M, X =
M, X = Ko iff VX' e star,(X), M, X' E ¢

where star,(X) = {X’ € facets(K) | 3 v € X N X' such that y(v) = a} is the star

operator <

Note that this valuation function constrains the facts to be reasoned only at
the level of global states, which will be generalized to arbitrary sets of processes
with the maximal epistemic covering model in [Gou+23], allowing to model group
knowledge.

The simplicial complex model has been shown equivalent to the Kripke model

in the case where all processes are always present in all global states.

» Proposition 2.32 (Equivalence of Kripke and simplicial models [GLR21]). The category
SM 4 a¢ of simplicial complex models is equivalent to the category KMy a: of
Kripke models, when both have the same set of processes A and countable set of

atomic propositions At. <

This simplicial approach to knowledge has also been extended to dynamic
epistemic logic [vDHKO07] by Goubault, Ledent and Rajsbaum [GLR21], integrat-
ing an iterative time component. It is worth noting that the geometric and logic
approaches do not always coincide in their proving power. Van Ditmarsch et al.
[vDit+21] showed that certain impossibility results provable through geometric
methods, such as for equality negation tasks, cannot be established using the
epistemic logic framework described above. Nevertheless, extensions of epistemic
logic with fixed point operators have been shown capable of proving impossi-
bilities for tasks of comparable difficulty, such as k-set agreement, as shown by
Nishimura [Nis24].
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2.3.3 GENERALIZATION TO CHROMATIC SEMI-SIMPLICIAL SETS

The simplicial complexes, as shown in Section 2.3.1, are special cases of simplicial
sets. The most immediate difference is noted by the possible simplices one finds:
while the facets of a simplicial complex uniquely determine its set of simplices,
as an n-simplex is identified with its set of n + 1 vertices, in a simplicial set one
directly defines its set of simplices for each dimension n, which are then specified
how to be “glued” together. This property is a consequence of the more general
structure of the simplicial set, which lifts similarly to chromatic semi-simplicial
sets. They have been recently studied in the context of distributed computing
by Goubault et al. [Gou+23], which serves as the main reference for this section,
alongside the more in-depth introduction by Riehl [Riel1]. We provide now a
brief overview of chromatic simplicial sets and how they are translated back to
distributed computing. The following exposition will make use of the language of
category theory, and will be followed by a concrete example.

We first define the category I', which provides the structure and relationship

between simplices.

» Definition 2.33 (Category I'). Let A be a set of processes. The category I' contains
the following data:

* Objects: possibly empty subsets U C A4;

* Morphisms: a unique coface map oyy : U — V in I’ whenever U C V.
Composition and identity are given by the transitivity and reflexivity of inclusion

maps. )

Chromatic semi-simplicial sets are sets of maps assigning to each object of
I', a set of simplices. This assignment is functorial, i.e., it must respect the coface
maps between objects.

» Definition 2.34 (Chromatic semi-simplicial set). Let A be a set of processes and I' its
category of simplices. A chromatic semi-simplicial set, abbreviated cset, is a functor
X : ' — Set and a morphism of csets is a natural transformation between such

functors. <

Concretely, for each subset U C A, the elements of X (U) are sets of U-

simplices. For U C V and coface map dyy, the elements of X(dy) are face
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maps 0X (V) — X(U). The standard U-simplex I'[U] is the representable presheaf
['(——,U), the image of U by the Yoneda embedding y : I' — [['°P; Set| [Riell]. The
category of chromatic semi-simplicial sets is then the functor category [I'°?; Set| of
presheaves on I'.

» Example 2.35 (Chromatic semi-simplicial set). Given a set of processes A = {r, g, b}
identified with the colors red, green and blue, the figure below depicts cset X (A).
A cset X is a map taking each subset U C A to a set of simplices, while the
boundary maps dy; give the equations that describe how to glue these simplices. It
contains eight 0-simplices (vertices), eight 1-simplices (edges) and two 2-simplices
(triangles). More precisely, the sets X ({r}), X({g}) and X ({b}) contain two ele-
ments each, which are the red, green and blue vertices, respectively. The edges are
the elements of X ({r,g}), X({g,b}), X({r,b}). Note that the two edges between
vertices red and blue are counted separately, a feature of chromatic simplicial sets
that is not possible in chromatic simplicial complexes. X ({r, g, b}) corresponds to
the two triangles. The set X (@) contains the two dashed regions, which can be
understood as generalized connected components. <«

Figure 2.2
Chromatic semi-simplicial set from [Gou+25].

As with chromatic simplicial complexes, chromatic semi-simplicial sets have
been used in [Gou+23] to model sets of global states and distributed protocols, with
the local state of processes in its vertices, colored by their identities. Similarly, csets
also serve as models for epistemic logic, which are now capable of representing
the information of sets of processes U that are not maximal. This representation
will be used in Chapter 6 to define categorically the iterative application of a
communication protocol in a set of global states, whose resulting structure will

serve as another model for epistemic logic.
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2.3.4 NETWORK DYNAMICS VIA CELLULAR SHEAVES

Sheaves offer a way to reason about the global properties of data specified locally,
i.e., that cannot be immediately presented in a global picture. Recently, from the
work of Curry [Curl4] introducing cellular sheaves as a combinatorial and compu-
tationally tractable counterpart, it has found applications in general multi-agent
systems, from sensor integration [Rob17] to opinion dynamics [HG21], quantum
contextuality [AB11] and distributed optimization [HHG19a]. In the case of net-
worked systems, where a communication graph uses vertices to represent agents
and edges to encode interaction links, cellular sheaves model the data defined
agent-wise. Our main reference regarding the general theory of cellular sheaves is
Curry [Curl4], while its spectral theory is developed by Hansen [Han20].

The first information needed to define a cellular sheaf is its base space. The
name derives from its usage of regular cellular complexes for that purpose, special
case of a cellular complex where its topological data is completely determined by

its combinatorial data.

» Definition 2.36 (Regular cellular complex). A regular cellular complex consists of a
topological space X alongside a partition into cells { X, }ncp,, Where Py is a finite
partially ordered set of indices satisfying certain regularity conditions [HatO1].
A regular cellular complex is completely determined by Px equipped with a
dimension function dim: Py — N, where oo < 3 means that « is a face of 3, and
dim(a) < dim() holds for all such pairs. <

Intuitively, those can be understood as generalizations of graphs to higher
dimensions, where vertices correspond to 0-cells, edges to 1-cells, faces to 2-
cells, and so on. The face incidence relation between these cells, e.g., as a vertex
is incident to an edge, defines the poset Py that captures how the pieces fit
together. This poset structure can be viewed as a category, giving rise to the
notion of a cellular category [MR14], where morphisms encode the face relations
and composition is given by transitivity®. For multi-agent systems modeled by

graphs, this categorical structure is particularly simple.

These will be developed further in Chapter 5, as for this preliminary exposition
we focus on the simpler case derived from graphs.
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» Example 2.37 (Cellular category from an undirected graph). An undirected graph
G = (V, E) gives rise to a cellular category Cell(G). Note that an edge v <> '
consists of an unordered pair of vertices {v,v'}, and the face incidence relation
v < e of a vertex to an edge satisfies the inclusion v < {v,v'} = e. The category
Cell(G) is then constructed with an object for each vertex v € V, and for each
edge e € I, alongside morphisms v — e whenever v < e. Objects obtained from
vertices are called 0-cells, and those from edges 1-cells. This construction preserves

the information of the graph, while adding a categorical structure. <

A cellular sheaf on a graph assigns data to each cell of a cellular category
obtained from that graph, together with maps that specify how the data at vertices
relates to the data at incident edges.

» Definition 2.38 (Cellular sheaf on a graph). A set valued cellular sheaf on a graph G is
a functor F: Cell(G) — Set. Explicitly, it is a family of functions defined on the
graph that assigns:

¢ toeach vertex v € V, a set F(v) called the stalk at v;
* toeach edge e € E, a set F(e) called the stalk at e;

* to each incidence map v — e in Cell(G), a function F,_,.: F(v) — F(e)
called the restriction map.

The functoriality condition ensures that restriction maps compose correctly and

preserve identities. <

» Example 2.39 (Set-valued cellular sheaf over a graph). Consider the graph G with
vertices V' = {v1,v9,v3,v4} and edges E = {(v1,v2), (v1,v3), (v2,v3), (v3,v4) }. Fig-
ure 2.3 shows a set valued cellular sheaf defined on GG, whose values are taken
from {z,y, z}. The graph below is interpreted as a cellular category Cell(G), with
0O-cells (vertices) shown individually and 1-cells (edges) shown as horizontal bars.
Morphisms are the face incidence inclusions, and are omitted in favor of readabil-
ity. The sets of values above the vertical bars are the stalks, which are associated
to the respective cells below them. The restriction maps are depicted as curved
arrows, and two of them shown explicitly. <«
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Figure 2.3
A set-valued sheaf over a cellular category obtained from a graph.

In networked multi-agent systems specified on a communication graph, stalks
at vertices describe the space of possible data of each agent, while stalks on
edges define the space in which they may express their local information when
communicating. Other types of data have been considered, such as vector spaces
[HG21] and lattices [Rie23], whose additional structure is useful when analyzing
interaction dynamics.

One of the main benefits of the cellular sheaf model for multi-agent systems
is its built-in notion for “consistency” of data, i.e., data that respects every possible
restriction map. Sections represent data that can be agreed upon by all agents that
can communicate to each other, where agreement is encoded in the definition of

the restriction maps.

» Definition 2.40 (Section of a cellular sheaf). Let F: Cell(G) — Set be a set valued
cellular sheaf. A section of F is a choice of elements s = {s. € F(c) | ¢ € Cell(G)},
such that for every morphism oo —  in Cell(G), the restriction maps satisfy

Fasp(8a) = 58 (2.8)
The set of all sections is denoted I'(G, F). <

Hansen and Ghrist [HG19b; Han20] showed that the spectral theory of graphs
can be lifted to cellular sheaves, generalizing concepts such as the graph Lapla-
cian (Definition 2.7) that were already used in multi-agent systems to a cleaner
framework. This new operator requires that the category used to define the data
has sufficient structure, where the category of vector spaces over a field K, Vecty,

provides the most immediate definition.
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» Definition 2.41 (Sheaf Laplacian). Let F: Cell((G) — Vecty be a cellular sheaf on
a graph G = (V, E)) with values in finite-dimensional vector spaces over K. The

restriction maps F,_.: F(v) = F(e) assemble into a coboundary linear map

0 P Fw) — P Fle) (2.9)
veV ecE
defined component-wise for each edge e = (v,v’) € Eby maps d.(z) = Fye(xy)—
]:v’—w(xv’)-
The sheaf Laplacian is the operator L = 0*0, where §* is the adjointof 6. <«

We can see through components of the coboundary map d.(z) = Fy_e(2y) —
Fuoe(xy) how the sheaf Laplacian measures the lack of coherence among the
values z,, z), € F(v) @ F(v') in adjacent vertices. Those are sent to their common
edge to be compared, while its adjoint map sends the values back to the vertices’
“point of view”. For cellular sheaves valued on vector spaces, this algebraic

structure enables the spectral analysis of data consistency.

» Proposition 2.42 (Convergence to sections [HC19b]). Let F be a cellular sheaf on a
connected graph G and Ly be its sheaf Laplacian. The dynamics & = —Lz(z)
converges asymptotically to its global sections I'(G, F) for any initial assignment

o € @UEV ]-"(v) |

The convergence result of Proposition 2.42 shows one possible generalization
of the averaging algorithms used in both networked mobile robotics (Section 2.1)
and distributed computing Section 2.2, where iterative updates based on local
measurements of discrepancies lead to globally consistent solutions. The diffusion
effect of the sheaf Laplacian has been extended by Riess and Ghrist [Rie23; GR22] to
work on lattice valued sheaves as a Tarski Laplacian, and for “semantic” diffusion
over Kripke frames as a Kripke Laplacian. Ghrist et al. [Ghr+25] generalized it
to data in general Quantale-enriched categories, named the Lawvere Laplacian
after Lawvere metric spaces. We will employ the framework of cellular sheaves
in Chapter 5, where we construct task sheaves as an encoding of distributed task
specifications on a space of possible system executions, rather than communication

networks.



2.3 MATHEMATICAL FRAMEWORKS

35

Table 2.1
Partial glossary of LCM terminology.
Property Variant Description
Memory Oblivious No memory, all information is
lost between rounds
Luminous Lights can be used to preserve
information across rounds
Communication Silent No communication between
robots
Luminous Information passed indirectly
by retrieving lights during
LOOK
Visibility Myopic LOOK retrieves a partial snap-
shot parametrized by view
distance
Unlimited visibility LOOK retrieves a snapshot of
the entire environment
Identity Anonymous No unique identifier
Indistinguishable No external identifier
Movement Rigid MOVE is always fully executed
Non-rigid MOVE can be interrupted,
parametrized by a minimum
distance
Dynamics Holonomic MOVE can be any arbitrary
destination
Non-holonomic MOVE has to respect dynamic
constraints, e.g., Dubins car
Orientation Oriented There is a global coordinate
system that all can access
Disoriented Only different local coordi-
nate systems
Chiral Different local coordinate sys-
tems, but with common north
Synchronicity ASYNC Scheduler, no shared notion of
time
k-ASYNC Scheduler, the robots are at
most k rounds apart
SSYNC Scheduler, a subset of the
robots activated at each round
FSYNC Scheduler, all robots are acti-

vated at each round




“The purpose of abstracting is not to be vague,
but to create a new semantic level in which one

can be absolutely precise.”

— Edsger Dijkstra, The humble programmer [Dij72]

MODELS FOR DISTRIBUTED ROBOTICS

Distributed multi-robot systems live at the intersection of mobile robotics and dis-
tributed computing, and benefit from the development of different communities
tackling complementary problems. This double heritage has as a consequence the
plethora of models used to depict similar robotic systems. As shown in Chapter 2,
dynamical systems are the prevalent way to capture the physical and dynamical
constraints, while the computational capacities are more often modeled as tran-
sition systems and their related abstractions. While these are natural choices, as
different levels of abstraction allow for focus on different aspects of the robots,
their incompatibility requires translation layers with explicit assumptions. In this
chapter, we propose such a translation layer, motivated by the desire of bringing
distributed computing results to the applied robotics communities, as well as
providing more tangible foundations to the theoretical developments found in
the latter. This takes the form of two models for multi-robot systems: a switched
hybrid dynamical system, where the modes model different possible activations
of groups of robots, and compositional automata with an environment, where
the physical and adversarial behavior are pushed to the environment and the

computational steps put in focus.

36
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This chapter corresponds to an extended version of Sections 2 and 3 of
[Cig+25], a joint work with Giorgio Cignarale, Stephan Felber, Eric Goubault
and Hugo Rincon Galeana.

Related work The models developed in this chapter are built from converging
lines of research across control theory and distributed computing. The main
difficulty lies at the different paradigms used by the two communities: dynam-
ical systems theory and a variety of computing models. Pioneer work includes
Olfati-Saber, Fax and Murray [OFMO07] that showed consensus in a common frame-
work joining control theory and multi-agent systems through graph theory. A
similar approach is developed under the mean subsequence-reduced family of
algorithms, where fault-tolerant averaging is used for continuous dynamical sys-
tems, as reviewed in Ishii, Wang and Feng [IWF22]. Still on the algorithmic side,
Alcéntara et al. [Alc+19] showed the unification technique of reducing the robot
task of (approximate) gathering to the well-understood (approximate) consensus
in distributed computing. While we too are interested in transferring methods
and results across fields, we develop now a unification on the level of models, so
to later reap the benefits of a translation layer between fields.

The time path formalism we introduce in Section 3.1 is inspired by vector
clocks, introduced by Fidge [Fid88] and Mattern [Mat88], and hybrid clocks of
Kulkarni [Kul+14], alongside the geometric models of concurrency, such as those
of Goubault, Mimram and Tasson [GMT18] and Fajstrup et al. [Faj+16]. We
simplify this approach to focus specifically in a relationship between local and
global time to be used both by a hybrid system and a compositional automata.

The depiction of multi-agent systems as hybrid systems is standard for cyber-
physical systems, as has been recently reviewed by Postoyan et al. [Pos+24].
Switched systems theory has been brought to multi-agent systems to model asyn-
chronous modes, as in Lee and Macias [LM22]. We continue from this usage,
where our modes follow the block companion form discussed in De et al. [De +20],
and we extend the parametrization of the modes with the time path above.

The computational perspective developed in Section 3.3 fits within the LOOK-
COMPUTE-MOVE paradigm used for robotics within distributed computing as a
luminous model, introduced by Das et al. [Das+16], where robots are endowed

with communication capacities. Our specific instantiation via state machines is
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largely inspired by the I/O automaton introduced by Lynch [Lyn97], especially
for its clear interfaces for composability. It has had several extensions, among
which we note the hybrid I/O automaton [LSV03] that provides a modeling of
cyber-physical system, with discrete and continuous state variables. While it is
more direct at modeling robotic systems, our separation of robot and environment
discrete state machines, handling separately the epistemic and ontic states, serves
better our goals of unification with more standard distributed computing literature

and leveraging the existing logical analysis.

Chapter organization This chapter sets the base modeling choices. It starts
by defining in Section 3.1 a common notion of global and local time, as well
as their relationship. A model for distributed multi-robot systems, equipped
with communication and perception capacities, as a switched hybrid dynamical
system is provided in Section 3.2. Its counterpart as a distributed state machine
with environment is described in Section 3.3. Both are accompanied by their
respective notions of trajectory and execution, solution set and run, which are used
in Section 3.4 to prove that our change of models preserves epistemic information
under reasonable assumptions, allowing us to reason with the more convenient

automata for the remainder of this thesis.

3.1 TIME

Distributed systems are composed of multiple machines that need to cooperate.
This multiplicity is evidenced by separate computational units, individual memory,
and physical distance. All of those contribute to the formation of a notion of
locality. Information can be local, when it is true only in some portion of the system,
or global, when it is true for the entire system. For local information to be useful to
others, it has to be shared and situated within the receiver’s marks of reference.
The most fundamental of those marks is time. While most characteristics of a
system can be made the same by construction, the non-negligible separation of the
machines does not allow for a shared notion of time without some synchronizing
procedure.

The problem of relating time has been explored since Lamport [Lam78] first
observed that the different local times naturally form a partial ordering under
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the “happened before” relation, a type of causality relation. Since then, the need
to synchronize physical clocks was superseded by the ordering of simpler logical
clocks, simple counters. The introduction of vector clocks by Fidge [Fid88] and
Mattern [Mat88] enabled to fully capture causality by maintaining an estimation
of the local time by all machines, which was shown asymptotically optimal by
Charron-Bost [Cha91]. Gaps in the theory and application of distributed applica-
tion brought the interest to also use the global physical clock, leading to the hybrid
logical clocks (HLC) introduced by Kulkarni [Kul+14].

In order to model distributed multi-robot systems, we are interested in track-
ing both the global execution time of a system and its relation to the local times of
the robots, while keeping the full causality relation between these values. More-
over, the usage of physical machines with an inherently continuous dynamics
brings the need to use continuous variables in the modeling of the system time. In
other words, we are interested in a combination of vector clocks and HLCs with a
continuous global clock.

Inspired by these previous approaches and the models of directed topology
for concurrency (e.g., [Faj+16]), we introduce time paths as a geometric model of
the relation between local and global time. By joining the different local logical
clocks as coordinates of a common space, any monotonic increasing path rooted
in the origin defines a possible execution order of the system.

» Definition 3.1 (Time path). For a system of n robots, a time path is a differentiable

map p, from [0, 7] to R"}, for some T" > 0, that has the following properties:
e (initialisation) p(0) = (0,...,0).

* (monotonicity) For any ¢,t' € [0, 7] with t <, p;(t) < p;(t'), for all compo-
nentsi € [1,...,n|.

* (rectification) For all ¢ € [0, T'], the global time ¢ is the maximum of all local
times, i.e., t = max(|p1(t) — p1(0)], |p2(t) = p2(0)1,- -, [pn(t) = pu(0)))-

<

Note that the monotonicity property ensures that the time always moves
forward. The rectification makes the global time reflect the progress of the fastest
robot, which guarantees that at least one robot takes a step at any given time,
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preventing the entire system to be idle. We can now define a scheduler that
describes the possible activation orders of a system.

» Definition 3.2 (Scheduler). Let P be the set of all time paths. For a system of n
robots, a scheduler S is a non-empty subset of P, i.e., S € p(P) \ {2} <

We can recover the traditional synchronous, k-synchronous and asynchronous
schedulers from the distributed computing literature [Lyn97].

» Example 3.3 (Synchronous scheduler). The synchronous scheduler, denoted Sy, is
the singleton set containing only the time path where all local times advance in
lock-step:

Same = {01 V£ € 10,T], p(t) = (1,8, ..., 1)}

<

» Example 3.4 (k-synchronous scheduler). The k-synchronous scheduler, denoted Sgyn,
bounds the difference in local time of the fastest and slowest execution by %, i.e.,
Sssyne = {p |Vt € [0,T7, mz[v]wi(t) ~ min pi(t) <k}

S 1€n

<

» Example 3.5 (Asynchronous scheduler). The asynchronous scheduler, denoted S ysyne,

is the set of all possible time paths P. <

The time path abstraction allows for the scheduler to capture the precise
relationship between local and global times. We can now define the set of active
robots according to a time path. This construction will be essential to define the
modes of switching dynamics modeling a multi-robot system.

» Definition 3.6 (Activation set). For a time path p, the set of active robots at time ¢,
denoted active,(t), is the set of robots that advance their local time at global time ¢,
ie.,

active,(t) ={i € [n] | I >0, |pi(t+¢)] > [pi(t)]}
where |¢] denotes the floor function, i.e., the greatest integer less than or equal to ¢.
<

Equivalently, a robot i is active at ¢t when its discretized local time | p; | is about

to increment, i.e., when it takes a computational step at time ¢.
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3.2 ROBOTS, DYNAMICAL SYSTEMS

The modeling of distributed robotic systems encompasses both their physical
evolution and computational processes. The distinction becomes evident when
we consider that robots operate with partial and uncertain information, regarding
both the world and themselves, where their decisions reflect only the information
they have available, its belief about the environment. This gap between what is
true and what is known motivates us to extend the dynamical system framework
of robots from Section 2.1 by partitioning their state space and dynamics into ontic
and epistemic components.

The ontic component refers to the physical reality, that of the robot and of
the environment it is inserted in. The ontic state consists of the physical state
of the robot, containing all the information needed to describe how it is found
in the world. It is updated through the usage of actuators: devices that convert
some electrical input into mechanical motion, allowing for the robot to move and
interact with its environment. Some examples are the traction motors used to spin
the wheels of a car, a pump that regulates the water of a submarine ballast and
servo motors that positions the joints of a robotic arm.

The epistemic component consists of the robot’s knowledge, the resources it
has available for every computation and decision it takes. The epistemic state
consists of the working memory of the robot. It contains the internal estimations
that are used during its computational step. Examples are its estimated position, a
map of the environment, positions of reference points, the content of messages it

may have received, or its current planned trajectory.

» Definition 3.7 (Robot). A robot is a controlled hybrid dynamical system r =
(O,E,Y, U, f,¢,9,h), where O C R is its ontic state space, E C R® is its epistemic
state space, Y C RY is its observation space, U C R* is its control space. f : OXRT — O
is its ontic dynamics, ¢ : ' x N — E'is its epistemic evolution, g : O — Y is its obser-
vation function, h : I/ x N — U is its control function.

For ontic state o € O and epistemic state e € E, its complete dynamics is defined as
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follows.
o(t) = f(o(t),ult]) (ontic evolution) (3.1)
y(t) = g(o(t)) (observation) (3.2)
et + 1] = p(e[t], y[t]) (epistemic evolution) (3.3)
ult] = h(e[t], [t]) (control) (3.4)

with control input © € U and observation y € Y. The ontic dynamics and the
observation use a continuous time ¢, while the epistemic evolution and the control
use discrete time [t], defined by the staircase function [¢{] = |¢|, meaning that for

s € ([t], [t] + 1), u(s) = h(e([t]), [t])- <

We partition the state space of the dynamical system in Definition 2.1 follow-
ing the distinction between ontic and epistemic states, the observation and control
functions provide information used to steer the robot. The observation function
retrieves information made available by the sensors equipped in the robot and
is used to update its epistemic state. It may be of different types, such as the
image provided by a camera, messages received through some communication
channel, or distance measurements to the nearby obstacles. The control function
translates its local epistemic state into an input for its actuators. For instance, a
waypoint generated by some path planning algorithm would be converted in
specific activation values for its wheel motors.

The robot definition has two distinct parts: a physical and a computational. It
subsumes models in both domain, as we can retrieve both a standard robot with

controller or a (analog) computer by trivializing one of the parts.

» Example 3.8 (Controllers and observers). A classical robot with a state-feedback con-
troller hey: X x RT — U from Definition 2.3 can be recovered from Definition 3.7
by setting the epistemic state to track the latest observation, that being the ontic
state. The robot tuple (O, E,Y, U, f, ¢, g, h) is instantiated as:

O=X, E=Y =X, glo)=o0, ole,y)=1y, hle][t]) = heule,]t])

with ontic dynamics unchanged. The epistemic evolution copies each obser-
vation into the memory it represents, i.e., e[t + 1] = y[t] = o[t]. As such, the
control uft] = h(e[t], [t]) operates on the most recent ontic state, matching the
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state-feedback controller signature. Note that this assumes perfect observation at
discrete sampling times [¢].

More generally, a state-feedback controller may also be implemented by
maintaining an estimation of the ontic state 0(¢) via the epistemic evolution',

recovering the state observer of Definition 2.5. By setting e[t] = 0[t] with

et +1] = pleft], ult]),  ult] = hea(elt], y(t))

where g(o(t)) is an arbitrary observation function. We obtain then a controller
h that uses both the latest estimation e[t] and the observation y(¢) to guide the

system. <

We are interested in robots that are capable of interacting with each other.
They do so via two types of interaction: perception and communication. These two
types are another consequence of the separation of the state of a robot in ontic and

epistemic. For two robots r and 1/, they are defined via a pair of functions.

Op v (t) = 1 (0 (1)) (perception) (3.5
e [t] = Ar(ew[t]) (communication) (3.6)

The distinction between perception and communication is a consequence of
the distinction introduced between ontic and epistemic states. Both states may be
available to the outsider observer, though through different means. For instance,
a robot may be able to perceive another one’s velocity or acceleration through
its sensors, while the observed robot may only be capable of communicating the
relative direction it is pursuing. The perception is o, , is the estimation of the ontic
state of robot r’ by robot r. Similarly, The communication function generates the
estimation ¢, ,» of the epistemic state of robot 1’ by robot r. Note that perception is
parametrized by a continuous time variable, while communication by a discrete
one, matching the nature of the states that they observe.

Communication and perception complement the observation step with in-
formation about the other robots. These multiple pieces of information are later
processed together by the robot’s epistemic evolution, matching the intuition of

observations as simply inputs to a computing system.

The epistemic evolution operates in discrete time, requiring either to take care
of the sampling mechanism or assume a continuous estimation dynamics.
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ye(t) = g(o(t), {ne(or ()}, { A\ (er[t])})  (multi-robot observation) (3.7)

Moreover, the introduction of multiple robots operating in the system brings
forward the notions of local and global execution time. This distinction will be
relevant when considering the computational perspective in Section 3.3, and one

can assume global time for the remaining of this section.

» Example 3.9 (Distributed averaging). The epistemic evolution, equipped with data
from a multi-robot observation, provides the ideal place for modeling distributed
algorithms. Consider a robot participating in an approximate consensus task over
a communication network GG, where the ontic dynamics is trivial, i.e.,, O = {x}, f =
0, so to isolate the algorithmic component.

The multi-robot observation implements the retrieval of data by the robot
in the distributed process as follows. The perception function (Equation (3.5))
is empty, i.e., 7.(0o) = @, while the communication function (Equation (3.6))
retrieves the average estimations from the neighbors, i.e., A\;(¢e,/) = e, [t]. Observa-

tion (Equation (3.7)) becomes then:

velt] = g0, @, {ew[t] | ' € Na(r)})

The epistemic evolution implements the discrete time averaging algorithm:

plecltlyelt) = exlt] +a Y (ewlt] = exlt])

r'eNG(r)
where 0 < a < 1/d,,q4, is a parameter ensuring convergence, for d,,,, the maximum
degree in G.

Note that the structure of the epistemic update depends on ontic dynam-
ics” complexity. For instance, second-order dynamics require additional velocity
damping terms [DI17] and resilience to malicious agents demands a filtering step
known as mean subsequence-reduced [LeB+13]. Other practical variations can
be seen in Kia et al. [Kia+19] The ontic and epistemic separation makes these de-
pendencies explicit, showing which modifications address sensing (observation),

computation (epistemic evolution), or actuation (control). <
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The intuition of a distributed system of interacting mobile robots is formal-
ized by the definition of a distributed multi-robot system as a switched hybrid
dynamical system. Multiple robots obeying similar ontic dynamics and epistemic
update rules are amalgamated in a single system description. A time path de-
tines the execution order and provides with a single global execution time. The
modes of the switched system correspond to the different sets of active robots at
a given moment, reflecting on which robots can observe, move or compute. The
description of the global system is simplified by combining the state variables and

observations as follows.

» Definition 3.10 (Hybrid multi-robot system). A multi-robot system composed of n
robots is a switched hybrid system S = (O,E, Y, U, F,®,G, H,S, Oy, E), com-
posed of a distributed ontic state space O C R°*", a distributed epistemic state space
E C R**", a distributed observation space Y C RY*", a distributed control space
U C R**", a hybrid switching distributed ontic dynamics ', : O x U x p — O, a
discrete distributed epistemic evolution ® : E x Y — E, a multi-robot observation
function G : O x E — Y, a global control function H : E x R* — U, a scheduler
S, with initial states o € Oy C O and e € Ey C E.

The complete dynamics is parametrized by a time path p € S as follows.

o(t) = F,(o(t),ult]) (distributed ontic dynamics) (3.8)
y(t) = G(o(t),n(o(t)), A(e[t]))  (multi-robot observation) (3.9
eft + 1] = P(eft], y(1)) (distributed epistemic evolution)  (3.10)
ult] = H(elt],t) (global control) (3.11)

Where the global states relate to the local states via the time path: if robot r is at
local time 7, = p,(t), then o(7;) is the contribution of r to the global ontic state o(t).

<

This definition is a consequence of the evolution of individual robots, as seen
in Definition 3.7. Changing variables in Equation (3.1), so to consider the states of
each robot at global time ¢ for some time path p, o(t) = o(p;(t)), we get:

o(t) = (p, f(o(t), ult]))

where (., .) denotes the scalar product in R". Setting I,,(o(t), u[t]) = (p, f(o(t), u[t]))
gives the global ontic evolution, Equation (3.8) of Definition 3.10.
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The observation and epistemic evolution immediately generalize with G = ¢
and ® = . Note that the control must now use the local time variable as a
parameter, i.e., H(e[t],t) = h(e[t], [t]:).

» Remark 3.11. We only consider homogeneous multi-robot systems, equipped
with identical capacities and behavior, but note that the described model does not

limit to such case. <

The (arbitrary) hybrid multi-robot system, as a switched system, has a notion
of solution, which will be used to define the runs of the system. For this, we need

to see our switched system as a more general differential inclusion:

» Definition 3.12 (Solutions to differential inclusions [AC84]). Consider the general dif-
ferential inclusion & € F(z) where I is a map from R" to P(R"), the set of subsets
of R". A function z(-) : Rt — R" is a solution to the inclusion if z is an absolutely

continuous function and satisfies for almost all t € R, &(t) € F(x(¢)). <

We can now define the trajectory of a hybrid multi-robot system as one of its

possible solutions.

» Definition 3.13 (Hybrid multi-robot system trajectory). The trajectory of a hybrid multi-
robot system S = (O,E, Y, U, F,®,G, H,S, O, Eg) under a time path p € Sis a
pair £ = (o(-), e[:]), where

® o) : [0,7] — O is an absolutely continuous function satisfying o(¢) =
F,(o(t),ult]) for almost all ¢ € [0, 7], with 0(0) € Oy;

e ¢[] : N — E is a discrete sequence satisfying e[t + 1] = ®(e[t], y[t]) with
6[0] € Eo.

<

From the definition of a system, multiple trajectories may be possible. We

encapsulate them in a solution set.

» Definition 3.14 (Solution set). For a hybrid system S, the n-solution set is =g = {¢ :
[0,7] = O x E | { is a trajectory under some p € S, T < n} <

We will see in Section 3.4 that the solution set here introduced matches the

notion of system runs for the computational alternative of the multi-robot system.
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3.3 ROBOTS, TRANSITION SYSTEMS

We transition now from the continuous perspective of robots as hybrid switched
systems to a discrete computational view that is more suitable for the analysis
of distributed protocols. The dynamical model presented in Section 3.2 presents
a rich representation of the physical constraints present in a multi-robot system,
which we now abstract as environmental steps that interleave the discrete decision
points where computational steps occur. This view is compatible with the digital
controllers that sample sensors and activate actuators at discrete intervals, which
naturally introduce a discretization of the continuous dynamics. We use the result
of this discretization as the stage of a distributed computing perspective of robotic
systems, which we formalize via state machines with notions of executions and
runs that are counterparts of the trajectories and solution sets seen before. This
abstraction process will be made precise in Section 3.4.

We now model a distributed multi-robot system as a composition of 1/O
automata: robot automata handle the local epistemic computations, while an
environment automaton mediates the combined ontic dynamics, scheduling of
activations and possible external influences to the execution. This separation
exposes the nature of robots operating beliefs based on uncertain observations,
not being able to directly control the physical outcomes.

We provide an instantiation of the LOOK-COMPUTE-MOVE cycle, the standard
approach to robotics in the distributed computing literature, as seen in Section 2.2,
which captures the discretization by separating observation, computation and
actuation in distinct phases. This change of perspective will allow us to isolate
in Chapter 4 the information available during the computational steps of a robot,
the main resource needed to design and verify distributed robotic systems and
protocols. We are largely inspired by the I/O automaton of Lynch [Lyn97], which

we now recall.

» Definition 3.15 (I/O automaton). An I/O automaton A = (S,I, A, 7) consists of:
* S, a (possibly infinite) set of states;
e T C S, a finite set of initial states;
* A, asignature consisting of three disjoint sets:

- A™ of input actions,
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— A°" of output actions,
— A™ of internal actions;
e 7 C S x A xS, atransition relation where:
— An action a is enabled by a state s if there is a transition (s, a, s"), denoted
a € enabled(s)
— Input actions a € A™ are enabled for every state s € S.

<

By separating the physical (ontic) and computational (epistemic) dynamics, it
becomes evident that the epistemic evolution matches the role of a protocol: the
epistemic state is the memory being operated on. We now instantiate the protocol
executed by a robot as the states of an I/O automaton.

» Definition 3.16 (Robot state machine). A robot r executes the state machine A, =
(E,, I, A,, ) where
* E, is a possibly infinite set of local epistemic states;
e I. C E, is the set of initial states;
o A, = A% U AY L AP is the set actions, divided in three types, each
containing at least the empty action L:
- A% are input observation actions, to be received from the environment,
— A¢" are output control actions, to be sent to the environment,
— A" are internal epistemic actions, internal to the robot;
e 7. C E, x A, x E, is a transition relation that associates to each pair of
epistemic state and action another epistemic state.

<

The epistemic state E, corresponds to the memory of the machine. It contains
all of the information that is available to a robot in order to operate. Importantly, it
contains no physical information, but only processed information. For instance, it
may contain its current and past estimated positions (instead of its actual position),
the last observation it received and its current control decision.

Three types of actions may be performed, which always lead to an update
in the epistemic state of the robot: observations, control and epistemic. An
observation action is external to the robot, it is received from the environment. An

example is the usage of a camera, which demands visual information that will be



3.3 ROBOTS, TRANSITION SYSTEMS 49

mediated by the environment. A control action is generated by the robot and sent
to the environment. Those are the commands given to physical machine, such
as to move towards some position or decide a value. Again, those are mediated
by the environment that may faithfully execute the command or apply some
(possibly non-deterministic) influence. The epistemic actions are internal to the
robot, they represent computations and decisions that are performed using the

current epistemic state.

» Example 3.17 (Robot with limited visibility). Consider a robot operating in a graph”
Gx = (V, E), i.e., robots are positioned in vertices v € V and move between them
when there exists an edge (v,v’) € E. Robots operate under limited visibility,
capable of observing vertices at most some distance > 0, inducing a communi-
cation graph Gr = (V,{(v,¢) | v,v" € V,distg, (v,v") < r}). We show now how
visibility constraints are encoded in a robot automaton A, = (E,, I, A, ), as per
Definition 3.16.

Each local epistemic state e, € E, tracks a set of observed robots N, (r) and

their positions, i.e., {(r/,v.) | t' € N(r)}, including itself. Its actions available are:

o A% = {observe(A) | ACR xV,V(r',vm) € A: (vy,vr) € Gr} for receiving
position data of robots within the visibility radius,

o AY = {move(v') | v' € V,(vs,0") € E} for sending control commands to

move to adjacent vertices,

e A for internal computational steps, such as updating position estimates

and local planning.

The transition 7, C E, x A, x E, updates the set of neighbors N(r) based
on received observations and executed controls. Note that the epistemic state
contains no factual physical information, only processed position data. When two
robots r,r’ are at distance greater than the visibility radius, neither appears in
each other’s observation actions. This limitation will be shown in Chapter 4 to be
a source of uncertainty in the system, increasing the sets of possible states that a
robot cannot distinguish. <

*We use a graph as space for simplicity, but an arbitrary subspace of R" could
be used with a suitable discretization.
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» Remark 3.18 (Decision outputs). Note that the decisions taken with respect to a
distributed task are implemented as internal epistemic actions. This implemen-
tation is separate from the protocol execution, as it is commonly done with I/O
automata [Lyn97]. <

The class of robots that we are interested in have no bounds in their memories,
and preserve all information across time steps. This is formalized as the perfect
recall property, which will be important in Chapter 4 to define the knowledge of a
system of robot.

» Assumption 3.19 (Perfect recall). A robot A, = (E,, I, A, ) has perfect recall if its
epistemic states e € E are finite sequences of all past epistemic states, and the
transition relation strictly extends that sequence, i.e., if (e, a,€’) € 7, then e is a
proper prefix of €', denoted e C €. Two epistemic states are equal if and only if they
are identical sequences. <

» Remark 3.20 (Perfect recall creates different states). Observe that, for a robot with
perfect recall, every pair of states e, ¢’ € E, such that (e, a,e’) € 7., is necessarily
different, i.e., e # €’. As the transition relation of such a system appends a new
element to the sequence forming its local epistemic state, it emulates a local clock
by counting the length of such sequence. )

As we apply the LOOK-COMPUTE-MOVE cycle, the control actions implicitly
request subsequent observation actions, simplifying the protocol. The environ-
ment, which mediates all physical and inter-robot interaction, determines what
observations result from each control action. We now define this environment
automaton, which serves as the single source of truth for all ontic states and

constraints.

» Definition 3.21 (Environment state machine). The environment is a state machine
E = (0g,Ie, A, 7c) where:
* Og is a set of possible environment states.
e I C Og¢ is a set of initial states;
o A, = A LJAP 1A is a set of three types of actions, each containing at
least the empty action _L:

— A" =T1,cr Al is a set of input control actions,
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obs _ obs 3 i i
- Ag” =T],cr A" is a set of output observation actions,
- A2 is a set of internal ontic actions;

* 7¢ C O¢ x As x Og is a transition relation, where an environment state and
action are associated to another environment state.
|

The environment interacts with the robots via its input and output actions,
control commands and observations, respectively. Its role extends beyond physical
dynamics, though. It can model, through its internal actions, communication fail-
ures (dropping messages), sensor limitations (restricting observations), actuator
faults (rejecting control commands). Most importantly, it models the scheduler,
determining the activation order. For instance, limited visibility will make obser-
vations only contain information within some geometric constraint, while message
loss becomes an environment choice to deliver an empty message L, instead of
the actual one. As an I/O automaton, it evolves its state at each action, and as
such encapsulate all the ontic evolution of the robots. The time of the environment
is the one global time, while those of the robots are only local ones.

The I/O automata above can be composed, as shown in [Lyn97] whenever
they respect some basic conditions making their activations not overlap in incon-
venient manners, and when every input action (respectively output) is matched

by some output action (respectively input). We recall now its definition.

» Definition 3.22 (Automata composition). The composition of the state machines
of robots r; € R with the environment &, denoted ry||r3]| ... ||r,||E, is the I/O
automaton Si ¢ = (S,I, A, 7), where:

*S= HreREr x O¢

e I=TLepl xIe
A = U,cr A, U A, where the components are compatible, i.e., AZ* =
[T A and A" = [],cp AL
7 C S x A x S, where a transition (s,a,s’) € 7 if the following holds for

every component ¢ € {€} U { A, }rer:
- Ifae A then (7.(s),a,7.(s)) € 7;
- Ifag¢ A then 7 .(s") = m.(s).
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» Remark 3.23 (Synchronization). Note that the automata composition enforces that
shared actions are executed synchronously for all components. This corresponds
to matching observation actions from the environment to the robot that are ex-
ecuted simultaneously, and similarly for control actions from the robots to the
environment. Furthermore, by Definition 3.15, input actions are always enabled,
guaranteeing that both robots process observations and the environment receives
controls. )

We can now define the compositional multi-robot system as an I/O automaton
S, obtained by the composition of multiple robots automata R and one envi-
ronment automaton £. Through the composition of robots and environment, we
can enforce that all interaction between the robots happens through the environ-
ment. This captures the reality of distributed robotic systems, where the physical
channels are subject to interference. Most importantly, it ensures that the results
and tools from distributed computing transfer to our model.

Unsurprisingly, a pure distributed computing model arises as a special case
of the automata composition. When the environment states are possible message
buffers and its ontic actions are message delivery or loss, we recover the standard
message-passing system. The robots’ local epistemic states track the messages that
were sent and received, while the environment implements the message adversary.

As such, our framework extends the classical distributed computing models.

» Example 3.24 (Message-passing system). Recall from Definition 2.12 that a message
passing system consists of n processes I1 = {p;, ..., p,} in a communication net-
work G. Each process p; can send a message m € M, for M finite, via send; ;(m),
which places it in the respective channel, and receive via receive; ;, retrieving either
a message or L from the channel. We show that this model from distributed
computing fits naturally within our framework, as the message passing model is
captured in the robot and environment automata, while physical robot dynamics
could be added to the same structure.

Each process becomes a robot automaton r = (E,, I, A, 7,) as per Defini-
tion 3.16. The local epistemic state E, tracks message history (sent, received and
local computation state). The robot has the following actions:

o A% = {receive;;(m) | j € R,m € M U{L}} for receiving messages,
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o A = {send, ;(m) | j € R,m € M} for sending messages,

e A for local computation steps.

The transition relation 7, C E, x A x E, updates the message history accordingly.
Note that the epistemic state contains no physical information, only processed
data.

The environment automaton £ = (O¢, I¢, A, 7¢), as per Definition 3.21, im-
plements the communication channels® with message buffers and a message
adversary. States Oz = (M U {L})"*" represent the content of the message chan-
nels, with actions A2 =[], ., A and AZ' =[], A2, matching those of the

robots. The ontic actions
A7 = {deliver;;, drop,;, delay,; | i, j € R}

model the adversary, e.g., reliable channels only deliver, lossy ones may drop. The
transition relation 7 C Og x A x O¢ places messages in buffers on send; ;(m)
and retrieves them on receive; ;, with ontic actions determining delivery behavior.

The compositional system Sg ¢ = ry| - - ||r,||€ is then obtained by Defini-
tion 3.22. The scheduler encodes the activation order of the robots by a time
path p: at each global time ¢, the set active,(t) determines which robots perform
transitions, while inactive ones remain unchanged (more precisely defined in
Definition 3.25). As such, message-passing models from distributed computing
are special cases of multi-robot systems. In this instance, the environment merely
manages message buffers as data structures, but the same framework accommo-

dates arbitrary physical robot dynamics alongside the communication protocol. «

We look now at the execution structure of a compositional system Sy ¢. First,
one should note that at a given global time ¢, a local state can refer to either the
local epistemic states of the composing robots r € R or the ontic state of the

environment &. The global state is then a tuple ¢ = (t,0, ¢ ), where &

is a vector of
one local epistemic state per robot. The global states C are snapshots of the system,

which we now use to define the transition rules of its operational semantics.

3In [Lyn97] it is suggested to implement each channel as one I/O automa-
ton, which is equally valid as those could be composed to provide the current
definition.
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» Definition 3.25 (Operational Semantics). For a system Sy ¢ with a time path p, a
transition between two global states, denoted (, 0,¢) = (', ¢/, €') holds if and only
if

3y € A%* such that (0,7, 0*) € ¢ for some o* (environment observation)
Vr € active,(t), Je;, ef*, such that:

- (ér, Yr, €}) € 7, (robot observation)

Ja € AZ" (e}, a,e*) € 7, (epistemic transition)

— Juy, (e*, uy, €,) € T, (robot control)

[t']: = [t]: + 1 (local time step)

Vr ¢ active,(t), such that:
— ¢, = ¢, (no inactive computation)
- [t']y = [t] (no inactive local time step)

* (0%,i,0) € T¢ (environment control)

e ¢ = min{s > t such that p(s) # p(t)} (global time step)
where y, and v, are robot r’s component of i and #, respectively, and [t], = |p; | is
r’s local time. <

Given the transition rule above, we can define now an execution: a chain of
transitions of global states that forms a single history of the system. We use the
fact that the global and local times associated to a time path correspond precisely
to the clock of the environment and of the robots, respectively.

» Definition 3.26 (System execution). An execution of a system under time path pisa
possibly infinite sequence o = (c;);eny Where:
* ¢y = (0,0,¢) is an initial state with oz € I C O¢ and ¢, € I, C E, for all
r eR;
* Each c¢; = c;44 is a valid transition by Definition 3.25;

<

While an execution is a trace according to one time path, an environment is
usually allowed to follow a more general scheduler definition, which contains a
class of possible time paths, as seen in Section 3.1. A system run corresponds to
this generalization, containing all possible histories associated to a compositional

system.
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» Definition 3.27 (System run). For compositional system S and n € N, its n-run is
ETSL = {O’ = (Ci)igk ‘ Cp € IS>Ci = Cit+1, k< n} <

The run captures all possible transitions of up to n steps from any possible
initial state of the compositional multi-robot system in Definition 3.22, any se-
quence of transitions allowed by the transition rule in Definition 3.25, and any
non-deterministic choice within the environment and robot transition relations.
We will see in Chapter 5 that an inclusion relation on runs can be defined from
the inclusion of different definitions of the system, such as the class of allowed
time paths, the initial states, the set of robots, among others. We denote by ¥4 the

maximal run of system S.

3.4 CORRESPONDENCE BETWEEN THE TWO VIEWS

We have presented models for distributed multi-robot system: a switched hybrid
dynamical system that naturally captures the physical dynamics (Section 3.2),
and a compositional state machine that focuses on computations and information
flow (Section 3.3). The two perspectives share a common behavior: a robot makes
decisions based entirely on their epistemic states, as it is the only information
available to their computational process. Both models capture the same epistemic
evolution, either through epistemic jumps amidst the continuous evolution of the
hybrid system, or by generating discrete global states as a compositional system.
We formalize now under which conditions the computational model is a faithful
abstraction of the hybrid system.

We establish now a system abstraction that maps between state spaces of
both models, preserving their structure while connecting continuous dynamics
to discrete computations, keeping the same epistemic content. This will serve to
show that task solvability analysis and protocol design can be done meaningfully
in both models, justifying the usage of the simpler compositional model in the
subsequent chapters.

» Definition 3.28 (System abstraction). Let Sy = (O, E, Y, U, F, &, G, H, S, 0p, €y) be
a multi-robot system and S¢ = (S, I, A, 7) be a compositional multi-robot system.
A system abstraction ¥ : Sy — Sc is a tuple of surjective functions ¥ = (Vg :
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O = O, Vg : E = [[,cr Ev, Uy : codom(G) — AZ* Uy : codom(H) — A,
respecting the following compatibility conditions for any time path p € S:

e (initial states) For any oy € Og and ey € Ej, ¥p(0p) C Iz and Yg(ey) C
HI‘GR Ir'

* (local epistemic states). For any e, e’ € E and robotr € R, if 7,(e) = 7,.(€’),
then Wr(\IIE(e» = Wr(\IJE(e/)).

* (epistemic evolution). Foranye € Eandy € Y, ife’ = ®(e,y), then for each
r € R, where ¢, = 7.(Vg(e)), y» = (Vv (y)), and €. = 7. (Vg(e')), there
exist ¢, ei* € E,, a, € A?, and u, € A" such that (e, y,, €}), (e}, a,, er*),

(e, uy, el) € Ty

* (control generation). For any e € E, the control action W (H (e)) €
enabled(Vg(e)).

* (ontic-environment evolution). Let o € o and u € codom(H). Lett < ¢’

be two consecutive times when epistemic updates occur, i.e., Ir|p.(t')] >

|pe(t)]. If o' is the ontic state reached after integrating 6 = F',(o, u) from o
over [t,t'], then (Vo (0), Yy(u), ¥o (o)) € Te.

<

Note that the epistemic evolution condition ensures the correspondence
between the hybrid and the compositional epistemic states, the observations and
observation actions, as well as that all transitions are valid in the compositional
system. The control generation condition ensures that control commands and
control actions match, as well as their generation. The ontic-environment evolution
conditions guarantee that the global ontic states match the environment state,
while ensuring that all transitions of the switched system are valid after the
abstraction, as it takes into consideration the time path that parametrizes the
jumps between sets of active robots. As such, the system abstraction induces a
simulation relation between the global states of a hybrid system and those of a
compositional system.

» Remark 3.29 (Epistemic updates in global time). Note that the rectification property
of time paths ensures that the global time advances only when at least one local
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robot time advances. Hence, the set of active robots active,(t) is never empty, and

every global state transition involves at least one epistemic update. <

From the system abstraction, we can formalize the relationship between
executions in both systems. We use a simulation relation that connects global

states at discrete points when the epistemic updates happen.

» Definition 3.30 (State simulation relation). Let (o5, eyn) € O x E be a global state
of a hybrid system Sy at time ¢ty € R, and let (tc,0c.¢:) € C be a global
state of a compositional system. A simulation relation on global states is a set
<C (O x E x R,) x C such that

(oH,eH,tH) < <t(j,0(;¢€_é> < tH = tc and ‘Ifo(OH) = O¢ and \I’E(GH) = 66
|

We note that the simulation relation is preserved under the system evolution

of abstracted systems.

» Lemma 3.31(Simulations are stable under system evolution). Let Sy be a hybrid system
and S be a compositional system, such that there exists a compatible system
abstraction ¥ : Sy — S¢. For any trajectory { = (o(.),e[]) € Zg , and for
any pair of consecutive epistemic update times ¢;,¢;;, in the update sequence
T, if a compositional state c¢; € C satisfies (o(t;), e[t;],t;) < c;, then thereis a
compositional state c;;1 € C such that the transition ¢; = c¢;; is valid in S¢ and

the simulation holds, i.e., (o(t;11), €[tit1], titv1) < Cit1. <

Proof. Let (o(t;),e[t:], t;) < c;, where ¢; = (t;,0;,€;), and t;, t;+1 be two consecutive
epistemic update times.

We construct the new state c;; by applying the system abstraction at
(o(tit1),e[tiv1], tiv1). We obtain ¢, 11 = (ti1, Vo(o(tiv1)), Ve(e[tir1])), which satis-
fies (o(ti+1), €[tit1], tit1) < ;1 by Definition 3.30.

For S¢, let R be its set of robots and £ be its environment. We verify now that
the transition c; = c;; is valid according to Definition 3.25 using the compatibility

conditions of the system abstraction in Definition 3.28:

* (environment observation). At time ¢;, Sy generates observation y(¢;) =
G(o(t;),n(o[t:]), A(e[ti])), let y = Uy (y(t;)) be the corresponding action
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y € A%*, where, by the compatibility condition of the abstraction ¥, there
exists o* such that (o;, y, 0*) € 7¢. This step has no ontic update and o* = o,.

* (robot observation and epistemic transition). Let ¢ = Wg(e[t;]). For each
active robot r € active,(;), let e, = 7,(€), y¢ = Yy (y(t;)). Per Defini-
tion 3.22, each observation action y¢ € A% has a matching v, € AP, By the
compatibility of the epistemic evolution, there exists (e, Yy, €}) € 7,.. Sim-
ilarly, for e[t;11] = ®(e[t;],y(t;)), it is ensured that (e}, a,, ¢f*) € 7,, where
ey = me(Ve(efti])).

* (robot control). At time ¢;, Sy generates control u[t;;1] = H(e[t;]). Let
uy = 7 (Vu(ufti1])), which is enabled in Vg (e**) by the control generation
compatibility condition. Hence, there exists (e:*, u, e,) € 7., and we obtain
Ein1 = (e )rer-

* (local time step). For active robots r € active,(t;), time advances at the
epistemic computation and [¢'], = [t], + 1. For inactive robots r ¢ active,(t;),
local time stays the same, i.e., [t'], = [t]..

* (no inactive computation). For robot r ¢ active,(;), e[ti11] = e[t;]. By the

e
local epistemic state compatibility, 7, (Vg (e[tit1])) = 7 (Vr(e[t:])).

* (environment control). The system Sy arrives at the ontic state o(t;+1) from
o(t;) by integrating over t;,¢;1 using control uft;] = H/(e[t;]). The ontic-
environment compatibility condition guarantees that we have (Vo (o(t;)),
Uy(ultivi]), Vo(o(tiy1))) € 7, where 0,41 = Vo (0(tit1))

* (global time step). By assumption, the global time advances from ¢; to ¢4,

the next epistemic update.
|

Note that the proof of Lemma 3.31 make evident the delay between the epis-
temic and ontic updates of the system, as the robot first processes an observation
and computes a new control, updating its epistemic state, before any change in
the environment, and its ontic state is done. All of those steps are mediated by the
several functions defining the multi-robot system, hybrid or compositional. We
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can state now how the simulation defined on global states can be lifted to relate

trajectories to runs.

» Definition 3.32 (Execution simulation). Let { = (o(.),e[.]) € g be a trajectory of
a hybrid system Sy, and let o = (cg,c1,...) € Xg_ be a run of a compositional
system S¢. ¢ simulates o, denoted ¢ < o, if and only if the state-wise simulation

< holds for every time ¢; in the sequence of epistemic transitions 7. <

We can now state the first theorem: whenever a compositional system is a
compatible abstraction of a hybrid system, the executions of the former precisely
match the trajectories of the latter.

» Theorem 3.33 (Existence and uniqueness of abstracted trajectories). Let Sy be a hybrid
system and S be a compositional system. Let ¥ : Sy — S be a compatible
abstraction between them. For every trajectory ¢ € =g, there exists a unique

execution o € Yg  such that the simulation { < ¢ holds.

Proof. We proceed by induction on the sequence of epistemic transitions 7; =
(to,t1,...). The base case t; holds by the compatibility condition of initial states in
Definition 3.28. Lemma 3.31 provides that, if a simulation holds at time ¢;, then a
valid transition exists for the corresponding state c;.;, for which the simulation
holds at t; .

Uniqueness is obtained from the abstraction ¥ being composed of functions.
For any trajectory ¢ the application of the abstraction at each time ¢t € T¢ pro-
duces a unique global state. As every state c; of the execution is constructed

deterministically, the resulting execution is unique. |

Theorem 3.33 allows us to lift the system abstraction to a simulation map,

from a solution set to a system run.

» Definition 3.34 (Simulation map). Let ¥ : Sy — S be an abstraction from a hybrid
system Sy to a compositional system S¢c. The map W can be lifted to a simulation
map W* : =g — Yg_, which maps each trajectory { € =g, to the unique execution

o € Yg, that simulates it, i.e., { < 0. <

We have shown that the hybrid multi-robot system can be simulated into

a compositional system counterpart such that the content of their trajectories
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is preserved. When considering the inverse case, we note that not all robotic
computational systems should be expected to have a dynamical version, as one
may impose an unfeasible behavior violating its physical constraints. Hence, we
restrict to consider only those systems that are physically realizable.

» Assumption 3.35 (Physical realizability). A compositional multi-robot system S¢ is
physically realizable by a hybrid system if the simulation map ¥* : =g, — Xg_ is
surjective. That is, for every execution of the compositional system, there is at
least one corresponding physically realizable trajectory. <

From the simulation relation and assuming physical realizability, we can now

state the main equivalence result that will justify our future choice of models.

» Corollary 3.36 (Epistemic equivalence). Let Sy be a hybrid system, and S¢ be a
compositional system with a compatible system abstraction V : Sy — S¢. If S¢ is
physically realizable, according to Assumption 3.35, then epistemic evolution of

both systems are equivalent. That is, for every n € N:
Ve(te(Zs,)) = me(Xs,)

where g projects the trajectories and executions to their sequence of epistemic
states. <

Proof. We proceed by showing the double inclusion implying the equality:

* Ug(me(Zs,)) € me(¥8,). Lete € Ug(me(Zg,,)), where € = Ug(e) for some
epistemic sequence ¢ within a trajectory { € =g . By Theorem 3.33, there
exists a unique execution o € Y3 such that { < 0. From the simulation map
(Definition 3.34), we have Ug(e[t;]) = €;, where ¢; is the ith component of
the sequence ¢, for each epistemic update time ¢,. Therefore, ¢ = (¢, ¢, .. .)
is the epistemic sequence of o, hence © € g (>3 ).

* me(¥§,) € Ve(me(Z5,)). Lete € me(X5,.) be an epistemic sequence from
some execution o € ¥ . By Assumption 3.35, the map V" : =g — Xg
is surjective, hence there exists a trajectory { € =g such that U*({) = o.
By Theorem 3.33, ¢ is the unique execution where { < ¢. The simulation

map gives us that Vg(e[t;]) = &; for every epistemic update time ¢;,. As Vg,



3.5 CONCLUSION 61

is surjective by Definition 3.28, there exists an epistemic sequence e with
\IJE(G) =c¢ande € WE(EgH) Thus, e e \IIE(’]TE<EgH))

The key observation is that the two system representations, hybrid or compo-
sitional, when connected by a system abstraction, have the same epistemic content.
Such is the information available to a robot, and Corollary 3.36 attests one can
meaningfully reason about the computational problems present in a multi-robot
systems from either perspective. For the remainder of this thesis, we will adopt the
compositional perspective to analyze and reason about the distributed systems,
distributed tasks and their protocols.

3.5 CONCLUSION

This chapter establishes a unified framework for modeling distributed multi-robot
systems through two complementary perspectives: a hybrid (Definition 3.10) and a
compositional model (Definition 3.22). While the switching hybrid model captures
the continuous physical dynamics that is present in real-life, the compositional
I/O automata isolates the computational information that is essential for tackling
the distributed computing facet of multi-robot system.

The main contribution is the explicit separation of a robot state into its ontic
(physical) and epistemic (computational) components. This separation allows
us to model the physical constraints and dynamics that are naturally present
in a hybrid system, while abstracting away such details when focusing on the
computational process that use them. The two components are interfaced through
observation and control functions, which provide physical information to the
computations and steer the physical control through its decisions.

We introduce time paths (Definition 3.1) as a geometric model relating global
and local time, which we use to generalize schedulers and provide a unified notion
of time for the multi-robot systems. This formalism is used in common through the
execution structure of both models. The hybrid system trajectories (Definition 3.13)
describe the continuous evolution of the ontic state across discrete jumps of the
epistemic state, which are collected into solution sets (Definition 3.14) with all

possible behaviors of the system. Meanwhile, the compositional system produces
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analogous sequences of global system states as executions (Definition 3.26), those
collected into system runs (Definition 3.27).

The relationship between the two models is made precise as a system ab-
straction (Definition 3.28). The abstraction procedure is lifted to their execution
structures in Theorem 3.33. Provided an extra assumption of physical realizability
of the compositional system, we state the main result in Corollary 3.36: the infor-
mation available to the decision-making process of the robots is model invariant.
This invariance allows us to reason about distributed protocols, task solvability
and the computational evolution in a simpler model fitting our tools in such a
way that it is still relevant to the original hybrid system.

This chapter serves as a foundation for the analysis of robot systems done in
the following ones, where the computational equivalence justifies our adoption of
the compositional model. Namely, we will make use of the execution information
to apply epistemic logic to reason about robot tasks in Chapter 4. The execution
structure will then be used as the parametrizing space of the task data of a sheaf
in Chapter 5. The system evolution through distributed protocols will then be put
into a categorical perspective in Chapter 6.

We note that several limitations deserve attention in future works. While our
physical realizability assumption grounds our theoretical developments, further
work is needed to systematically verify it in practice. Additionally, while we
handle scheduling with time paths, we do not delve into delays in the steps. We
consider only homogeneous systems, with identical sensing, processing and acting
capacities. Such restriction is not enforced by the modeling, and the introduction
of different dynamics and observation deserves attention for its current usage in
robotic missions. Beyond the possible choices of ontic and epistemic evolution, it
would be interesting to formalize the different limitations in information gathering

through variations of the observation functions, such as faulty sensors.



“You have eyes, yet cannot see without light. If you are on

the floor of a valley, you cannot see beyond your valley.”

— Frank Herbert, Dune [Her65]

KNOWLEDGE IN MULTI-ROBOT SYSTEMS

As we saw in Chapter 3, distributed robotic systems can be understood as both
dynamical systems and state machines. It was also shown that we can mean-
ingfully reason about the execution properties in whichever abstraction is the
most convenient, as their translation preserves epistemic information. In this
chapter, we adopt the computational perspective and introduce the system frames,
a variation of the runs and systems framework of Fagin et al. [Fag+95]. It forms a
geometrical representation of the knowledge over time in a system, which models
exactly when it is beyond the capacities of a robot to distinguish between possible
epistemic states. As a compositional system provides the possible states following
a given one, we relate them via a causal, temporal relation. At the same time,
the environment dynamics and constraints in the robot model limit how much
information can be gained or discerned by the robots. This uncertainty is captured
by indistinguishability relations over these global states, providing the structure
for reasoning about distributed coordination.

We use system frames to characterize knowledge requirements for task solv-
ability, abstracting the protocol implementation to focus on the properties that

it must satisfy to guarantee distributed coordination. We formalize such prop-
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erties of systems, protocols and tasks in a temporal-epistemic logic with spatial
propositions. These can then be verified by attaching such spatial information to
the system frame, obtaining an interpreted system fitting the task. We identify
the task-relevant information for three fundamental problems: explored regions
of space for exploration, visited regions in space-time for surveillance, and robot
positions for gathering. We then derive liveness properties that must be present in
the implementation of a robotic system so that it is capable of completing such
tasks.

This chapter corresponds to an extended version of Section 4 in [Cig+25],
a joint work with Giorgio Cignarale, Stephan Felber, Eric Goubault and Hugo

Rincon Galeana.

Related work Epistemic logic [Hin62] is a modal framework for reasoning about
the uncertainty in systems, regarding both facts and beliefs. It is particularly
suitable for modeling multi-agent systems, having been adapted to distributed
systems by Halpern and Moses [FIM90]. It has been applied to reasoning about in-
formation flow in public announcements [BMS16; BvDG22], to epistemic planning
formalisms [Fab+21], and cleanly captures features of communication, such as the
information present in the lack of communication [FKS21; GM20]. Temporal logic
enables the specification of properties along executions, orthogonal to the static
view of epistemic logic. Linear Temporal Logic (LTL) has been vastly used for
verification and analysis of distributed protocols [Pnu77], including more recently
robotic protocols [DBO17; DBO18], while the branching-time variant, such as
Computational Tree Logic (CTL) allows for quantification over non-deterministic
and asynchronous executions [Cla+18]. We favor the latter and employ through-
out this chapter a mix of epistemic and branching-time operators, capturing the
non-determinism that is naturally present in multi-robot systems in a compact
manner that is compatible with its further usage in Chapter 5. Our epistemic
operators follow the S5 for knowledge and distributed knowledge. Our temporal
operators correspond to AG (invariance), EF (reachability), and AF' (liveness).
This choice provides the necessary language to reason about multi-robot systems
including asynchronicity and non-determinism. Our spatial propositions relate
to the framework of spatial modal logics [vBB07], where modal operators can
be interpreted over open sets of a topological space as interior and closure. This
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approach also connects to the topological semantics for evidence in knowledge
and belief [Bal+22]. In our setting, the regions of space (the mission space) serve
as atomic propositions, and while we exploit their topological properties, our
semantics remains interpreted on frames.

The composition of epistemic and temporal modalities enables expressing
properties that must be satisfied, and be known, throughout an execution, with-
out the need to focus on specific communication mechanisms. We work at this
intersection, where the runs and systems framework of Fagin et al. [Fag+95] pro-
vides the foundations to our framework, which we extend with explicit causality
relations. This approach to modeling knowledge in distributed system has been
extensively studied, with particular attention to the role of common knowledge in
coordination [Mos16]. Recent applications include characterization of two agent
approximate agreement [ARL20] and sufficient epistemic conditions for stabilizing
consensus [CFR24]. While it is well established in distributed computing, this
is, to the best of our knowledge, the first systematic application to distributed
robotic tasks with spatial and physical constraints, which are encoded in the un-
derlying model. Alternative approaches in distributed computing include Knight
[Kni13], who develops the epistemic view of concurrency theory, and recent alge-
braic topological approaches by Goubault et al. [Gou+23], who model distributed
knowledge on semi-simplicial structures. The latter provides a complementary
perspective to the reasoning of knowledge over time that will be leveraged in
Chapter 6.

Chapter organization Section 4.1 introduces system frames (Definition 4.1) as a
geometric representation of knowledge evolution through time constructed from
compositional multi-robot systems (Lemma 4.2). The structure is illustrated by
the effects of limited visibility and asynchronicity (Examples 4.4 and 4.5).

Section 4.2 develops a temporal-epistemic logic with spatial propositions
derived from the topology of the mission space (Definition 4.7) interpreted on a
system frame (Definition 4.9). The main result establishes the persistence of knowl-
edge regarding spatial facts under a system with perfect recall (Theorem 4.13),
showing that once a robot learns a positive fact about the world, that knowledge
is retained throughout the subsequent execution steps.

Section 4.3 applies this framework to three robot tasks. For exploration, we
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formalize the task and three different termination conditions (Definitions 4.14
to 4.16), and show that exploration liveness is both necessary and sufficient for
parallel termination (Theorems 4.18 and 4.19), and that combined with commu-
nication liveness it can guarantee cooperative termination (Theorem 4.21). For
surveillance, we show that the analogous temporal cut liveness as sufficient for
cooperative termination on whether a mission space contains an intruder (Theo-
rem 4.30). For gathering, we establish a correspondence with stabilizing agreement
(Theorem 4.36), reducing spatial coordination to a form of consensus with regions

as values.

4.1 SYSTEM FRAMES AND KNOWLEDGE

The compositional multi-robot system developed in Chapter 3 provides a frame-
work where the physical dynamics and other environment constraints are en-
capsulated as an “external influence” applied in-between computational steps.
We maintain this perspective when modeling the knowledge of a distributed
multi-robot system. The possible global computational states throughout the
execution of a distributed protocol are used to construct a system frame, which
captures when it is beyond the capacities of a robot to distinguish between a pair
of possible states. This indistinguishability relation abstracts the uncertainty in
the environment dynamics and physical limitations. It includes limited visibility,
asynchronicity and system malfunctions, all of which limit how much information

can be gained or discerned from observations or reasoning.

» Definition 4.1 (System frame). A system frame over a set of agents R is a triple
K = (C, <, ~) where
¢ Cis a set of global states;
e <CC x Cis a causality preorder on C;
o ~: 2R — 20%C g an indistinguishability function assigning to each A C R an
equivalence relation ~ 4 on C, such that ~ 4 p=~4 N ~p forall A, B C R.
The shorthand ~, is used for ~,; when U = {r} is a singleton. <

The system frame is a variation of the runs and systems framework of Fagin et
al. [Fag+95] in two ways: we explicitly model the causality relation across global

states of the system, and we parametrize the indistinguishability relations by
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subsets of robots, allowing us to reason about group knowledge and distributed
information directly'. The abstract structure of a system frame captures the
teatures required for reasoning about the knowledge in sequences of global states

without the need to choose a particular computational model.

» Lemma 4.2 (System frame from a compositional system). Let S ¢ be a compositional

multi-robot system and X5 | its n-run. The triple K3 . = (c, <, ~) defined by

e C={c|doeXf _,ceo}

Swr.e?

* ¢ <, ¢ < Joeny _ withtransition c = ¢/, and <= {J,cx <,

® crvyc <= m(c)=m(c) forallr € A,
is a system frame over R. <

Proof. We verify that the procedure for constructing a system frame from a com-
positional multi-robot system is well-defined. Observe first that C is well-defined

n

as the union of global states appearing in all executions of >3 _ .

In order to assess that < is a preorder, note that reflexivity holds by the
definition allowing ¢ = ¢/, as the causality relation captures reachability along
executions, including over zero steps. For transitivity, let ¢ < ¢’ and ¢’ < ¢”. By
Definition 3.25, transition relations can be concatenated, and paths from c to ¢’
and from ¢’ to ¢” concatenate to witness ¢ < c”.

By construction, ¢ ~4 ¢’ holds if and only if 7,.(c) = 7.(c’) for all r € A.
Reflexivity, symmetry and transitivity of ~ 4 follow from the corresponding prop-
erties of equality of local epistemic states, hence the relation ~ 4 is an equivalence
relation.

The property that ~4,5=~4 N ~p also follows from construction. Observe
that, by definition, ¢ ~ 4,5 ¢’ holds if and only if 7, (c) = 7,(c’) forallr € AU B.
This is equivalent to requiring equality for all r € A and for all r € B separately,

ie,c~yc andc~pc. [ |

The sequences of states naturally induce a preorder relation that reflects their

causality relation. Furthermore, this relation can be seen robot-wise, depending on

IThese modifications are motivated by the categorical machinery which will be
employed on top of a system frame in Chapter 5, while retaining the expressive-
ness that is sufficient for the present chapter.
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which transition relation led to the update. Observe that most robots may remain
unaltered across state transitions, as not all of them are active simultaneously
unless the scheduler is synchronous. A robot may remain inactive for long or
simply be unable to observe the change due to the environment. The set of global
states where the same local state is found for some robot forms an equivalence
class, all of which form a robot-wise indistinguishability relation. This is precisely
the condition imposed on transition relations for an automata composition in
Definition 3.22.

» Example 4.3 (Lossy link). Consider a compositional system S with two robots a
and b that communicate synchronously. We model a scenario where the commu-
nication between a and b may fail in only one direction at each round. The system
frame g = (C, ~, <) associated to the initial states and one step is depicted
in Figure 4.1. The set of C contains the four initial configurations composed of
binary inputs for each robot and the subsequent reachable states, where an arrow
indicates in which direction communication has been successful. For instance,
(0,0 —) describes the first step after global state (0, 0) where only robot b received

information from robot a.

Figure 4.1

Depiction of a system frame one step of a lossy communication protocol. The red
lines represent pairs of global states related by ~,, while blue lines are related by
~4. The dotted lines depict global states that are causally related by <. The system
frame grows to the right as o progresses.
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The solid red and blue lines are the indistinguishability relations for a and b,
respectively, encoding the evolution of knowledge. In one case, the indistinguisha-
bility edge ~, connects the state where b has input 0 to the state where b has input
1, as a cannot see b’s local state directly without successful communication. The
dotted arrows represent the causality relations < and indicate the passage of local
time steps. For instance, robot a cannot distinguish the state (0, 1, —), where b
successfully received the message, from the state (0, 1), where the message was
lost. <

For the remainder of this chapter, we assume robots to have perfect recall
(Assumption 3.19), that is, information is never lost from their local epistemic
states. This assumption ensures that robots accumulate information monotoni-
cally, a property that we will use later in Section 4.2 to reason about knowledge
persistence.

The structure of the system frames depends on the model of the environment.
Constraints in the robot updates and observations modify the possible global
states and relations across them. This presents a form of “external influence” to
the purely computational robot automata. For instance, when the observation of a
robot is limited in distance, larger indistinguishability classes are created across all
updates that happen outside its range. Depending on the communication model,
the possible message loss increases the indistinguishability relations, as robots
are incapable of differentiating between scenarios where messages were sent but
lost and where they were not sent at all. As a scheduler defines directly the
possible execution orders, a larger set of possible executions increases the possible
sequences global states that cannot be distinguished. A sensor with some noise in
its readings will provide observations that may fit different possible environment
states. We can see explicitly the effect on the causality and indistinguishability
relations of the system frame in the following examples.

» Example 4.4 (Limited visibility system frame). Consider two robots a and b in 2D
space with observation radius r, and that they start in a configuration at distance
d > 2r apart. Because the distance d is greater than a’s observation radius r, a’s
local epistemic state is independent of b’s. In that case, for any two global states

c = (eq4,¢p) and ¢’ = (e,, €}), it holds that ¢ ~, c'. <
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» Example 4.5 (Asynchronous vs synchronous system frames). In a synchronous system
all robots are active simultaneously, as noted in Example 3.3, and therefore the
causality relation < forms a total order on the global states within an execution.
In an asynchronous system, branchings in the execution order are created, as
robots may activate independently, resulting in partially ordered global states. As
such, two global states where different robots updated at the same time, i.e., in
different branches, are incomparable under <. The partial order reflects the lack

of synchronization. <

4.2 A TEMPORAL EPISTEMIC LOGIC OF SPACE

We introduce now a formal language to reason about robot tasks. While Chapter 3
defines an environment model to capture the physical system’s dynamics, we
reason about a mission space, the stage where the robots exist within this envi-
ronment. We assume that robots can observe portions of a shared environment,

which we define as the mission space.

» Definition 4.6 (Mission space and space propositions). The mission space, the physical
environment where the robots operate, is a compact topological space (X, 7). For
every open set U € 7, we associate a unique atomic space proposition s(U). The set
of all spatial propositions is then Sy = {s(U) | U € 7}. The spatial propositions are
closed under union, satisfying s(U) As(V) = s(U U V), and contravariant, satisfying
s(V) = s(U) whenever U C V, forany U,V € 7 <

The spatial propositions s(U) capture the cumulative coverage of regions,
rather than the mere visitation of points within them. The contravariance property
reflects that observing a region entails observing any of its subregions, while the
closure by conjunctions formalizes that observing both U and V' implies observing
U U V. Note that these propositions are global, instead of indexed by robots, since
for exploration and surveillance the relevant question is whether a region has been
observed, not by whom. This situation will change for gathering, when individual
positions become central. The mission space is modeled as a compact topological
space so that we can tackle termination properties of robot mission. Compactness
ensures that any open cover admits a finite subcover, allowing us to declare a

space explored after visiting finitely many regions.
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We define the following language to express our robot system and protocol
properties.

» Definition 4.7 (Language of L,,..). Let Sy be a set of spatial propositions. The
language Ly, is defined by the following grammar:

eu=pl@|l(eANe)| Kep|Dap|Op|Olp|Op
where p € Sy, r € R,and A C R. <

The language L, defines a temporal epistemic logic. The operator A,
represents the individual knowledge of a robot r, used for reasoning about local
information and decisions, while D 4 captures the distributed knowledge of what is
known collectively by a group. As it will be shown for the tasks in Section 4.3,
this is essential for distributed coordination. The two temporal operators ¢ and [
represent persistent properties, which are either eventually or always true. Their
combination allows us to express properties such as “robot r will eventually know
that the entire space is explored”, i.e., 0 K (X'), or “if a region in space is explored,
then it remains explored forever”, i.e., s(U) = Os(U).

The atomic propositions are used to capture facts about the world that we
reason about. The nature of facts can be either static or dynamic, depending on
their behavior over time. Static facts are persistent in the sense that, once they
become true, they remain true for the rest of an execution. For instance, it is
convenient to consider that a region of space, once explored, remains explored
forever. Dynamic facts may change its truth value over time, such as the position
of a robot throughout a mission.

The indistinguishability relation is an equivalence relation, and consequently
the epistemic operators satisfy the S5 axiom system. Note that this reflects only
the epistemic state of the robot, as it reasons using its belief about the world. More
specifically, for any robot r € R and formula ¢:

Truth (T): K, = @
Positive introspection (4): Ky = K, K¢

Negative introspection (5): ~K,p = KK,
Distribution (K): K.(¢ = ¢) = (K, = K1)
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We now formalize the model for our logic. We use a variation of the inter-
preted system from the runs and systems framework of Fagin et al. [Fag+95], in

which we employ an explicit causality relation.

» Definition 4.8 (Interpreted model). An interpreted system is a pair M = (Kgq, (), where
Kq is a system frame and ¢ : C — p(At) is a valuation function assigning a set of

true atomic propositions to each global state. <

» Definition 4.9 (Semantics of Lg,,..). Let M/ = (Kg, () be an interpreted system,
where Kg = (C, <, ~) is a system frame. For a global state c € C, the semantics is
defined as follows:

M,cEp iff pelc)
M, c -y iff M,clp
M,cE(pAY) iff M,ckEg@and M,c =9
M,cE Ko iff V¢ eCst.c~c , M,cEp
M,c | Dap iff V¢ eCst.c~c , M,cEp
A
M,c k= Op iff 3’ eCst.c<cd, M,y
M,c k= Op iff V¢eCstc<cd, M, cEp
]\/I,C ): Q'QO iff V(Ci>i207 where Cop = C,C; < Ci+1,E|C/ S (Ci)iZO s.t. Af,C/ ): (2

The derived operator of mutual knowledge is defined as F ¢ = A,c, Krp. A
formula ¢ is valid in M if, for all c € C, M, c |= . In this case, it is abbreviated to

M E . <

» Remark 4.10 (Temporal operators). We employ three temporal modalities that
quantify over execution paths from a given global state.

¢ Eventually (0¢): ¢ holds in at least one execution path;
e Inevitability (0!¢): ¢ holds in every execution path;
e Always (Lp): ¢ holds in all future states of every execution path.

These operators express reachability, liveness and invariance properties, respec-

tively. The inevitability operator ¢! is particularly important for multi-robot
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coordination, as tasks require termination properties that hold regardless of exe-
cution choices. These correspond to the CTL operators E'F, AF, and AG [Cla+18].
<

» Lemma 4.11 (Relation of temporal modalities). Let )/ be an interpreted system in

mission space X'. For any global state c and formula ¢ € L., it holds that:
M,cEOp= M,cE=Qlp= M,cE=Op
<

Proof. Let M be an interpreted system and let ¢ be any state in the system frame
of M.

M,ck=UOp = M,c = Olp. Assume M, ¢ |= Op. By the semantics of [J, for
every state ¢’ such that c < ¢, M, ¢’ = ¢ is satisfied. Let e = (cg, cy,...) be
any sequence of states where ¢y = c and c¢; < c;;. By reflexivity, ¢y = cis
a future of c and hence M, ¢y = ¢. Therefore, along e there exists a state ¢’
where M, ¢’ |= . That matches the definition for !, i.e., M, c = Olep.

M,c | Ol = M,c = Qp. Assume M, c = Olp. Lete = (cg,cq,...) be a
sequence such that ¢y = c and ¢; < c¢;4;. By the semantics of (!, there exists
J > 0such that M, c; = ¢. By transitivity of <, ¢ < c;. This property is the
definition of ¢, i.e., M, c | Q.

We can now formalize the assumption of certain atomic propositions to be

static?.

» Assumption 4.12 (Persistence of spatial propositions). Let M/ = (Kg, () be an inter-
preted system in mission space X. Let s(U) € Sy be a spatial proposition in L.
and c € C a global state. We assume that all such spatial propositions are static:

M,cEs(U)= M, c = UOs(U)

<

2This persistence property is similar to the knowledge gain property proven cat-
egorically in Theorem 6.29, where it emerges from morphisms of (semi-simplicial)
models rather than as an axiom.



4.2 A TEMPORAL EPISTEMIC LOGIC OF SPACE 74

We lift now the persistence of static facts to the knowledge operator. This
property connects the knowledge and temporal operators in our semantics, show-

ing that knowledge about persistent facts is also persistent.

» Theorem 4.13 (Spatial knowledge persistence). Let M/ = (Kg, ¢) be an interpreted sys-
tem satisfying perfect recall (Assumption 3.19) and atomic proposition persistence
(Assumption 4.12). For any robot r and positive epistemic formula, i.e., built using
only (A, V, K, D) without negation, ¢ from static atomic propositions At, we have

M E Ko = 0K, (4.1)

Proof. Let c € C be a global state such that M, ¢ = K,¢. We want to show that,
for an arbitrary robot r € R, and for any global state ¢’ € C such that ¢ < ¢/, we
have M, ¢’ = K,p. Equivalently, by the semantics of Ly, (Definition 4.9), that
is to show that for all ¢” € C with ¢’ ~, ¢” we have M, c"” = ¢. We proceed by
structural induction on the formula ¢, assuming ¢ is a positive formula build

using only A, V, K, D 4 from static atomic propositions p € At (Assumption 4.12).

Base case. Let ¢ = p, where p € At. We assume M,c = K,p, which
means that M, c, = p for all ¢ ~, c,. Let ¢/,¢” € C such that c < ¢’ and
¢’ ~, c”. By perfect recall, since ¢ <, ¢/, the local epistemic states are related
as prefixes, i.e., m.(c) C m.(c’). Similarly, as 7,.(c’) = 7.(c”), we also have
that 7,(c) C m,(c”). Furthermore, global epistemic states are unique within
executions, as perfect recall specifies that local epistemic states encode the
entire history of updates leading up to it, together with the monotonicity of
the time path (Definition 3.1), the scheduler always has at least one robot
active at every transition, making every global state differ by at least one
local state. As such, there must exist a unique predecessor of c, in the
execution leading to ¢” such that ¢, < ¢” and 7,(c.) = m.(c), i.e., c. ~, c.
Consequently, the initial assumption that 1/, ¢ |= K,p implies M, c, |= p. By
the persistence of static facts (Assumption 4.12), as p is static and ¢, < ¢”,
we have that M, c¢” |= p. As this holds for all ¢” such that ¢’ ~, ¢”, we have
that M, ¢’ = K,p. Because our choice of ¢’ was arbitrary for ¢ < ¢/, it holds
that M, c = OK,p.

Inductive step. Assume the theorem is true for positive epistemic formulas
Y1 and .
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— Let o = 91 A tby. We assume M, c = K (1)1 A1y). From the semantics
of knowledge, for all indistinguishable states c, where ¢ ~, c,, it holds
that M, c, =41 Ay, and individually M, c, = 1 and M, c, = 5. As
those are all indistinguishable states of c, by the same semantics, we
have that M/, ¢ = K,y and M, ¢ = K,1,. By the induction hypothesis,
M,c = OK ¢, and M, ¢ = UK ,4,. Therefore, for any ¢’ with ¢ < ¢/,
wehave M, ¢’ = K¢y and M, ¢’ = K., givingus M, ¢’ |= K, (11 A\s).
As ¢’ was arbitrary, we obtain A, ¢ = 0K, (1 A 1s).

— Let ¢ = 94 V 9,. This case is analogous to the conjunction case.

- Let ¢ = K1), wherer’ € R. We assume M, c = K, K. Let ¢’ be a
global state such that ¢ < ¢/, and c¢” be another one such that ¢’ ~, c”.
We want to show that A/, ¢” |= K,.1), and for that we take an arbitrary
c, such that ¢” ~,/ ¢, and show that 1/, c, |= 9. By perfect recall, since
c < c’and ¢’ ~, c’, there exists a unique predecessor state c, such that
¢, < c”and ¢, ~, c. By the initial assumption that M,c = K, K,
and the fact that c, ~, ¢, we have that M, ¢, = K.¢. Consider now c,,
where ¢’ ~,/ c,. As ¢, < c”, we have by perfect recall of robot r’ that c,
is a prefix of ¢ i.e., my(c,) C m(c”). As c” ~p ¢, i, mp (") = mp(c,),
we also have that 7,/ (c,) C 7, (c,). Again by perfect recall, there exists
a unique predecessor state c, of c, such that ¢, < c. and ¢, ~,+ c,. Since
M,c, = Kw and ¢, ~ c,, we have that M, c, |= 1. As ¢ is a positive
epistemic formula, it persists through causal steps by persistence of
static facts. As c, < c,, we obtain that M,c, |= ¢. Since c, was an
arbitrary choice for c” ~,. c,, by the semantics of knowledge, we have
that M, c” = K. Similarly, as ¢” was also arbitrary for ¢’ ~, ¢”, we
have that M, ¢’ = K, K. Finally, as ¢’ was also arbitrary for ¢ < ¢/,
by the semantics of always, we obtain that M, ¢ = 0K, K /1.

- Let ¢y = Dap, where A C R. We assume M, c |= K,.D4p. Let ¢’ be an
arbitrary global state such that c < ¢/, and ¢” such that ¢’ ~, ¢”. We need
to show that M, c” |= D 41. The argument follows the same structure
as for ¢ = K1), with all usages of ~,/ replaced by ~ 4 throughout the
inner steps. Specifically, those are:

(i) We find the unique predecessor c, of c¢” such that ¢, < c¢” and
¢, ~» ¢ by the perfect recall property. From the initial assumption
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we get that M, ¢, = D .

(ii) For an arbitrary global state c, such that ¢” ~4 c,, we have the
unique predecessor c, such thatc, < c,and ¢, ~4 c..

(iii) From the previously obtained fact that M, ¢, = D 4% and that ¢, ~ 4
c,, we can now derive by the semantics of distributed knowledge
that M, c, = .

(iv) As ) persists along causal paths, now through c, < c., we have
that M, c, = 1.

As c, was arbitrary for ¢” ~ 4 c,, we have that A/, c¢"” = D 41. Since ¢”

and ¢’ were also arbitrary, we obtain that M, ¢ = 0K, D 49.

As the property Equation (4.1) holds for atomic propositions and is preserved
under all constructions of positive epistemic formulas, we have that M, c |=
LK . |

Theorem 4.13 captures the intuitive property that once a robot learns some-
thing, expressed as a positive fact about the world, that knowledge is retained
forever.

This temporal-epistemic logic provides the formal language for specifying
robot system properties and task requirements. The spatial propositions Sy cap-
ture the geometry present in the robot tasks, while the modal operators describe
the knowledge and its evolution, both needed for reasoning about distributed

coordination.

4.3 MODELING ROBOT TASKS

Having established system frames as collecting the possible executions in Sec-
tion 4.1, and a temporal-epistemic logic with spatial propositions from the mission
space in Section 4.2, we now turn analyzing robot tasks there expressed. We start
by considering the information which is attributed to the space, in order to capture
exactly the task-relevant properties that are required to reason about robot tasks.
Note that, while the explored zone is central to the exploration task, which our
base language of space is shown sufficient to capture, the position of the robots

is more relevant for gathering. This requirement will warrant an extension of
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the language to include dynamic propositions. Similarly, the explored zone will

require a temporal aspect in the surveillance task, requiring a further extension.

4.3.1 EXPLORATION

The exploration task requires a group of robots to collectively visit all parts of a
mission space. This task is usually accompanied by some notion of “observation
range”, which roughly translates to which part of the space are observed for each
possible ontic state of the robot. We abstract these concepts as part of the observa-
tion function inside the robot model. We assume that the valuation function of
the system model correctly attributes to each global state of a system, throughout
an execution, which parts of the space X are visited. That is, an atomic spatial
proposition s(U) € Sy now describes the information that the region of space U
is within the observation range of some robot. Note that both the logic and the
semantics remain unchanged. Provided this interpretation of the language of
space defined in Section 4.2, we define now the set of properties that must be
respected by any interpreted system so that it can be used to reason about the
exploration task.

» Definition 4.14 (Simple exploration). An interpreted system M = (Kg , ., ) satisfies
simple exploration if, for any group of robots A C R and any region of its mission
space U C X, the following holds:

» Exploration agency: M = s(U) = Dxs(U), i.e., if a region U has been explored,
there is distributed knowledge among robots that it has been explored;

* Exploration independence: M |= Dys(U) = A o4 K:s(V,) for some family
(Vi)rea such that | J,., Vi = U, i.e., any space atom known distributively by
robots in A is given by the union of the space atoms known by robots in A;

o Stable space propositions: M = Aycy open(s(U) = Us(U)), i.e., once a region
has been explored, it is forever explored;

e Stable exploration knowledge: M = K,s(U) = (0OK,s(U)), i.e., once a space
atom is known by a robot, it will be known forever by that robot.
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The conditions for simple exploration set how a system should behave in
order to reason about exploration in our framework. Exploration agency is a
coherence check so that a region can only be explored by a robot. Exploration
independence ensures that the distributed knowledge of a group arises only from
the individual knowledge of its members. Stable space propositions and stable
exploration knowledge guarantee progress in the exploration, formalizing that
regions remain explored, and this knowledge is preserved. They are provided by
Assumption 4.12 and Theorem 4.13, respectively.

We now define that for a system to (physically) solve the exploration task, it

must inevitably visit the entire mission space, along all possible executions.

» Definition 4.15 (Exploration task). An interpreted system A/ on mission space X
satisfies the exploration task if it satisties M = Qls(X). <

A system is required to both satisfy the exploration task and terminate. Ter-
mination can be understood at different levels of coordination, which now involve
the actual knowledge of the robots, beyond the ontic execution of the task. We
distinguish three cases: centralized knowledge (parallel termination), individual
knowledge (selfish termination) and collective knowledge (cooperative termina-
tion).

» Definition 4.16 (Termination conditions for exploration). Let M/ = (Kg__,/) be an
interpreted system consistent with simple exploration and on mission space X'
The system M satisfies a termination condition if it is consistent with one of the
following:

e Parallel termination: M = Q!Dgrs(X), i.e., no single robot needs to know that
the whole space is explored;

e Selfish termination: M = (!Ers(X), i.e., each robot needs to know that the
whole space is explored;

e Cooperative termination: M | Q!ErQ!Ers(X), i.e., each robot needs to know
that the whole space is explored and that other robots know that the whole
space is explored.

<

Parallel termination is the weakest condition, requiring only for the mission

space to be collectively explored, however no single robot needs to know that this
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has been done. Selfish termination now imposes some coordination, as all robots
must know that the entire space has been explored. This condition is the weakest
to allow for robots are to terminate independently. Cooperative termination offers
the possibility of a coordinated cessation of the mission, as robots are required to
further know that every other robot knows that the space has been explored. This
prevents situations in which some robot continues to execute unaware that the
mission is complete.

In order to achieve some termination condition, we need to ensure that the
robots actually visit all regions of the space. Note the distinction between the
actual behavior, represented by a true space proposition, and the knowledge of it.
We state now the property that the physical behavior must be correct, so to then
reason about the knowledge of the system under that precondition.

» Definition 4.17 (Exploration liveness). An interpreted system A/ on mission space X
satisfies exploration liveness if there exists an open cover of X, i.e., a collection of
open sets U with | J,;,, U = &, such that M = A, O!s(U). <

Exploration liveness captures the requirement that a group of robots must
visit all region of the mission space in all of their possible executions. We now
show that this property is equivalent to parallel termination under the simple
exploration conditions. First by establishing that achieving parallel termination

requires exploration liveness.

» Theorem 4.18 (Exploration liveness necessity). Let // be an interpreted system con-
sistent with simple exploration. If M satisfies parallel termination, then // must

satisfy exploration liveness.

Proof. Let g = (C, <, ~) be the system frame of M/. We proceed by contraposition.
Suppose that M/ does not satisfy exploration liveness (Definition 4.17). Then, for
every open cover U of X, there exists some region U € U and global state ¢, € C,
such that M,cy (= O!s(U). Consider an arbitrary open cover ¢ of X'. By the
negation of exploration liveness applied to this cover, there exists some U € U
and ¢y € C such that A/, ¢y = O!s(U). By the semantics of ¢! (Definition 4.9), this
means that there exists an execution sequence o = (c;);>o with ¢; < ¢;;; such that
M, c; = s(U) for every i > 0.
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Note that U C X, and that by the contravariance of spatial propositions
(Definition 4.6) s(X) = s(U). By the contrapositive, i.e., =s(U) = —s(X’), we
have that M, ¢; = s(X) for every c; € 0. By exploration agency (Definition 4.14),
s(X) holds if and only if D,s(X). Thus, M,c; & Dgs(X), for every c¢; € 0. By
the semantics of ¢!, since there exists an execution sequence o where Dgs(X)
never holds, we have that A/, ¢y = O!Drs(X). As there exists a global state from
which parallel termination is not satisfied, the system A/ does not satisfy parallel

termination. Thus, exploration liveness is necessary for parallel termination. ™

In other words, Theorem 4.18 formalizes the intuition that if a system should
know that it solves exploration, it is necessary for the multi-robot system to be
capable of visiting every part of the space in every possible execution. Exploration
is not possible unless the entire space is always reachable, as some environment

constraint or physical limitation in the system model could prevent it.

» Theorem 4.19 (Exploration liveness sufficiency). Let // be an interpreted system with
a mission space X consistent with simple exploration. If M satisfies exploration

liveness, then it also satisfies parallel termination, i.e., M = O!Dgs(X).

Proof. Let Kg = (C, <, ~) be the system frame of M. Consider an arbitrary global
state ¢y € C and any sequence o = (c;);>o from ¢y with ¢; < ¢; ;1. By exploration
liveness (Definition 4.17), there exists an open cover U, i.e., | J;;,, U = &, such that
foreach U € U, itholds that I/, ¢, = ¢!s(U). By the semantics of ¢! (Definition 4.9),
this means that for each U € U, there exists some ¢’ € 0 where M, ¢’ |=s(U).

By Definition 4.6, the space X’ is compact, hence there exists a finite cover
U = {Vi,....Vi} € U with J*,V; = X. For each V; € U, there exists an
index [t;] such that M, cy, = s(Vi). Let [tma] = max{[t;] | i € [1,k]}. By the
persistence of spatial propositions (Assumption 4.12), once s(V;) becomes true, it
remains true. Therefore, M, cy, .1 = s(V;) foralli € [1,k]. Assuch, M, cp,.
A, s(Vi). As UL, V; = X, we have that M, Cltmax] = S(X). By exploration agency
(Definition 4.14), s(X') = Dgs(X). Thus, M, ¢y, = Drs(X).

Since the sequence (c;);>¢ from ¢, was arbitrary, every such sequence eventu-
ally reaches a state where Dzs(X') holds. By the semantics of {! and the fact that
co was also arbitrary, we have that M = (!Dgs(X'). That is, M satisfies parallel

termination. m
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Theorem 4.19 guarantees that if every part of the mission space can be visited
(exploration liveness), then the entirety of it will eventually be explored (selfish
termination). The argument depends on the compactness of the mission space
X, which ensures that any open cover admits a finite subcover. As such, the
open cover U from exploration liveness can be reduced to finitely many regions
{Ui, ..., U} whose union is X'. Since the spatial propositions are persistent, the
robots only need to verify finitely many facts s(U;), ..., s(Uy) to conclude that s(X')
holds, which can be achieved in finite time.

We established with exploration liveness the condition under which the robots
will physically visit the entire mission space over time. In order for this exploration
to be coordinated, we also need to establish that the information individually
obtained by a robot is shared with the rest of the group. The communication
liveness property serves this purpose, as it states that anything learned by an
individual robot is propagated to all other robots.

» Definition 4.20 (Communication liveness). An interpreted system ) satisfies com-
munication liveness if for any robot r € R and region of space s(U), it holds that
M = K,s(U) = O!Exs(U). <

Communication liveness is a property of the protocol within the robot model.
It translated the requirement of the communication to be sufficiently efficient, so
that robots actively share all of their knowledge with everyone else. As such, if it
is possible for one robot to learn a fact s(U), then it is also possible for every robot
to learn s(U).

We can now show that a system providing exploration liveness and com-
munication liveness, each attesting to it satisfies the required physical and com-
munication behaviors, can also satisfy the exploration task with a cooperative

termination, the strongest variant.

» Theorem 4.21 (Exploration and communication liveness imply cooperative termination).

Let M be an interpreted system with mission space X' consistent with simple
exploration, satisfying exploration liveness, whose robots satisfy communica-
tion liveness. Then M satisfies the cooperative termination property, i.e., M |=
OIERQOI!Ers(X).
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Proof. Let Kg = (C, <,~) be the system frame of /. By exploration liveness
(Definition 4.17) and Theorem 4.19, we have that M = (!Dgzs(X'). Consider an
arbitrary global state ¢y € C and any sequence 0 = (c;);>o from ¢y where ¢; < c¢;4.
By the semantics of ¢! (Definition 4.9), there exists j > 0 such that M, ¢; = Drs(X).
By exploration independence (Definition 4.14), there exists a family (U, ),er with
U,er Ur = & such that M, c; = K,s(U,) for eachr € R. By knowledge persistence
(Theorem 4.13), we have that M, ¢; = OK,s(U,). More precisely, by Lemma 4.11,
we obtain M, c; = O!K,s(U,), allowing for the assumption of communication
liveness (Definition 4.20) to provide that M, c¢; = O!Exs(U,) for eachr € R.

By the semantics of ¢!, any sequence (c;);>; from c; eventually reaches a
global state c;, where M, c; = Ers(U,). By the persistence of spatial propositions
(Assumption 4.12), any such sequence reaches a global state ¢c; where M, ¢; |=
Arer Ers(Ur). That s, at ¢;, we have that M, c¢; = A,cr A, er Krs(Ur). Since the
family (J,.» Ur = &, by the fact that the spatial propositions are closed under
union (Definition 4.6) we have that A ., s(U;) = s(X). By commutativity of
conjunction, we can organize the formula as M,c; = A, .x Ner Kws(Ur). By
applying the K axiom to each r' € R, we obtain M,c; = A cr Kv (Aer s(Ur)).
With the previous conclusion regarding the union of the propositions, we get that
M, ¢ = Aver Kws(X),ie, M ¢ = Ers(X).

As every sequence from c; reaches such c;, we have that 1/, c; = 0! Egs(X).
As any sequence from c, reaches such c;, we have that M, ¢, |= O!Exs(X). As
¢y was arbitrary, we have that M = (!Ezs(X). Consider now any global state
c, such that M, c, = Exs(X). For any r’ € R, consider ¢’ such that ¢, ~,» c'.
As M = Q!Egs(X), we have that M, c" = O!Exs(X) for any such ¢’. By the
semantics of knowledge, M, ¢, = K Q!Egs(X). As r’ was arbitrary, we have
that M,c, = ExQ!Exs(X). Since every sequence from c, reaches such c,, we
obtain M,cy = O!ERQ!Egs(X). As cy was arbitrary, we conclude that A/ =
OIERQO!Ers(X). |

Note that, since exploration liveness already guarantees that every part of the
mission space can be visited, the remaining question is whether the computational
process employed by the robots can know when this is accomplished. The main
implication of Theorem 4.21 is the decoupling of the exploration problem. A
system designer can focus on providing, independently, a protocol guaranteeing
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the coverage of the space and the efficient communication, knowing that these two
properties together are sufficient to solve the more complex task of exploration.
Furthermore, that such a protocol will enable all robots to terminate only when it is
mutually understood as complete, a fundamental requirement in a decentralized

system.

» Corollary 4.22. Let )/ be an interpreted system consistent with simple exploration,
satisfying exploration liveness and communication liveness. Then, cooperative

termination, selfish termination and parallel termination are equivalent. <

Proof. Let M be an interpreted system satisfying exploration liveness (Defini-
tion 4.17) and communication liveness (Definition 4.20). By Theorem 4.19, we
have that M = O!Dgs(X), i.e., it satisfies parallel termination (Definition 4.16).
By Theorem 4.21, we have that M |= O!ExQ!Egs(X), i.e., it satisfies cooperative
termination.

We show now that the three termination conditions form a chain of im-
plications. Consider an arbitrary global state ¢ € C. Assume that M,c |=
O!ERO!ERs(X). By the semantics of ¢!, there exists a global state ¢’ where
M, = ErQ!Ers(X). That is, at ¢/, we have that M, ¢’ = K,.Q!Exzs(X) for each
r € R. By the T axiom, we have M, ¢’ = Q!Exs(X), i.e., selfish termination holds
at ¢’. By the semantics of ¢!, every sequence (c;);>o from ¢’ has some state c, where
M,cy, = Egs(X). By the definition of Er (Definition 4.7), Exs(X) = Dgs(X).
Thus, M, c' = O!Dgs(X). Since every sequence from c reaches ¢/, we have that
it satisfies parallel termination. As such, cooperative termination implies self-
ish termination, which in turn implies parallel termination. As ) satisfies both
cooperative and parallel termination, all three termination conditions are equiva-
lent. |

Corollary 4.22 shows that the three notions of termination all collapse during
the design of robot systems under exploration liveness and protocols under com-
munication liveness. The usage of such assumptions would allow targeting the
verification of the weakest property, parallel termination, while still obtaining the

coordination level of cooperative termination.
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4.3.2 SURVEILLANCE

We now consider the surveillance task, an extension of exploration where the
robots must now cover a space over time, making sure that there are no intruders
inside. An intruder is another robot that may exist in the same mission space. We
assume that such an intruder can be detected by a member of the multi-robot
system if it is found within one’s perception range. The surveillance task demands
for the system to decide either that an intruder exists if it is found, or that there
are none. In order to formalize the surveillance task, we extend the mission space

to incorporate a temporal dimension.

» Definition 4.23 (Mission space-time and space-time propositions). The mission space-time
is the cylinder X}y ;) = & x [0, 1], between the mission space X and the normalized
time interval of the mission. The set of space-time propositions associated to space-

time X 1) is STx,,,, = {st(W)}wcx, ,, U{FOUND, SECURE}, where an atomic space

0,1

proposition is assigned to each open set W C X}y 1}, in addition to two propositions
FOUND and SECURE. <«

The mission space-time represents every point of the mission space at every
time. Note that the path, or worldline, followed by each robot within that space-
time is a continuous curve within this cylinder. The robots’ task is then to explore
the mission space-time, in such a way that they can guarantee that the combined
observation regions will intersect the worldline of any possible intruder. The
space-time propositions STy of a new space-time A’ are then the analogous space
propositions defined in the original language, extended with two new values,
FOUND and SECURE, that capture the possible local decisions. As such, we consider
that the conditions for simple exploration (Definition 4.14) are satisfied with
respect to &y ;). Most remarkably, since we express time as an extra dimension,
the persistence of the validity space-time propositions still holds.

The challenge now is to ensure that the robots” paths in space-time form a
“barrier” through which any possible intruder is caught. This leads to the notion of
a temporal cut of the mission space-time Xy ) = &' x [0, 1]: the graph of a continuous
function f : X — [0,1], i.e., gr(f) = {(z, f(x)) | x € A'}. By verifying an open
region W of space-time that contains this graph, i.e., gr(f) C W, the robots satisfy
a proposition st(W) that creates a barrier that intersects possible worldline of an



4.3 MODELING ROBOT TASKS 85

intruder. We state now the geometric meaning of that strategy. Note that, while
we focus on a continuous barrier for simplicity, any set of observations whose

union is guaranteed to intersect any possible intruder worldline would suffice.

» Lemma 4.24 (Curve catching lemma). Let a: [0,1] — X be an arbitrary curve in X,
and f: X — [0, 1] a continuous function. Then, the graph of «, gr(a) = {(a(?),) |
t €10,1]} and the graph of f, gr(f) == {(x, f(x)) | z € X'} intersect. <

Proof. Define the function h: [0, 1] — [0, 1] as the composition A(t) = f(«a(t)). The
function h is continuous as it is the composition of two continuous functions.
By Brouwer’s fixed-point theorem, there exists t* € [0, 1] such that h(t*) = t*,
ie., f(a(t*)) = t*. Assuch, we have that (a(t*),t*) = (a(t*), f(a(t*))) € gr(a) N
gr(f)- A

Lemma 4.24 provides the basis of our approach to surveillance, as any con-
tinuous barrier (f: X — [0, 1]) across the space-time cylinder (X}, ;; = & x [0, 1])
will intercept any possible intruder (a: [0, 1] — X). The surveillance task can be
solved by constructing such a barrier through the robots” observations, specifying

when each region of the mission space is observed, as we define now.

» Definition 4.25 (Found and secure conditions). An interpreted system 1/ satisfies
found and secure conditions with mission space-time X}y ;) = X x [0, 1] if the following
holds:

* Detection agency: For any global state ¢ € C, FOUND € /(c) if and only if the
underlying ontic state represents that an intruder has been detected in ¢, or
there exists ¢’ < c¢ such that FOUND € /(c’). Furthermore:

(a) Persistence: M |= FOUND = [JFOUND, i.e., once an intruder is found,

this fact does not change,

(b) Distributed knowledge: M = FOUND = DgxFOUND, i.e., the robots
should collectively know when an intruder is found,

(c) Individual knowledge: M = FOUND = \/ .. K,FOUND, i.e., if an in-

truder is found, at least one robot knows it.
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* Observation correctness: For any global state ¢ € C and any region W C A, y,
if c is a state where the intruder’s worldline intersects IV, then the system
cannot assert that the region is clear, i.e., M/, c [~ st(W);

* Securement: For any continuous function f : X — [0, 1] and any region of
the mission space-time W C X, ;) such that gr(f) C W, then M = st(W) =
SECURE;

e Completion: M = —(SECURE A FOUND), i.e., the decisions are mutually exclu-

sive.
<

These conditions connect the intended behavior of a system in the surveillance
task to its logical structure. Detection agency ensures that the FOUND proposition
is only true if an intruder has been detected by a robot and that this fact is
permanent. Observation correctness maintains consistency between the presence
of an intruder and the robots” observations. Securement captures the idea of
Lemma 4.24 as a barrier being sufficient to declare a space secure. Completion
ensures a definitive outcome of either SECURE or FOUND and their relationship.
Using the conditions above we can now define the meaning of the surveillance

task in our model.

» Definition 4.26 (Surveillance). An interpreted system A/ with mission space-time
X 1) solves the surveillance task if M = Q!(FOUND V SECURE). <

As with exploration, we distinguish three levels of coordination among the
robots for termination. The cases represent again the knowledge of the system
regarding the task: centralized (parallel termination), individual (selfish termina-
tion) and collective (cooperative termination). Note that now these conditions are
adapted for the binary outcome of surveillance, as either an intruder is found or

the space is confirmed secure.

» Definition 4.27 (Termination conditions for surveillance). An interpreted system M =
(Ks, ., {) in mission space-time X[ ;) satisfies termination if one of the following

conditions is satisfied:

e Parallel termination M |= Q!DgrFOUND V {!DrSECURE



4.3 MODELING ROBOT TASKS 87

e Selfish termination M }= Q!ERrFOUND V Q! ERSECURE

* Cooperative termination M |= Q! Eg Q! ERFOUND V Q!Er Q! ErSECURE

We adapt now the liveness conditions to the geometric intuition from

Lemma 4.24, constraining the robots to construct a temporal cut.

» Definition 4.28 (Temporal cut liveness). An interpreted system M with mission
space-time X, ;) satisfies temporal cut liveness if there exists a continuous function
f: & —[0,1] and a finite open cover W = {W, ..., W, } with gr(f) C U,y Wi
such that M = A\ ), Olst(W). <

Under temporal cut liveness, every possible intruder is guaranteed to be

caught by the temporal cut barrier eventually formed by the multi-robot system.

» Theorem 4.29 (Temporal cut liveness is sufficient for surveillance). Let M/ be an inter-
preted system in mission space-time Xjo ;) satisfying the simple exploration condi-
tions, the found and secure conditions, and temporal cut liveness. Then, M satis-
fies surveillance with parallel termination, i.e., M = O!DgFOUND V (!DzrSECURE.

Proof. Consider an arbitrary global state ¢, € C and any sequence 0 = (c;);>0
from c, with ¢; < c;;1. We proceed by analyzing the two possible cases of either
an intruder is detected along o or it is not.

(i) The intruder is detected. Suppose there exists a global state ¢; € o for j > 0
such that M, c; = FOUND. By detection agency (Definition 4.25), we have
that M/, c; = DRFOUND. As c; € 0, we have that along the sequence o from
co there exists a global state (namely c;) where Dz FOUND holds.

(ii) The intruder is not detected. Suppose that for all i > 0, M, ¢; = FOUND. By
temporal cut liveness (Definition 4.28), there exists a continuous function
f: X — [0,1] and a finite open cover W = {W;,..., W, } with gr(f) C
Ui, Wi such that M/ = A, O!W,. By the semantics of ¢!, this means that,
for each W; € W, there exists some c¢;, € o where M, c;, = st(W,). Let
tmax = max{t; | i € [1,n]}.
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By the persistence of space-time propositions (Definition 4.14 applied to
Xp,11), once st(W;) becomes true, it remains true. As such, M, c, . |
N st(W;). Let W = |J_, W;, where W is the union from the temporal
cut liveness cover. As space-time propositions are closed under union (Def-
inition 4.23), we have that A}, st(W;) = st(W). As such, M, ¢, | st(W).
By the space-time observation agency (from simple exploration conditions
applied to the space-time Xy ;)), we have that M |= st(W) = Dzst(W), and
hence M, ¢, .. = Drst(W).

Since W is defined to contain the temporal cut, i.e., gr(f) € W, which
Lemma 4.24 shows to intersect any intruder, and by securement (Defi-
nition 4.25), we have that M | st(W) = SECURE. As this holds at all
global states, we have that M |= Dgz(st(W) = SECURE). By the K ax-
iom, Dx(st(W) = SECURE) = (Dxst(W) = DxSECURE). Since M,c;,_ .. =
Dgst(W), we obtain that M, c,,,.. = DrSECURE. This means that along o
there exists a state where Dz SECURE holds.

In either case, along the arbitrary sequence o from the arbitrary global state c,,
there exists a global state where DxFOUND V DzSECURE holds. Since both o
and ¢y were arbitrary, by the semantics ¢! (Definition 4.9), we have that M |=
O!DRrFOUND V O!DzSECURE. That is, M satisfies parallel termination for surveil-

lance. [ ]

While Theorem 4.29 guarantees that surveillance is solved, we show now that
combined with the communication properties of exploration can again be used
to ensure that all robots reach mutual knowledge of this information, enabling

cooperative termination.

» Theorem 4.30 (Sufficient conditions for cooperative surveillance). Let )/ be an inter-
preted system with mission space-time Xj, | satisfying the simple exploration
conditions, the found and secure conditions, temporal cut liveness, and commu-
nication liveness. Then, M satisfies cooperative termination for surveillance, i.e.,
M E Q!ERrQ!ERFOUND V Q!Exr Q! ERSECURE.

Proof. Note first that by Theorem 4.29, we have that M = O!(DxFOUNDVDgzSECURE).
Let £g = (C, <, ~) be the system frame of ). Consider an arbitrary global state
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¢y € C and any sequence 0 = (c;);>o from ¢y with ¢; < c¢;;;. By the semantics
of {!, there exists j > 0 such that M/, c; F DxFOUND V Dz SECURE. We consider

each case now.

(i)

(if)

M, c; = DRrFOUND. By individual knowledge from detection agency (Def-
inition 4.25), we have that M/, c; = \/,..r {;FOUND, meaning that for at
least one robot r; € R, M,c; = K, FOUND. By knowledge persistence
(Theorem 4.13), since FOUND is a static atomic proposition (by persistence
of detection), we have M, c; = OK,,FOUND. By Lemma 4.11, we obtain
M,c; = O!K,,FOUND. By communication liveness (Definition 4.20), the

information is guaranteed to spread, and we obtain )/, ¢; = Q! EgFOUND.

Consider any global state ¢’ € C with ¢; ~,, ¢’. Since M, c¢; = K,,FOUND,
by the semantics of knowledge, we have )/, ¢’ = FOUND. By the individual
knowledge from detection agency (Definition 4.25), we have that M, ¢’ |=
V,er K:FOUND. As such, there exists r;, € R with M,c’ = K, FOUND.
Again, by knowledge persistence (Theorem 4.13) and Lemma 4.11, M, ¢’ |=
O!K,,FOUND, and by communication liveness we have that M/, ¢’ = {!
ERFOUND. Since this holds for all ¢’ with ¢; ~,, ¢/, by the semantics of

knowledge, we obtain that M, c; = K,,0! ExFOUND.

Consider now any sequence (c);>;. By M,c; = O!ExFOUND, we know
there exists c, in this sequence where )/, ¢, = ExFOUND. That is, for each
r € R, we have M, ¢, = K,FOUND. By applying the same reasoning as
before to each r € R, using knowledge persistence and communication
liveness, we obtain that M, c, = K,Q!ExFOUND for all r € R. By the
definition of E (Definition 4.7), this means M, ¢, = Fr{Q!ExFOUND. Since
this holds for any sequence from c;, by the semantics of (!, we obtain that
M, c; = O!ExQ!ERFOUND.

M, c; = DrSECURE. By exploration independence (Definition 4.14) applied
to the mission space-time &)y 1), we have that M/, c; = DzrSECURE implies
the existence of a family (I} ).cr of regions with | J,.., W: 2 gr(f), where f
is the continuous function from temporal cut liveness (Definition 4.28), such
that M/, c; = K, st(W,) for eachr € R.
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By the persistence of space-time propositions, from simple exploration con-
ditions applied to &} and knowledge persistence (Theorem 4.13), we
have that M,c; = OK,st(W,) for each r € R. By Lemma 4.11, we ob-
tain that M, c; = O!K,st(W,). By communication liveness, we now have
that M, c; = O!Exst(W,) foreachr € R.

Consider any sequence from c;. By the semantics of ! and the persistence of
space-time propositions, there exists c,,, with m > j in this sequence where
M, ¢, = Erst(W,) for all r € R. Since space-time propositions are closed
under union, we have that A\ _, st(W,) = st(W), where W = J,.r W:.
By the K axiom applied to each r € R after opening Iz by its definition,
we obtain that M, c,, = Exst(W). By securement (Definition 4.25), since
gr(f) € W, we have that M = st(W) = SECURE. By the K axiom, M, c,, |=

ERSECURE. Using the same reasoning from case (i) with SECURE in the
place of FOUND, noting that SECURE is static by the same reasons, we obtain
M,c; = O!ExQ!ERSECURE.

In either case, along the arbitrary sequence o from the arbitrary global state c,, we
reach a state c; where M, c; = O!ExQ!ERFOUND V Q!EzQ!ERrSECURE. Since o
and c, were arbitrary, by the semantics of (!, we obtain M = O!ExrO!EgFOUND V
O!ERrO!ERSECURE. That is, M satisfies cooperative termination for surveillance.

|

Theorem 4.30 shows that surveillance, similarly to exploration, can be reduced
to verifying two independent properties: forming a temporal cut and enabling
sufficient communication so that information is diffused. The geometric guarantee
from Lemma 4.24 ensures that any continuous barrier through space-time must
intersect the worldline of any intruder, where this barrier is created through the
collective observations over time. The temporal cut liveness condition formal-
izes this requirement, while communication liveness ensures that the outcome,
whether FOUND or SECURE, eventually reaches all robots. Note that the found and
secure conditions connect the detection of intruders by the physical robot to the
logical framework, which in turn provides conditions for information obtained

through their computations to be propagated until they cooperatively terminate.
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4.3.3 GATHERING

So far, we analyzed robot tasks whose desired behavior demanded knowledge
about the coverage of a space, either via the exploration of a region or its surveil-
lance over time. We turn now to the gathering task, where we seek instead for the
robots” positions in the mission space (or their estimations thereof) to converge
to some gathering region. While the space is known in advance to all robots, the
location of gathering must be coordinated throughout the mission. As such, gath-
ering corresponds to the spatial counterpart to the consensus task in distributed
computing, where robots express their agreement through their physical states
instead of through communicating values.

We consider the approximate gathering relaxation of gathering, which de-
mands that robots should eventually be contained within the same “small” region
of the mission space, rather than an exact point convergence that would require
infinite precision. This relaxation allows us to maintain the spatial language de-
veloped for exploration and surveillance, where atomic propositions are defined

from regions of space.

» Definition 4.31 (Position propositions). Let X’ be a mission space and R a set of robots.
For each open region U C X and robot r € R, it is associated a position proposition
p:(U) and an initial position proposition i,(U). The set of positional propositions is
then Py = {p,;(VU),i,(U) | r € R,U C X open}. <

For a mission space X and open region U C X, we use propositions p,(U) to
mark that a robot r is currently within U, a dynamic fact that contrasts with the
static spatial propositions s(U), used to represent the fact that a region was forever
explored. As validity conditions are often related to the initial positions of the
robots, we also introduce static initial position propositions i, (U).

The language used for gathering is then the language of space with the
extended set of positional propositions. The semantics of L. are the same as in
Definition 4.9, namely, that 1/, ¢ |= piff p € {(c) for any atomic proposition p € At.
As such, it suffices to specify when the new positional propositions belong to the
valuation of a global state c.

pr(U) € l(c) iff o.(c)eU
ir(U) € l(c) iff o.(cp) €U
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where c; € Iis the unique initial state in the execution containing c, and o,(c) is
the ontic position of robot r extracted from the ontic component of c (recall the
compositional multi-robot system from Section 3.3).

The gathering task is then reduced to finding a gathering region U in the
mission space such that eventually all robots simultaneously satisfy p,(U) and

remain there forever.

» Definition 4.32 (Approximate gathering). An interpreted system )M in mission space
X is consistent with approximate gathering if there exists a collection of gathering
regions gather(X) C {U C &' | U is open} such that:

L. Upegather(v) U = &, L., they cover the mission space,
2. forall U # V € gather(X), U NV = g, i.e., a partition is formed,
3. each U € gather(X') has bounded diameter,

and the following is satisfied.

* Eventual gathering: M = \/cgamher(x) Neer 0'0pe(U), ie., in every sequence
of global states, there exists a region U € gather(&X’) such that all robots

inevitably meet there forever;

e Starting validity: M = Apeganer) ( Averic(U) = Aucn O!Dpr(U)>, ie., ifall
robots start in the same gathering region, they should end in that region.

<

» Remark 4.33 (Gathering regions). For a mission space X = (X', 1), the collection
of gathering regions gather(X') defines what constitutes “close enough” for a
gathering task. Different choices provide different definitions of gathering, which
we abstract away. For example:

e gather(X) = {B.(z) | € X'} recovers the classical e-gathering;
e gather(X) = {{z} | x € X'} recovers exact gathering;
Note that the bounded diameter property make the approximation physically

meaningful, ensuring that the gathering regions are within finite distance. <

We now exploit the known similarities between distributed computing tasks
and robot tasks, as reviewed in Section 2.2.3. Following the work of Alcantara et
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al. [Alc+19], where the borders for impossibility of exact gathering were derived
from the analogous consensus problem, we reduce approximate gathering to the
stabilizing agreement problem. In doing so, we provide a novel logical perspective
to this correspondence.

» Definition 4.34 (Stabilizing agreement, adapted from [CFR24]). Let V be a set of possible
decision values and II a set of agents®. Let choose,(v) denote agent a’s decision
to stabilize on value v, and init,(v) denote that v was agent b’s initial value. An

interpreted system M satisfies stabilizing agreement if the following are satisfied.

o Agreement: M = \/, o\, \,en O!0choose, (v), i.e., there is a value v € V such
that every agent decides on that value,

o Validity: M = N,cv Naen (choosea(v) = Ka(\/beninitb(v))>, i.e., an agent
a € Il can only choose a known initial value of some agent.

<

The correspondence between approximate gathering and stabilizing agree-
ment requires translating between their respective logical frameworks, as the
former employs system frames with branching-time logic while the latter uses the

runs and systems framework with a linear-time logic.

» Remark 4.35 (Translating from runs and systems to system frames). The stabilizing
agreement from Cignarale et al. [CFR24] uses the runs and systems framework
[Fag+95], where a Linear Temporal Logic quantifies over individual execution
traces, while our framework with system frames employs branching-time opera-
tors over all possible executions (Definition 4.9). The translation is straightforward,
as each maximal sequence of global states connected by the causality relation (<)
of a system frame (Definition 4.1) corresponds to one execution trace in a runs and
systems frame.

The temporal operators translate as follows. LTL’s always operator (y,
signifying that ¢ holds at all times in the respective trace, corresponds to our
invariance operator [y, which requires for ¢ to hold in all future states along all
paths. LTL’s eventually operator Oy, interpreted as ¢ holding at some time in

*We identify II with R in the robot setting.
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the trace, corresponds to our liveness operator (!, which analogously requires
¢ to eventually hold in every branching. For the stabilization property, LTL's
OOy (“eventually always” ¢), translates to our (!Clp, expressing that along every
possible execution, the system eventually reaches and maintains ¢ as true. This
captures the AGREEMENT condition in Definition 4.34. <

By viewing each gathering region as a decision value, position propositions
as choices, and initial positions to initial values, we establish that approximate
gathering corresponds to a spatial variant of the stabilizing agreement problem.
The physical position of the robots encode the implicit decisions for a gathering
location, where the spatial convergence manifests the distributed agreement on
a value. As such, the epistemic conditions for stabilizing agreement, shown in
Cignarale et al. [CFR24], translate directly to sufficient conditions for approximate
gathering.

» Theorem 4.36 (Stabilizing agreement implies approximate gathering). Let M/ be an
interpreted system in mission space X’ that satisfies stabilizing agreement over the
set of gathering regions V' = gather(X'), with

choose,(U) <= p,(V) and init,(U) <= i.(U),

for each robot r € R and region U € gather(X’). Then M satisfies approximate
gathering.

Proof. We identify the set of robots R with the set of agents 1I, and the set of
gathering regions gather(X’) with the decision values V, from stabilizing agree-
ment (Definition 4.34). We proceed by showing that the stabilizing agreement
properties imply the approximate gathering properties (Definition 4.32) under the
correspondence choose, (U) <= p,(U) and init,(U) <= i.(U).

(i) Agreement implies eventual gathering. Assume that M satisfies the agree-
ment property, i.e., M = \/ oy, Ayen O!0choose, (v). By the correspondence,
this becomes

ME \/ A 0D,

Uéegather(X) reR

which is precisely the eventual gathering property of Definition 4.32.
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(ii) Validity implies starting validity. Assume that M satisfies the validity
property, i.e, M = A, oy Awen (choose,(v) = K, (Ve inits(v)) ). Under our
correspondence, this states that if a robot r is in a region U, then r knows
that some robot started in U. Consider a gathering region U* and suppose
that A . i-(U*), meaning that robot r started at U*. By agreement, there
exists U™ € gather(X') such that M = A . 0!Up,(U™). Consider now any
robot r and global state ¢ where A, ¢ |= p,(U**) holds. By validity, we have
that M, c = K, (\,cr initv (U)). By the T axiom, this implies that M, c =
Ver inity (U™), so there exists some robot r’ such that M, c = init. (U™).
That is, that r’ started in U**.

Since by our initial assumption all robots started in U*, we have M, c |=
init,s (U*) for this same r’, as initial position propositions are static facts and
hold at all subsequent global states. As gathering regions partition the space
(Definition 4.32), we have that either U* N U** = @ or U* = U**. Since both
init, (U*) and init,/([)U**] hold, the partition property forces that U* = U**.
As such, the robots stabilize in their initial gathering regions. Since the choice

of U* was arbitrary, we obtain

ME N\ (/\ir(U>:»/\<>!Dpr<U>>

Uegather(X) \reR rcR

which is the starting validity property.

Theorem 4.36 establishes that spatial coordination is an agreement problem
where decision values are regions of space and choices are physical positions*. The
main distinction between approximate gathering and the more abstract stabilizing
agreement is the physical constraint, where gathering regions must be physically
realizable (Assumption 3.35) by the robot dynamics and the environment con-
straints from Chapter 3. These geometrical and dynamical feasibility conditions,
while absent in pure distributed computing where agents can often decide ar-

bitrary values, constrain which system frames are valid models of the physical

4This sort of reduction will be explored again in Section 6.4, as synthesized in
Remark 6.39.
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system. The logical framework then reasons about the coordination requirements
over these frames that encode what is computationally observable by the robots,
separating the ontic modeling and epistemic reasoning steps, while maintaining
the latter consistent with the former.

4.4 CONCLUSION

This chapter established a temporal-epistemic logical framework for reasoning
about knowledge in distributed multi-robot systems. System frames are intro-
duced as a geometric representation of knowledge evolution in the system, extend-
ing the runs and systems framework of Fagin et al. [Fag+95] with explicit causality
relations and indistinguishability relations that are parametrized by groups of
robots. We use this structure to model the fact that constraints in the environment
(e.g., regarding visibility, asynchronicity, dynamics, etc.) manifest as uncertainty
in the possible robots” epistemic states.

The temporal-epistemic logic L,,... with spatial propositions provided a
formal language to specify properties of multi-robot systems. As we derive
the atomic propositions from the topology of the mission space, we connect
the physical behavior of the robots to their computational reasoning. From our
modeling choices in Chapter 3, and the assumption of perfect recall, we showed the
persistence of spatial knowledge (Theorem 4.13), which establishes the monotonic
growth of knowledge, a property that is fundamental for guaranteeing progress
in distributed tasks.

We describe and derive sufficient epistemic conditions to different robot tasks.
For exploration, we showed that exploration liveness and communication liveness
imply together cooperative termination (Theorem 4.21), separating the physical
coverage from the distributed coordination problem. For surveillance, we showed
that a notion of temporal cut captures the geometrical intuition of exploring a
mission space over time, and that the property of temporal cut liveness alongside
the previous communication properties guarantees that a multi-robot system can
cooperatively decide whether the space is secure or not (Theorem 4.30). For gather-
ing, we provide a correspondence between the robotic and distributed computing
analogous problems by showing that the sufficient epistemic conditions for solv-

ing stabilizing agreement are also sufficient for approximate gathering, reducing
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spatial coordination to a variation of consensus with physically realizable values
(Theorem 4.36).

We note that the current framework assumes perfect recall, and treats crashed
agents as permanently inactive, limiting the applications to systems susceptible to
faults and heterogeneous behavior. An interesting generalization is to incorporate
partial equivalence relations, as in Goubault et al. [Gou+23], enabling reasoning
about non-standard group knowledge with faults. Furthermore, our commu-
nication model abstracts away message complexity, as communication liveness
assumes the eventual propagation of information without considering constraints
such as delays and message size.

The taxonomy of multi-robot systems remains largely unexplored from the
knowledge perspective. Physical robotic systems introduce restrictions absent
in distributed computing, such as dynamical constraints and spatial embedding
problems that modify how knowledge evolves. The analysis of concrete system
models under varying types of failures, communication protocols and dynamical
constraints may reveal fundamental limitations from the interaction of physical
and computational components.

The system frame and its representation of knowledge through indistinguisha-
bility relations provides the epistemic structure for Chapter 5, which employs it as
the parametrizing space for the topological constraints imposed by distributed
tasks. Chapter 6 focuses on the iterative construction of structures that capture
similar epistemic information as system frames, and develops the categorical ma-
chinery to relate different representations of distributed knowledge in multi-robot

systems.
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La géométrie n’est pas vraie, elle est avantageuse.

“Geometry is not true, it is advantageous.”

— Henri Poincaré, La science et I'hypotheése [P0i02]

CELLULAR SHEAVES OF DISTRIBUTED TASKS

We build now on the knowledge encoding of system frames from Chapter 4, whose
global states parametrized spatial propositions for evaluating epistemic and tem-
poral formulas. We explore the locality of this knowledge structure: decisions
are computed based on local epistemic states, which must be consistent across
all indistinguishable global states. At the same time, the validity of a decision
function is evaluated at every reachable global state. This tension between local
decision constraints and global task requirements is central to distributed comput-
ing, famously reconciled through topological methods modeling local views as
simplices with connectivity arguments revealing global impossibilities [HKR14].
This chapter formalizes the insight that distributed coordination is solvable pre-
cisely when local constraints can be simultaneously satisfied, a requirement that is
naturally expressed in the theory of cellular sheaves [Curl4].

A task sheaf is constructed to identify, within its structure, the specific termi-
nating decision functions that solve a given task, namely, those satisfying deter-
minism, termination and task satisfaction. The first two properties are encoded
structurally into a system slice, a finite substructure of the system frame built by
iteratively identifying the global states that must be causally consistent with an

98
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arbitrary decision frontier. The latter property is ensured by restricting the space
of possible decision functions to contain only valid assignments for each global
state in the slice. This construction allows us to decompose the problem into agent
task sheaves (Theorem 5.29), where valid decision functions correspond precisely
to the sections, objects witnessing the simultaneous satisfaction of all consistency
constraints (Theorem 5.33). We then show that the existence of such sections,
and hence of solutions, can be assessed through a semi-computable procedure
(Theorem 5.44). This result demonstrates the utility of sheaves for reasoning about
distributed systems, as tools such as cohomology become available to effectively
reduce the task solvability question to linear algebra over the integers.

This chapter corresponds to the contents of [FHHR25b] and of its extended
version [FHR25a].

Related work Topological methods for distributed computing, reviewed in
Chapter 2, have been central since the Asynchronous Computability Theorem
of Herlihy and Shavit [HHS93], which characterized wait-free solvability through
simplicial connectivity. This framework was systematically developed in [HKR14],
and later extended to general models by Attiya, Castafieda and Nowak [ACN23],
to continuous task specifications by Galeana, Rajsbaum and Schmid [RRS22], and
to network specific models by Fraigniaud and Paz [FP24]. A point-set topological
approach was developed by Nowak, Schmid and Winkler [NSW?24], characteriz-
ing consensus on topologies of infinite executions, where the distance between
executions is measured by how long processes take to distinguish them. An
epistemic perspective on task solvability was established by Goubault, Ledent
and Rajsbaum [GLR21], connecting simplicial models to Kripke structures, and
extended to chromatic semi-simplicial sets by Goubault et al. [Gou+23], as dis-
cussed in Chapters 4 and 6. We retain the topological perspective of these works,
but develop a local characterization, replacing the existence of continuous maps
between complexes with the requirement that decisions at individual global states
remain valid when extended to the entire distributed state space.

The theory of cellular sheaves was largely extended by Curry [Curl4] as a
combinatorial reformulation of classical sheaf theory on cellular complexes, with
direct usage in computational topology. Hansen [Han20] developed a spectral
theory of cellular sheaves, lifting the graph Laplacian to model and analyze
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diffusion and consensus over networks. This line of work has found applications
in opinion dynamics [HG21], distributed optimization [HHG19a], and machine
learning [Bod+23]. This approach has been recently expanded to multi-agent
coordination by Hanks et al. [Han+25] and shown compatible with more relaxed
forms of data by Ghrist et al. [Ghr+25]. Robinson [Rob17; Rob20] applied similar
concepts to sensor fusion and signal processing, where sections are interpreted
are consistent data across heterogeneous nodes in a network. In these works,
the base space is a communication graph and stalks contain working agent data.
Our construction differs in both base space and data, as we use an epistemic
structure derived from a system frame rather than an interaction network, and
data are possible decision functions constrained by the task specification. This
approach aligns closer to the usage of Abramsky and Brandenburger [AB11] for
contextuality in quantum systems, where obstructions to global sections encode

fundamental limitations on consistent global assignments.

Chapter organization Section 5.1 builds a system slice (Definition 5.13), a finite
(Lemma 5.9) and epistemically complete (Theorem 5.10) substructure of system
frames. It encodes the consistency constraints (Definition 5.11) of a valid terminat-
ing decision function, forming a cellular category (Definition 5.17) later used to
define a cellular sheaf.

Section 5.2 motivates the solution data of a task as being the space of decision
functions (Definition 5.20), parametrized by the constraints of a system slice.
Together, they define a task sheaf (Definition 5.23), a structure encoding the
precise relationship between valid decisions and global states of a system, which is
later shown isomorphic (Theorem 5.29) to the composition of agent-wise sheaves
(Definition 5.27).

Section 5.3 defines the sections of a task sheaf (Definition 5.30), the sheaf-
theoretic counterpart to terminating decision functions (Lemma 5.31). Those are
thoroughly illustrated in Example 5.32, and followed by the main characterization
result corresponding task solvability to the existence of sections in a system slice
(Theorem 5.33).

Section 5.4 establishes a first application of the bridge between distributed
systems and sheaf theory by linearizing the task sheaf (Definition 5.35) and defin-
ing its zeroth cohomology group (Definition 5.39). A direct usage of the standard
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identification of the zeroth cohomology with the space of sections gives us a
characterization of task solvability in terms of this cohomology (Corollary 5.42).
Example 5.43 illustrates how this correspondence partially reduces reasoning
about tasks as a problem of linear algebra. Finally, the finiteness and correspon-
dence results lead to a semi-decidable procedure for constructing a terminating
decision function when they exist (Theorem 5.44).

5.1 SYSTEM SLICES AND LOCAL CONSISTENCY

We formalize through cellular sheaves how the epistemic structure of system
frames parametrizes topological task data, making explicit the passage from
local constraints to global properties. The main advantage of this perspective
will be a local definition of terminating task solvability, defined in Section 5.2,
besides the compositional and computational properties explored thereafter. More
precisely, we will build locally to each global state a solution to the problem of
determining whether a terminating decision function exists. Recall from Chapter 2
that a terminating decision function is a deterministic function from local states to
decision values that satisfies simultaneously termination and the task specification.

In the context of system frames, this is instantiated as follows.

» Remark 5.1 (Terminology). We adopt now the term agent to encompass both the
robots from Chapters 3 and 4 and purely computational processes. The framework
developed in this chapter applies to general distributed systems with epistemic

constraints on local and global states, such as with system frames. <

» Remark 5.2 (Task solvability in system frames). We instantiate the notion of task
solvability from Definition 2.16 to system frames with explicit termination as
follows. For task T = (/,0,A), we extend O by adding all combinations of
decisions with the extra value 1, without adding any valid relation to those in
A. These represent explicitly' the trivial choice of postponing the decision, while
making such choices invalid for satisfying the task specification. For a system
frame g = (C,~, <), a function d mapping local states to output values in
O U {1} solves T if it satisfies for every agent a € A the following:

1This will facilitate the definition of task data in Section 5.2.
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o Determinism: The decision of a is the same for all identical local states, i.e., if
c ~, ¢, then d(m,(c")) = d(m,(c));

 Termination: The decision of a is final once made, remaining the same in
all causally related states, i.e., if ¢ <, ¢’ and d(7,(c)) # L, then d(7,(c')) =
d(ma(c));

e Task satisfaction: Every execution is eventually consistent with the task
specification, i.e., for every sequence (c;);>o from some ¢, € / such that
c; < c;41, there exists some c; where d(7,(c;)) # L for all a € A, the tuple
(d(7a(€;)))aca € O, and (co, (d(7a(c;)))aca) € A.

Note that the decision functions are identical for all agents, and assemble piece-
wise into the typical decision function ¢ of Definition 2.16. <

In order to define such a sheaf, recall from Section 2.3 that a sheaf defined
on a graph assigns some data to each of its vertices and edges (its cells), with
coherent maps restricting data from vertices to edges. For distributed tasks, we
will derive a graph-like structure from system frames, where global states serve
as O-cells, parametrizing the terminating decision functions later assigned to
them, and 1-cells encode consistency constraints from the epistemic structure. An
immediate usage of a system frame is not possible, however, as it presents two
obstacles to forming a well-defined base space. First, system frames may contain
an unbounded number of states in non-terminating protocols. While cellular
sheaves can be defined on infinite spaces, computational methods such as through
cohomology in Section 5.4 require a finite structure. Second, system frames have
two relations per agent, that of causality (<) and indistinguishability (~), which
need to be converted to a single symmetric relation for defining the restriction
maps. Both obstacles are solved through the construction of system slices, a finite
substructure of system frames with a single causal consistency relation (~~) that
preserves task solvability. We describe now the procedure of extracting a system
slice from a system frame.

A finite substructure of the system frame is obtained from a subset of its
global states creating a decision frontier, alongside its related states. An execution
cut captures this frontier.
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» Definition 5.3 (Execution cut). Let g, . = (C, ~, <) be a system frame. An execu-
tion cut is a set A C C such that every execution, i.e., maximal sequence of causally

related global states, intersects A. <

An execution cut describes a frontier through which every execution must
pass, and it is called terminal when all agents have decided values that satisfy the
task specification. Recall that a solving protocol reaches a terminal global state in
every execution within a finite number of steps (see Definitions 4.15, 4.26 and 4.32),

constituting a terminal execution cut by definition.

» Lemma 5.4 (Existence of terminal execution cuts). If a task T is solvable for system S,

then there exists a terminal execution cut in the corresponding system frame Kg. <«

Proof. Let T = (1,0, A) be a task, and d be a terminating decision function. By the
definition of solution, every execution sequence of global states o = (c;);>o, from
some ¢y € Csuch that c; < ¢;;; hassomestate c, = (e1, ..., e,) where {d(e;) }1<i<n
satisfies A. We construct an execution cut A = {c, | o is a possible execution},
formed by those states that satisfy the task described above, which exist by assump-
tion of terminating solvability. This set intersects every execution by construction

and satisfies A at every c € A, making the cut terminal. ]

Observe that the choice of an execution cut for analysis is not unique. When
decisions are final, as with terminating decision functions that preserve the same
output after some decision point, any execution cut that is causally consequent of

a terminal execution cut is also terminal.

» Lemma 5.5 (Persistence of terminal execution cuts). Let g be system frame and d be
a terminating decision function. If A is a terminal execution cut in g, then any
execution cut A’ that is causally after A, i.e., for every ¢’ € A’ there exists c € A

such that ¢ < ¢/, A’ is also terminal. <

Proof. Consider the system frame Kg , , . Let A be a terminal execution cut of Ky, .,
and let A’ be an execution cut such that every global state ¢’ € A’ has a causal
antecedent c¢ € A satisfying ¢ < c’. Since A is terminal, every ¢ = {e,},ca € Ais
assigned final decisions d(e,). That is, for every agent a € A and every global state
c, = {€, }sea such that c <, cy, all decisions satisfy d(e],) = d(e,). As the decision

of every a € Ais simultaneously final in c, we have that any state ¢ < c;, satisfies
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d(e) = d(e,), regardless by which agent the transition is causally related. As we
assumed that the execution cut A’ is entirely composed of such c; causally related
to c € A, they are assigned the same final decisions as in c. In other words, every
global state ¢’ € A’ satisfies the task, making A’ a terminal execution cut. |

» Remark 5.6 (Choice of execution cut). A consequence of Lemma 5.5 is that, for a
system with expected final decisions, we do not need to identify an exact earliest
execution cut, as any cut following a terminal one will suffice. This creates an
evident trade-off, where earlier cuts contain fewer global states, making it less
costly to verify, while later cuts are more likely to be terminal, when it occurs. The
choice is based on the available resources, as a sufficiently late execution cut will
be terminal by Lemma 5.4.

When not considering terminating decision functions, or system guarantees
such as perfect recall (Assumption 3.19), later cuts might not be terminal even
if earlier ones are, as the agents may recompute their outputs with the different
information available. The problem of identifying an optimal cut, i.e., the earliest
point with the fewest global states, is a separate one from that of task solvability,

and we do not address here. <

Note now that an execution cut contains too little information about the
system’s execution for a candidate decision function to be meaningfully verified
to respect determinism and termination. Recall, first, that any assignment of a
decision value to a local state must be identical across all global states where it
appears. For a global state within an execution cut ¢ € A4, if another global state
¢’ ¢ Aissuch that c ~, ¢/, then agent a has the same local state in both ¢ and ¢’
and must have the same assignment. Moreover, decisions must be final, which
requires them to remain identical throughout causally related global states. Those
may go beyond the indistinguishable states, as any identifiable notion of progress
(as with perfect recall) will create a distinct local epistemic state. Consequently, we
must check both indistinguishable global states to the ones in a cut, and the global
states accessible from those through causal sequences, to verify all properties of a
terminating decision function. The causal closure formalizes this extension of the

execution cut.
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» Definition 5.7 (Causal closure). Let g, . = (C,~, <) beasystem frameand A C C
an execution cut. The causal closure of A for agent a € A, denoted ccl,(A), is the
smallest subset of C such that:

e ACccl,(A),

e ifceccl,(A)and c ~, ¢’ <, c” < cy, forsome c’,c” € Cand cy € A, then
c/,c” € ccl,(A).

The causal closure of A over all agents in .4, denoted ccl(A), is defined as
ccl(A) = U ccly (A).

<

» Remark 5.8 (Computing causal closure). For a system frame g, . = (C,~, <), the
causal closure set ccl(A) for the execution cut A C C can be computed via a
tixed-point iteration. Let the initial value be the cut, i.e., Ay = A, then apply the
following

Apy1 = ApU{ce,c. € ClJae€e A, Tc € Ay, i ¢~y ce <4 Ce}

and iterate until A, = A,;, at which moment ccl(A) = A,. That is, for every
global state in the execution cut, first find all indistinguishable states. Those must
have identical decisions for they have identical local states. Then, find all causally
related states. Those must have identical decisions for them to be final. This
process is then repeated for the enlarged set of global states as new constraints
must be added for the same reasons. This procedure is done until no more states
are added, stopping at the execution cut itself, which by definition intersects any
execution that may be reached during the procedure. <

> Lemma 5.9 (Finiteness of causal closure). Let g, , = (C,~, <) be a system frame
that is locally finite, i.e., for every agent a € A each global state c € C is related by
~, and <, to finitely many other global states. Then, for any execution cut A C C,
the causal closure ccl(A) is finite. <

Proof. The causal closure iteratively adds global states backwards from A via
indistinguishability and causality relations. Since the cut happens at a finite depth
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in each execution sequence, going backward explores finitely many prior global
states. Each iteration step adds finitely many global states by local finiteness and
finiteness of A. As such, the set ccl(A) is finite. u

The causal closure provides a local space in which all requirements of a
terminating decision function can be verified. Given a choice of execution cut
limiting the scope of the task solvability analysis, it suffices to check a candidate
decision function on the global states of the causal closure, rather than on the

entire system frame until the cut.

» Theorem 5.10 (Constraint locality). Let /C = (C,~, <) be a system frame, let

Sa.e
T = (/,0,A) be a task, and let A C C be a terminal execution cut with causal
closure ccl(A). If d is a function from local states appearing in ccl(A) to O U { L}

such that:

1. d satisfies determinism and termination on the subframe induced by ccl(A);

2. For every c € A, the pair (co, (d(7,(c)))aca) € A, where ¢, € [ is the initial

state of the execution sequence leading to c.

Then, d extends to a terminating decision function solving T in Kg , ..

Proof. We extend d to all local states in the system frame by assigning L to any
state not appearing in ccl(A), and denote this new function d. We proceed by
verifying that d satisfies determinism, termination and task satisfaction, as per
Remark 5.2.

* Determinism: Consider any pair of global states c, ¢’ € C such that ¢ ~, ¢’
for some agent a € A, ie., m,(c) = m,(c’). If both c,c’ € ccl(A), then, by
assumption of d satisfying determinism within the causal closure, d(7,(c)) =

d(m,(c)) assigns an identical value. If c,c’ ¢ ccl(A), then d assigns |
to both, satisfying determinism. By the construction of the causal closure
(Definition 5.7), if ¢ € ccl(A) and ¢ ~, ¢/, then ¢’ € ccl(A), and vice-versa.
As such, it cannot be the case that only one of the two global states lies in
ccl(A).

 Termination: Consider any pair of global states c, ¢’ € C such that d(r,(c)) #
1 and ¢ <, ¢ for some agent a € A. By the definition of the extension d,
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c € ccl(A), as otherwise it would have been assigned L. By the definition of
causal closure, if ¢ € ccl(A4) and ¢ <, ¢/, then, by reflexivity ¢ ~, ¢, we have
that ¢’ € ccl(A4). Asboth c,c’ € ccl(A), by the assumption of termination
holding for d within the causal closure, we have that d(7,(c')) = d(7,(c)),

satisfying termination.

e Task satisfaction: Consider any execution sequence o = (c;);>¢ starting from
some ¢, € /. By the definition of execution cut, this sequence intersects A at
some c; € A. By our assumption that every global state at the cut satisfies
the task specification A, we have that (co, (d(7.(cj)))aca) € A, therefore as
also have that (cg, (d(.(c;)))aca) € A, as the values are the same within
ccl(A). By Lemma 5.5, since A is terminal by assumption, decisions on c; are
tinal and any global state c;, € ¢ with £ > j maintains these decisions. As
the execution sequence was arbitrary, we have that every execution from an

initial state verifies the task satisfaction.
[ ]

Theorem 5.10 reduces verifying task solvability to checking for the compati-
bility of candidate terminating decision functions with determinism, termination
and task satisfaction within the subframe induced by ccl(A), rather than on the
arbitrarily large system frame. The problem of verification is then reduced in size
following a choice of execution cut, as noted in Remark 5.6.

We convert now the subframe induced by the causal closure of some exe-
cution cut to a set of uniform constraints to be used as the base space of our
sheaf in Section 5.2. Note that both the termination and determinism properties
translate to equality constraints over pairs of global states under specific consis-
tency requirements, derived from the expected behavior of a terminating decision
function. As such, we merge these into a single equivalence relation per agent,
forming equivalence classes of global states where the agent must assign identical

decisions.

» Definition 5.11 (Causal consistency relation). Let g, = = (C, ~, <) be a system frame

Sae
and A C C an execution cut. For each agent a € A, the causal consistency relation

~,C C x C is the symmetric-transitive closure of

(~a N(cel(A) x ccl(A))) U (<q N(ccla(A) x (ccla(A))))
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<

The causal consistency relation is the smallest equivalence relation on ccl(A)
containing the agent-wise constraints. Note that determinism requires any pair of
indistinguishable global states to have the same decision, while termination only
applies to those reachable by the same agent from a candidate final decision in the

execution cut.

» Lemma 5.12 (Causal consistency is an equivalence relation). Let A be an execution cut
on system frame Kg , . with causal closure ccl(A). For each agent a € A, the causal

consistency relation ~, is an equivalence relation on ccl(A). <

Proof. Consider agent a € A. By construction, ~, is the smallest set containing
the transitive and symmetric relations from ~, on ccl(A) and <, on ccl,(A). As
such, ~, is transitive and symmetric. For reflexivity, note that ~, is reflexive by
Definition 4.1, i.e., for any c € ccl(A), we have ¢ ~, c. As ~, N (ccl(A) x ccl(A)) C
~, by construction (Definition 5.11), the causal consistency relation is also reflexive.

|

We can now transform the potentially unbounded epistemic structure of
system frames into a finite and uniform constraint space. The closure operation
extracts finitely many global states relevant to verifying a terminating decision
function, while the new causal consistency relation encode the equality constraints

imposed to each agent.

» Definition 5.13 (System slice). Let }CSA .= (C,~, <) be asystem frame and A C C
be an execution cut. The system slice over A is the pair Sy = (ccl(A), {2, }ueca),
where ccl(A) is the finite causal closure of cut A, and ~, is the causal consistency

relation for each agent a € A. <

The system slice structure exposes how the two separate notions of indistin-
guishability and causality impose a unified set of consistency constraints. This
uniformity shows the local nature of distributed coordination, both across agents,
as each ~, forms independent equivalence classes, and across the state-space, as
consistency can be checked by looking pairs of global states related by ~,. As
such, verifying a candidate terminating decision function reduces to checking
that it assigns identical values within each equivalence class, without the need to
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consider the entire input and output spaces of the task. The transformation from
frames to slices makes explicit that global solvability is entirely determined by
local constraints, the idea that we explore for the remaining of the chapter.

» Example 5.14 (Causal closure and system slice). We illustrate now the iterative con-
struction of a system slice S from a system frame g and a choice of execution
cut A, as described in Remark 5.8. The indistinguishable global states are rep-
resented in solid blue and red lines for each agent, and the causal relations are
the dotted gray arrows. The dashed blue lines are the newly added causal con-
sistency relations, alongside the previous indistinguishability ones. From the
choice of an execution cut A (Figure 5.1a), which must intersect every possible
execution sequence of Kg, the set of global states in the causal closure is first
expanded by indistinguishability relations (Figure 5.1b) and then by causality
relations (Figure 5.1c).

Recall from Remark 5.6 that assessing whether a terminating decision function
solves a task requires working from a terminal execution cut. In this scenario,
the global states accessible from the cut via an indistinguishability relation are
then partially terminated, meaning that at least one agent has identical local state.
For determinism, its decision must be identical. Similarly, the states subsequently
accessible via causality relations, by the same agent, must have identical decisions

in order to satisfy termination. <

We can now define the cellular space needed to frame task solvability con-
straints in a cellular sheaf. That is, we derive from the system slice a cellular
category that will serve as base space for a sheaf of decision functions in Sec-
tion 5.2. Recall from Section 2.3.4 the framework of Curry [Curl4], where the face
incidence poset of a regular cellular complex (Definition 2.36) seen as a category
forms such a valid base space. We apply this construction to system slices by
viewing them as multigraphs (1-dimensional regular cellular complexes) and

deriving the associated poset.

» Remark 5.15 (System slices as multigraphs and their structure). A system slice S =
(ccl(A), {4 }aeca) viewed as an undirected multigraph has global states as vertices
and causal consistency relations as edges. This induces a face incidence poset Ps

analogous to Example 2.37. By writing each pair of related states (c,c’) €~, as
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(c) Final expansion via causality < resulting in

the slice S.

Figure 5.1
Fixed-point iteration transforming a system frame subset into a valid system slice.

(c,c'),, the poset Ps = (ccl(A) U {~,}aea, <) has one element for each global state
c € ccl(A) and each edge (c, c), € {~,}sca. The partial ordering < relates global
state c to the edge (c, ¢),, written ¢ < (c, c’),, whenever c is a face of (c, ¢/),.

The system slice S together with its face incidence poset Ps forms a regular
cellular complex, as per Definition 2.36. As it is regular, its poset Ps entirely
represents its combinatorial structure and lets us forget the original space. Note
that if (c,c’) € ~, and (c, ¢’) € >~ for distinct agent a # ¢/, then (c,c’), # (c,c')w
are distinct elements in Ps, preserving the independence of consistency constraints
for each agent. <

» Example 5.16 (Cellular complex from a multigraph). Consider a multigraph with
vertices V' = {¢1, e} and edges E = {(c1, ¢2)a, (¢1, ¢2),} between the same pair of

vertices. The face incidence poset is then P = ({cy, ca, (¢1, ¢2)a, (¢1, ¢2)}, <), where
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(cl7 CQ)CL
adipo
(01, C2)b

< contains the following relations:

<= {(ea, (e, e2)a)s (en, (c1, e2)p), (ca, (c1, e2)a), (c2, (c1,c2)p) }

The underlying topological space of the regular cellular complex? is recovered by
taking the upset of each element of P. The cells below make evident how the face

relation < encodes the (contravariant) inclusion of cells within each other.

(c1,02)a

Ter 2)a

T e = {c1, (c1,62)a, (€1, 02)0} To 1+

T e2 = {2, (€1, 2)as (c1, 2)}
T (c1,c2)a = {(c1,2)a}

T (1, ca)p = {(c1,c2)0}

1 (cr.con

(c1,02)p

In the case of a system slice, the corresponding topological space depicts, for each
global state, an open set containing its neighborhood. That is, the state itself and

the causal consistency relations attached to it, without the other end points. <«

This face incidence poset can be seen as a category, where the partial order <
defines its morphisms. This is the construction of the cellular category we will use

for the remainder of the chapter.

» Definition 5.17 (Cellular category from a system slice). Let S = (ccl(A), {~,}.ca) bea
system slice from an execution cut A, and let Ps be its face incidence poset. The

cellular category Cell(S) is defined by the following data:

* Objects: the elements of P, i.e., the global states ¢ € ccl(A) (0-cells) and

edges (c,c’), where (c, c’) € ~, (1-cells);

2This is in fact the Alexandrov topology. More details on its properties and
construction can be found in [Cur14, Chapter 4].
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* Morphisms: a unique map ¢: ¢ — (c, c), for each relation (c, (c,c’),) € <in
Ps.

Composition and identity are given by the transitivity and reflexivity of the partial
order < in Ps. <

The cellular category extends the construction of Example 2.37 to multigraphs
with agent-labeled edges, where the labels distinguish the independent sets of
constraints per agent. These will also translate in Section 5.2 to an agent-wise
decomposition in the sheaf encoding of the problem. Note that the underlying
poset structure ensure that the cellular sheaves defined on a category obtained by
Definition 5.17 satisty the sheaf axioms, as [Curl4, Theorem 4.2.10] establishes the
equivalence between sheaves on a poset and functors from that poset viewed as a
category. This cellular category captures consistency constraints enforced by the
epistemic structure of the original system frame, making it the appropriate setting
for characterizing task solvability in the following.

5.2 TASK SHEAVES

Recall that our objective is to give a local definition of terminating task solvability.
So far, we defined a cellular category induced by a system slice as encoding the
set of constraints any solving terminating decision function must satisfy. In this
section, we show that the possible decision functions define a collection of maps
from the set of agents to the set of permissible decision values, and that those maps
assemble into a cellular task sheaf, a functor attaching decision data to each cell.
The restriction maps in this sheaf enforce the agent-wise consistency requirements,
making global solvability a consequence of local compatibility.

The topological task specification (Definition 2.24), when generalized from
chromatic simplicial complexes to chromatic semi-simplicial sets®, abbreviated
as csets (Definition 2.34), provides the most adapted setting for our task data.
Csets are instances of cellular complexes and have been shown in Goubault et al.

3The usage of csets as a distributed state space enables a fully algebraic de-
piction of distributed tasks in Chapter 6, while here we explore its topological
properties. This generalization of the task specification to csets is thoroughly
developed in Example 6.22, alongside its associated task solvability condition.
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[Gou+23] to have similar interpretation as simplicial complexes for distributed

systems.

» Remark 5.18 (Simplicial task specification with csets). Recall from Definition 2.24
that a task specification is a triple T = (Z, O, A), where 7 and O are chromatic
simplicial complexes, and A: Z — 29 is a chromatic carrier map. As we work
with csets, we recast A as a task specification sub-cset 7 C 7 x O, that is, a span
relation Z <= T =% O projecting to the inputs and outputs of the task.

The input and output complex are now csets, i.e., functors Z, O: I'? — Set
(Definition 2.34), where I is the category with objects as subsets of agent U C

A and morphisms as the inclusions dy: U — V for U C V (Definition 2.33).
For each subset U € I', the set X (U) contains a set of U-simplices representing
configurations with precisely the agents in U. The face maps of X, dy,y: X (V) —

X (U) extract subconfigurations by forgetting the agents in V' that are not in U.
For each set of input values i € Z(U), the valid outputs are those 0 € O(U) such
that (i,0) € T(U). <

By assuming that the agents preserve access to its initial values, such as
with perfect recall*, an input projection function makes explicit the relationship
between global states in a system frame and admissible outputs.

» Definition 5.19 (Input projection). Let c = (s1,...,s,) be a global state with agents
U. € I' and C a set of global states. Let each local state satisfy perfect recall
(Assumption 3.19), that is, s; = (s{,s!,...,s¥) for agent q; at step k, where s!

is its initial state. The input projection is a functioni: C — [[,. Z(U), given by
i(c) =(sY,...,5%) e Z(U.). <

The projection function in Definition 5.19 recovers the corresponding input
values of a global state, which we naturally interpret as the combinatorial object of
a U-simplex. As such, it allows us to express the system slice information regarding
global state compatibility in a way compatible with the task specification framed
through csets (Remark 5.18).

We can now define the space of decision functions that will serve as data for

our sheaf. The decision functions at a global state, when expressed through csets,

*Note that any input preserving mechanism is sufficient for such a construction,
but perfect recall is the most immediate as already established in Chapter 3.
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are maps from sets of agents to sets of valid outputs, parametrized by the input
values at that state. The fiber of the task specification will extract the codomain of

those functions.

» Definition 5.20 (Space of decision functions). Let T = (Z,O, 7)) be a task and let c
be a global state with input i(c) € Z(U) for a set of agents U € I'. The fiber of
mr: T — T over i(c) is the cset 75 ' (i(c)) € T defined by the following pullback in
Cset.

where I'[U] is the representable cset. Explicitly, for any V' € T', the V-simplices are
w7 (1) (V) = {o € T(V) | nz(0) = dvw (i)}

A decision function at c is a morphism of csets d: I'[U] — O such that the following

diagram commutes.

r 2 1
am
C[U] ey W%l(i(c))—> T e O

The space of decision functions at c is the external hom
D(c) = homeset (T[Ue], o (77 (i(c))))
<

» Remark 5.21 (Decision functions via csets). Note that space of decision functions D(c)
generalizes the definition of a decision function beyond the maps from local states

to output values of Remark 5.2. Here, a decision function assigns output values to



5.2 TASK SHEAVES 115

all agents simultaneously at a global state ¢, encoded as a morphisms d: I'lU] — O
in the category of csets. The properties of determinism and termination are no
longer internal to the function, but instead externalized to the structural constraints
imposed by the system slice. This shift further exposes the combinatorial structure
of distributed coordination, transforming functional requirements into topological

compatibility conditions, verified through the simplicial structure. <

Through Definition 5.20, we enforce the task satisfaction property of Re-
mark 5.2, complementing the termination and determinism encoded in the system
slice. While the space of decision functions construction may appear elaborate,
the functorial machinery is essential for enforcing task constraints through the
simplicial structure of csets. More precisely, the fiber captures the precise sub-cset
of T selecting only the pairs of input and output values allowed at the global
state, an information that would be ignored in more general definitions of decision
functions. The decision functions are then morphisms to the output component of
this fiber.

While conceptually immediate to the objective, the external hom represen-
tation can be simplified through the Yoneda lemma and the externalization of
properties into the simplicial structure discussed in Remark 5.21. That is, the
Yoneda lemma establishes that morphisms from I'[U] to any cset correspond bijec-
tively to elements of that cset evaluated at U. In our setting, this means replacing
tracking decision functions (morphisms to the fiber) with tracking directly decision

values (U-simplices within the fiber).

» Lemma 5.22 (Decision function representability). Let c be a global state with agents
U €T, and let i = i(c). There is a natural isomorphism

D(c) = mo(m7 (i) (V)

between the space of decision functions and the set of U-simplices in the fiber. «

Y

Proof. By the Yoneda lemma, there is a natural isomorphism homcget (I'[U], X)) =
X(U) for any cset X, given by evaluating the simplices at U. Applying it to
X = 7mo(r;'(i)), we obtain D(c) = homcget (T[U], 7o (77 (7)) = 7o (r7' (1)) (U).
By Definition 5.20, 7o (7' (i))(U) = mo({o € T(U) | nz(c) = i}). This set is
formed by the pairs of 7(U), and so the projection retrieves {0 € O(U) | (i,0) €
T (U)}, which are the valid output values for input 1. |
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The isomorphism in Lemma 5.22 uses the Yoneda lemma to replace tracking
decision functions as morphisms with tracking decision values as simplices. A U-
simplex o € (77" (i(c)))(U) represents a tuple of (0, ).cr of output values for all
agents in U, satisfying the task specification for the input i(c). This representation
makes explicit that decisions at a global state are tuples of agent outputs, not
individual agent functions.

The attribution of decisions to each global state in a system slice is captured
by a functor from the cellular category to the category of csets, defining a cellular
sheaf. This sheaf formalizes the relationship between constraints imposed by the
distributed system definition, encoded in the cell structure, and the constraints
imposed by the task, encoded within the construction of the space of decision

functions.

» Definition 5.23 (Task sheaf). Let S = (ccl(A),{~,}.ca) be a system slice with
cellular category Cell(S), and let T = (Z, O, T) be a task. The task sheaf is the

functor
F: Cell(S) — Cset.

defined as follows. Recall that the objects of Cell(S) are graded into 0-cells
(from global states ¢ € ccl(A)) and 1-cells (from causal consistency relations

(C7 C/)a € {ga}aeA)'

® On 0O-cells. For each 0-cell c € Cell(S), the stalk is the cset of valid decisions
for input i(c), i.e.,
F(e) = mo(rz ' (i(c)))

® On 1-cells. For each 1-cell (c,c’), € Cell(S), the stalk is the cset of valid

decisions for agent ¢, i.e.,
F((e,¢)a) = 0440y (O)

* On face maps. For each face map ¢ < (c,c’), in Cell(S), we assign the

restriction map from U agents to agent ¢, i.e.,

F(ecD(c,c)y) =0ugay: Flc) = F((c,c)a)
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Definition 5.23 joins the individual concerns of task validity and local con-
sistency. The stalks at 0-cells encode the task specification, as they contain only
the decision values that are allowed from the specific set of inputs leading to the
global state. The stalks at 1-cells acts as the maximal decision space for an agent
that is free to decide alone, only regarding its own options. The restriction maps
will allow us to enforce in Section 5.3 equality constraints of the causal consistency,
where decisions must be identical above both endpoints of a 1-cell. The task sheaf
structure captures the problem of agents needing to locally agree on a decision

value despite having different information about the global state.

» Remark 5.24 (Stalk size). Note that stalk F((c,c’),), at the 1-cell is defined as
the full set of possible output values for agent, which will be in general much
larger than subset of valid values on the adjacent global states. A more restrictive
definition would be to consider only the union of a-simplices in the stalks over
each global state. The main advantage of our chosen approach is to have the stalks

uniformly defined, while still respecting the task constraints. <

» Lemma 5.25 (The task sheaf is well-defined). The task sheaf 7 : Cell(S) — Cset of
Definition 5.23 is a well-defined functor. <

Proof. We proceed by showing that 7 consistently assigns objects and morphisms

in Cset respecting functoriality.

Objects. For a 0-cell ¢, the stalk F(c) = mo(r;'(i(c))) is a cset by Defini-
tion 5.20. For a 1-cell (c,c’),, the stalk F((c,c'),) = 0.4,41(O) is a cset by

direct application of face maps to O.

Morphisms. Let ¢ < (c,c’), be a face map in Cell(S), with the task sheaf
assignment of the restriction map Jy,0y: F(c) = F((c,c),). Since ¢ <
(c,c’),, we have that « € U. This defines a natural transformation for any
W C VinT, and so we have 0y, (.} © Ov,w = Jv 4.y by composition of face

maps.

Identities. For any object o € Cell(S), the identity morphism ida: o — «
corresponds to the reflexivity of < in the relation o < «. The task sheaf
F(ida) = Ow,w for the appropriate W within o, which is the identity natural

transformation, as Oy, is the identity function on each set of simplices.
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Composition. The cellular category Cell(S) is a poset of height 1, i.e., its
only non-identity morphisms are from 0-cells to 1-cells. As such, there are
no composable pairs of distinct non-identity morphisms. Composition with
identities is preserved by the identity preservation above.

» Example 5.26 (Task sheaf encoding binary consensus). We illustrate the task sheaf
construction for the binary consensus task after one round of a lossy link syn-
chronous message adversary. Consider two agents A = {a, b} with binary input
values {0, 1}. Binary consensus requires both agents to decide on a common value
appearing among the inputs. The task is defined by the input cset Z contain-
ing the 1-simplices {(0,0), (0,1),(1,0), (1,1)}, the output cset O with 1-simplices
{(0,0),(1,1)},and 7 C Z x O relating the valid pairs.

The lossy link message adversary allows each agent to send its value to the
other at each round, where at most one may not be delivered. We denote global
states as (v,, vpcom), where v,, v, € {0,1} are the initial values and com € {«+
, <>, —} indicates the delivery pattern. Recall that indistinguishability relations
associate pairs of global states with identical local states. For instance, agent a
cannot distinguish between (0,1 ) and (0, 1 <+), as both provide the local state
sa = (0, (1p)).

Consider now system slice depicted in Figure 5.2, covering the possible
global states after one step of executions from the input values. The task sheaf
F: Cell(S) — Cset assigns data as follows.

¢ Stalks at O-cells are the valid output simplices for the inputs at the corre-
sponding global state. At (0,, 1, ++) both values appear, hence 7 ((0,, 1, <))
is the cset with values (0,4, 0,) and (1,, 1;). At (14, 15, <), only 1 is allowed,
i.e., the cset of (1,,1p).

 Stalks at 1-cells are all decision values for non-distinguishing agent, i.e.,
{0,1}.

* Restriction maps are the face maps 0y,} 4} to the relevant agent’s compo-
nent, defined on the stalks.
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Figure 5.2

The task sheaf for binary consensus after one round from input values (0,, 0,) and
(0q4, 1p). Causal consistency relations are derived only from indistinguishability
relations, and are identified by red lines for agent a and blue for b.

We can see now in Example 5.26 how the constraints encoded by the task sheaf
arise from the communication uncertainty. When an agent received a message, it
cannot determine whether its own message was also delivered. Conversely, when
no message arrives, the adversary specification implies that the outgoing message
was delivered. This asymmetry creates the indistinguishability relations that are
carried over to the system slice, and forces identical decisions in both scenarios,
which is enforced by the restriction maps derived from those relations.

We develop now the modularity of the system slice in view of the possible
agent-wise definition of the constraints. The independence of the causal consis-
tency relations imply that the task sheaf constructed in Definition 5.23, may in fact
be decomposed into agent task sheaves, each a functor isolating the perspective of

a single agent.

» Definition 5.27 (Agent task sheaf). Let S = (ccl(A)), {~,}.e4) be a system slice and

T = (Z,0,T) a task. For each agent a € A, let Cell,(S) be the subcategory of
Cell(S) containing all 0-cells and only the 1-cells labeled by a. The agent task
sheaf is the functor F,: Cell,(S) — Cset defined by the same construction of
Definition 5.23 restricted Cell,(S), i.e.,

* For each 0-cell c in Cell,(S), F.(c) = mo(n;'(i(c))), i.e., the cset of valid
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decisions at c;

* For each 1-cell (c,c’), in Cell,(S), Fu((c,c')s) = 0aa3(O), ie., the cset of
local decisions of agent a;

* Foreachfacemapc < (c,c’),in Cell,(S), Fo(c < (c,c'),) = Ou, o} Falc) =
Fal(c,c),), i.e., the projection to agent a’s faces.

<

Each agent sheaf encodes only the constraints that a single agent must satisfy
for causal consistency. Because of their independence across each agent, but still
over the same set of global states, we characterize the cellular category Cell(S) as
the gluing the agent slices Cell,(S) along their common 0-cells.

» Lemma 5.28 (Colimit of agent base spaces). Let S = (ccl(A), {~,}.c4) be a system
slice. The cellular category Cell(S) alongside the morphisms {¢ }c 4 is the colimit
in Cat of the following diagram.

el (S
ot / Cell,,(8) L2 s, (5.1)
e 0 y e

Cellan(S)

where Celly(S) is the discrete subcategory of 0-cells and only identity morphisms
and the arrows {j,}.c.4 are inclusion functors. <

Proof. By Definition 5.17, the objects of Cell(S) are 0-cells (global states in ccl(A))
and 1-cells (pairs (c,c’), for (c,c’) €~~,). Each 1-cell is labeled by exactly one
agent a € A, as the causal consistency relations are disjoint. This means that
the 1-cells are partitioned across agents. By Definition 5.27, Cell,, (S) contains all
0-cells and precisely the 1-cells labeled by a. Consider Cell,(S) and Cell,, (S) for
any two distinct agents a,a’ € A, and let Celly(S) be the discrete subcategory
formed only by the 0-cells from all global states in ccl(A) with only identity
morphisms. As the 1-cells are disjoint while all three contain all 0-cells, we have
that Cell,(S) N Cell, (S) = Celly(S), for any a # d'.
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For each a € A, consider the inclusion functor ¢,,: Cell,(S) — Cell(S) defined
by ts(0) = o on objects and morphisms. Consider j,: Celly(S) — Cell,(S) to be
the inclusion of 0-cells. Note that object Cell(S) and the inclusions {¢, },c4 form a
cocone over the diagram in Cat of the objects Cell(S) and {Cell,(S)},c4 with
morphisms {j,}.c4. That is, for any two agents a,a’ and ¢ € Celly(S), we have
that 1,(ju(c)) = ¢ = tor(jur(c)).

We verify now that this cocone is universal, i.e., that any compatible family
of functors factors uniquely through Cell(S). Consider any category C € Cat
and compatible family of functors {G,: Cell,(S) — C},c4, meaning that G, o j, =
Ga o jo for all a,a’. We construct a functor G: Cell(S) — C as follows. For
any 0-cell ¢ € Celly(S), let G(c) = G,(c) for any a € A. This is well-defined by
compatibility, as G,(c) = G.(c) for all a,a’ € A. For any 1-cell (c, c’), labeled by
a, define G((c,c’),) = G.((c,c’),). This is also well-defined as (c, c’), € Cell,(S)
only as 1-cells are disjoint across agents. For morphisms, for every cell o define
G(ido) = idg(,) for identities, and G(c < (c,c’),) = Ga(c < (c,c’),) for face maps.
By construction, G o ¢, = G, forall a € A.

In order to show that G: Cell(S) — C is unique, suppose that there is another
H: Cell(S) — C also satisfying H o 1, = G, for all « € A. For any 0-cell ¢, we
have that H(c) = H(t.(c)) = Gu.(c) = G(c). For any 1-cell (c, c’),, we have that
H((c,c)a) = H(ta((c,c)a)) = Gaul(c,)a) = G((c,c'),). The same can be verified
for the morphisms. As such, H = G. This means that the cocone Cell(S) with
morphisms {,},c4 over the diagram of {j,: Celly(S) — Cell,(S)}.c4 satisfies
the universal property of the colimit. |

As each 1-cell of Cell(S) belongs to exactly one agent, the colimit glues these
disjoint sets of edges while identifying the common vertices. The global task sheaf
inherits this decomposition through the gluing condition for sheaves on a colimit

as we see now.

» Theorem 5.29 (Characterization of the task sheaf by agent sheaves). Let {F,: Cell,(S) —
Cset },c 4 be the agent task sheaves for a system slice S and task T. The task sheaf
F: Cell(S) — Cset is the unique functor making the following diagram commute
for all agents a € A.
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f
Cell(§) —— Cset

La
-F a

Cell,(S)

That is, ¥ o, = F, for all « € A, where ¢, is the inclusion from Lemma 5.28.

Proof. By Lemma 5.28, Cell(S) alongside the inclusions {,}.c.4 is the colimit
of the diagram formed by the embeddings {j,: Celly(S) — Cell,(S)}.ea. By
the universal property of the colimit, any compatible family of functors from
categories Cell,(S) to some category C factor uniquely through Cell(S). We
apply this with C = Cset to derive that the task sheaf is such unique factorization.
For that, we verify that the agent task sheaves {F,: Cell,(S) — Cset},c4 form a
compatible family over Diagram 5.1. Thatis, 7 ,0j, = Fyoj. foralla,a” € A. Note
that, for any global state ¢ € Cell,(S) and any agents a, a’ € A, by Definition 5.27,
we have that F,(j,(c)) = F,.(c) = mo(r;'(i(c))) = Fu(c) = Fu(ju(c)). Assuch,
the agent task sheaves do form a compatible family. Thus, there exists a unique
functor F: Cell(S) — Cset such that F o, = F, for all « € A. Note now that by
Definition 5.27, each agent task sheaf is defined by restricting the construction of
Definition 5.23 to Cell,(S). The colimit recovers F by setting F (o) = F,(o) for
any cell o € Cell,(S). As such, the unique factorization / matches the original
task sheaf. ]

The characterization of Theorem 5.29 shows that the task sheaf arises as
the unique gluing of agent task sheaves. This form of compositionality is direct
consequence of the independence of the causal consistency relations across agents,
and enables a modularity in reasoning about the agent-wise tasks. Each agent task
sheaf may be expressed and modified independently with the guarantee that they
can be uniquely composed into a single task solvability problem.

From the understanding of the task sheaf as encoding the constraints imposed
by the distributed system (in the system slice) alongside the possible solutions to
a task (in the space of decision functions), we proceed now to characterize when

these constraints admit a solution.
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5.3 TASK SOLVABILITY AND SHEAF SECTIONS

The task sheaf constructed in Section 5.2 formalizes the relationship between the
validity constraints from task specification and the consistency constraints from
the system slice. We turn now to a central application of this framework: assessing
whether the distributed system and task encoded in such a sheaf admit a solution.
For that purpose, we will make use of the notion of a section (Definition 2.40), the
standard definition of consistency in sheaf theory.

While sections have been vastly used to encode consistent data in distributed
networks (as reviewed in Section 2.3.4), we turn to an application closer to the
original motivation within sheaf theory, namely the study of locally defined
functions over a parameter space that must agree on overlapping regions. The key
insight is that the sections of a task sheaf correspond precisely to the terminating
decision functions solving the task. This correspondence makes explicit the local
nature of task solvability, as a global solution exists if and only if constraints local
to each global state and agent can be simultaneously satisfied. We recall now what

sections are for cellular sheaves in our context.

» Definition 5.30 (Sections in a task sheaf). Let 7 : Cell(S) — Cset be a task sheaf over
the cellular category of a system slice S. A section of F is a family s = (54 )accei(s)
with s, € F(«) for each cell ¢, such that for every 0-cell c and incident 1-cell
(c,c’)q, the restriction maps satisfy

F(c D (c,c)a)(Se) = S(e,e)a-
The set of all sections of F over S is denoted I'(S, F). <

The compatibility condition of Definition 5.30 requires that the global states
at both ends of a causal consistency project to the same value within the edge.
Explicitly, for each edge (c,c’) €~,, we get the constraint

F(c D (c,c)a)(Se) = S(e,ery, = F (" < (c,c)a)(5er)-

Since the restriction maps are projections to the a-th component (Definition 5.23),
this enforces that agent a decides identically in both global states ¢ and ¢’. The
section condition captures then the determinism and termination requirements
that causal consistency encodes (Definition 5.11). When combined with the stalks
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that contain only task consistent outputs by construction, a section satisfies all
criteria for a solving terminating decision function. We formalize now this corre-

spondence.

» Lemma 5.31 (Correspondence of sections and decisions). Let S be a system slice
over an execution cut A4, T a task, and F: Cell(S) — Cset the corresponding
task sheaf. A family (s,)accen(s) is a section of F if and only if the assignment
d(ma(c)) = Ou. 1a}(sc) defines a terminating decision function solving T on the

causal closure of A. <
Proof. We proceed with each direction separately.

= Assume that (5,)accen(s) is a section and consider the agent-wise candidate
decision function d(7,(c)) = Jy. {a}(sc) for each agent a and global state
c in ccl(A). We verify now that d satisfies termination, determinism and
task satisfaction from Remark 5.2. By Definition 5.23, we have that the stalk
F(c) = mo(r;'(i(c))) contains only valid output simplices for its inputs.
Since s. € F(c), the assignment of d satisfies task satisfaction.

For determinism and termination, suppose that ¢ ~, ¢’ or ¢ <, ¢’ within
ccl(A). By Definition 5.11, both relations are contained in ~,, as such
(c,c’) €x~,, and so by Definition 5.17, there exists a 1-cell (c, c’), € Cell(S).
Note now that the section condition of Definition 5.30 requires that 7 (c <
(c,¢)a)(5c¢) = 5(c,e),- This means that, for agents U. in ¢, dy, 14} (Sc) = S(c,e).-
The same holds for ¢/, meaning that dy7, 141 (5¢/) = 5(c.cr),- Assuch, d(7,(c)) =

d(m,(c")), completing the conditions for a terminating decision function.

< Assume that d is a terminating decision function on ccl(A) and consider
the family s. = (d(7,(c)))scv. and s c), = d(m,(c)) for each (c,c’) €~,. By
Definition 5.23, a task sheaf assigns only valid outputs to each stalk, and
so by task satisfaction, each s, € F(c). By Definition 5.17, for each pair
(c,c’) €, there exists one 1-cell (c,c’), € Cell(S), meaning that the values
of 5(c ¢, are defined for all 1-cells. By Definition 5.11, for (c, c’) €=, it holds
either that ¢ ~, ¢’ or ¢ <, ¢’. As d satisfies determinism and termination, we
have that d(7,(c)) = d(m.(c’)). Since the definition of s /), is independent

of which endpoint is used for its definition, it is well-defined.
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In order to verify the section condition of Definition 5.30, consider any face
relation ¢ < (c,c’),. Recall that s. and s ), are defined by d as s, =
d(m,(c)), and s = (d(mz(c)))wev., and note that by Definition 5.23 the
restriction map is F(c < (c, c),) = Ju., 14}, Which projects to the a-th compo-
nent. As such, we have that 7 (c < (c,c’),)(s¢) = Ou. fa} ((d(70(C)))wrecv.) =
d(ma(c)) = S(e,er),- Thatis, s, is a section.

We illustrate this correspondence with the c-agreement task in Example 5.32,
where relaxed constraints with respect to binary consensus enable the existence of

sections.

» Example 5.32 (Approximate agreement). We demonstrate through the c-agreement
task how relaxing the agreement constraints affect the existence of sections. Recall
from Section 2.2.1 that s-agreement requires two agents with inputs (v, vp) to
decide values (d,, d;) that are within the convex hull of the inputs (VALIDITY) and
within ¢ distance of each other (AGREEMENT), i.e., |d, — d,| < €. Note that, while
smaller ¢ provides more valid combinations of output values, each interval is
more tightly constrained, reducing the flexibility when constructing sections.

Consider the lossy link message adversary with two agents A = {a, b} and
binary inputs {v,, v, € {0,1}}. We take the system slice after one round where
at most one message may be lost, as in Example 5.26. The global states are of
the form (v,, vy, com), where com € {<, <>, =}, displaying the input values and
the pattern of message delivered. The corresponding task sheaf with ¢ = 0.25 is
constructed according to Definition 5.23 and displayed in Figure 5.3. The stalks
above each global state (0-cells), depicted as the values connected by a dashed
lined, are constrained by VALIDITY, which are singletons whenever the inputs are
identical. Note that such states (1,, 1, ) and (0,4, 0,, —) form a boundary with
decisions (1,, 1) and (0,4, 05), respectively, where the intermediate global states
must bridge this gap.

The values shown in yellow trace a candidate section, starting from the forced
decision of (1,,1,) at state (1,, 15, —). By following the alternating agent edges
(1-cells), the value of the corresponding agent is preserved at each step, while
the other is allowed to move by at most 0.25. Each choice is required as the
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Figure 5.3

Task sheaf for e-agreement at ¢ = 0.25. The stalks are shown as gray boxes above
each cell, connected by the dashed line. Yellow values show a candidate section,

where the mismatch is marked red. Green values are two valid assignments for

the given constraints, while yellow ones are forced as the only options.

best attempt at global consistency, which fails at the edge ((0,, 1., =), (04, 05, =) )a,

where agent a at the left cell could choose between values {0.25,0.5,0.75} in order

to respect agent b’s fixed value of 0.5, but at the same time the right cell required a

choice of value 0. The red highlighted values mark this incompatibility. In contrast,
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at global state (1,, 0,, <—), the only constraint comes from the fixed decision of 0 for
agent b from the left cell, making two possible assignments equally valid, marked
green. Had the slice continued further, there may have been an equal or smaller
number of options, including possibly none.

Alternatively, Figure 5.4 shows the task sheaf for ¢ = 0.5. Although the stalks
contain fewer elements, each step cover a larger interval of possible decisions.
This sheaf admits a valid section, indicated by the yellow chain with the following

values.
$(1a1p,0) = (Las 1), S((La,11:4), (0, 16))y = b5
5(0a,1p,¢) = (0.54, 1p), 5((0as1pse),(0a,1,¢3))a = 0-94,
5(0a,1p,43) = (0.54,0p), 5((0a,1ps¢5),(0a,15,—5)), = 0.0,
5(0a,1p—) = (0a; 0p), S((0a,15,—),(0a.0p,—))5 = Ob,
$(0a,05,—) = (0a; Op).

By Lemma 5.31, this section corresponds to a terminating decision function
from local states (v, m), where m is the message received or L if no message has
arrived, to output values in O. The decision of each agent can be extracted by
associating each local state to the corresponding section, which will be unique, as
it respects causal consistency. The following map describes this instance.

v ifm=_1,
d(v,m) =< v +m

otherwise.

Note that the impossibility for ¢ = 0.25 is a consequence of the choice of
system slice, rather than inherent to the task. Additional rounds of communication
would grow the system slice to have sufficient intermediary global states between
the forced boundary decisions. For the lossy link adversary, each round doubles
the number of steps available in the chain of Figure 5.3, allowing agreement with
smaller values of ¢ to be solvable. <«

Example 5.32 demonstrates how the size of the stalks translates to a flexibility
in the choice of values, possibly enabling the existence of sections. In the case of
the approximate agreement task this is regulated by the ¢ parameter, where binary

consensus can be understood as one end of the spectrum where € = 0.
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Figure 5.4
Task sheaf for e-agreement at ¢ = 0.5. Yellow values show the only valid section,
while green values at are both valid choices.

Recall from Section 5.1 that system slices extract finite substructures with a
meaningful interpretation of task solvability. We make use of this observation to
establish that solvability in the original system frame reduces to the existence of
sections in the task sheaf associated to any terminal system slice.

» Theorem 5.33 (Characterization of task solvability). Let T be a task and S be a dis-
tributed system with system frame Kg. There exists a terminating decision func-
tion solving T in Kg if and only if there exists an execution cut A such that the
task sheaf 7 : Cell(S4) — Cset over the system slice S4 admits a section.

Proof. We proceed with each direction separately.

= Assume that there exists a terminating decision function d solving T in
Kg. By Lemma 5.4, there exists a terminal execution cut A such that for
every agent a € A and every global state ¢ € 4, it holds that d(7,(c)) # L.
Note that the restriction of d to ccl(A) satisfies determinism, termination and
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task satisfaction within the causal closure, as there properties are preserved
when restricting to a subset of global states. By Lemma 5.31, the family
(Sa)accell(s,), defined by s, = (d(74(c)))acu. for O-cells, and s 1), = d(m4(c))
for 1-cells, is a section of F. Therefore, there exists at least one section, i.e.,
['(Sa, F) # @.

< Assume that there exists an execution cut A such that the corresponding task
sheaf F: Cell(S4) = Cset admits a section (sa)accei(s,)- By Lemma 5.31,
the assignment d(7,(c)) = Jy. {a}(5c) defines a terminating decision function
on the causal closure ccl(A), that is, one that satisfies determinism, termi-
nation and task satisfaction. By Theorem 5.10, such properties verified on
ccl(A) extend to a terminating decision function solving T on the entire
system frame Kg.

Theorem 5.33 connects the operational perspective of distributed computing
with the topological perspective of sheaf theory, enabled principally by the locality
of system slices shown in Theorem 5.10 and the correspondence of sections and
solutions in Lemma 5.31. This characterization shifts the problem from searching
for a protocol to verifying the existence of sections, where for a given system model
and task, one must identify a terminal execution cut and compute whether the
induced task sheaf admits a section. When sections exist, they encode terminating
decision functions directly. The computational method needed for finding such
solutions through cohomology is the subject of the following section.

5.4 COMPUTING SOLUTIONS

While the characterization of Theorem 5.33 reduces task solvability to the exis-
tence of sections in the corresponding task sheaf, it does not provide a method for
tinding them. We close this gap by applying the standard cohomology theory for
cellular sheaves [Curl4, Chapter 7] to task sheaves, which allows us to transform
the conditions for a section to exist into a linear algebra problem. The approach
consists of linearizing the stalks of the sheaf as the free abelian group that they
generate, where the restriction map constraints assemble into coboundary oper-

ators, whose kernel captures all assignments that agree under restriction maps.
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Most notably for computational applications, such kernel can be found through
standard linear algebra, which translates to a finite search.

The cohomology machinery for cellular sheaves is developed using vector
spaces (sheaves valued in Vectg), while classical constructions from algebraic
topology use integer coefficients [Hat01]. We follow the latter, as in the context
of task sheaves, it suffices to extract from each stalk the specific set of decisions
associated to the agents of each cell. That is, at global states c, we look at the U.-
simplices, while at edges (c, ¢’),, we need only the local decisions at {a}-simplices.
This information assembles into the free abelian group generated by the sets of
decision values.

» Definition 5.34 (Free abelian group functor [Lan02]). The free abelian group functor
Z]—]: Set — Absends eachset X € Set to its free abelian group Z| X| = (|Z]X]|,+,0),
where the carrier set is

|Z]X]| = {an -2 | n, € Z, finitely many n, # 0}
zeX

whose zero is the empty sum and a coefficient-wise addition. Each function
f: X — Y is sent to the group homomorphism Z|[f]: Z[X] — Z[Y] given by

ZIAO Jne-x) =D na(f(2)

Equivalently, Z|—] is the left adjoint of the functor U: Ab — Set forgetting the

group structure. <
We can now define a linearized task sheaf.

» Definition 5.35 (Linearized task sheaf). Let 7 : Cell(S) — Cset be a task sheaf over
system slice S. The linearized task sheaf is the functor £: Cell(S) — Ab, where
Ab is the category of abelian groups, defined by applying the free abelian group
functor to each stalk after evaluating at the relevant set of agents:

e At 0-cell c with agents U.: L(c) = Z[F (c)(U.)];
e Atl-cell (c,c').: L((c,c)a) = Z[F(

e For restriction maps ¢ < (c,c’),: £
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The free abelian group functor comes with an embedding ¢y : X — Z[X] that
sends each element x € X to the corresponding generator 1 - z within Z[X]|. It lifts
to relate the task sheaf to the linearized task sheaf as follows.

» Definition 5.36 (Generator embedding). Let 7 : Cell(S) — Cset be a task sheaf and
L: Cell(S) — Ab its linearization. The generator embedding is a family of functions
{ta: F(a)(Uy) = L(a)}aecen(s), where U, denotes the set of agents at cell . Each
map ., sends a decision simplex ¢ € F(a)(U,) to its corresponding generator
element in the linearized task sheaf, i.e., 1 -0 € Z[F(a)(U,)] = L(«). <

» Example 5.37 (Linearized stalks). Recall the task sheaf 7 from Example 5.26 en-
coding the binary consensus task. Consider a global state (0,,1;, ++), whose
corresponding stalk F((0,, 15, *)) contains two valid output simplices, (0, 05)
and (1,,1;). The linearized stalk, by Definition 5.35, is then

*C((Ow Ly, H)) = Z[{(Oa, Ob)v (1!17 117)}] SN/

where each possible decision corresponds to one generator. More precisely, each
value from the stalk at 7 can be embedded in the linearized task sheaf £ as a
generator. For instance, the stalk at £ of (0,, 1, <+) is the group generated by
{2(04,05) +y-(1a,1p) | x,y € Z}, where v: (1,,1) +— 0+ (04,05) + 1+ (14, 1). <«

The abelian group structure of the linearized task sheaf allows us to express
the compatibility condition of sections as linear constraints. The data from the
stalks on 0 and 1-cells form a graded abelian group with the possible global and
local decisions at each level. A coboundary operator derived from the restriction
maps connects then those structures by measuring the failure of an assignment to
be consistent.

» Definition 5.38 (Cochain groups, coboundary operator and cochain complex). Let L:
Cell(S) — Ab be the linearized task sheaf on a system slice S. The 0- and 1-cochain
groups are given by the direct sums of stalks at 0- and 1-cells:

cLy= @ L, L= @ L)
ceCell(S) (c,c’)q€Cell(S)

For an arbitrary orientation on each 1-cell, the coboundary operator 6°: C°(L) —
C'(L) is defined component-wise by

50(¢)(&C’)a = E(C/ < (Cv C/)a>(¢C’) - £(C < (C, C/)a)((bC)
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Given an arbitrary ordering of 0-cells (cy, ..., c,,) and 1-cells (e, ..., e,), where
e; = (¢, ¢y, is oriented ¢; — ¢/, the coboundary operator can be represented as a
difference matrix D with rows indexed by 1-cells and columns indexed by 0-cells.

Fore; = (c;, c}), oriented ¢; — c;, the entries are
Dji==Z0v. (3], Djw =+Z0u., 4],  Djr=0fork ¢ {i,i'}
<

This construction follows from the standard cellular chain in [Cur14]. Each
element in the 0-cochain group assigns to each global state a linear combination
with coefficients in Z of the decisions, while elements in the 1-cochain group
assigns combinations of the agents” decisions to the edges. From such assignment,
the coboundary map computes the difference of the values obtained through the
restriction maps at each endpoint, in the direction of the orientation. That is, for
¢ € C°, the equation ¢"(¢) = 0 is true precisely when adjacent stalks agree after
restricting to the same agent’s decision. In fact, this equality is the definition of the

kernel of the coboundary operator, which is recovered in the zeroth cohomology
group.

» Definition 5.39 (Zeroth cohomology group). Let £: Cell(S) — Ab be the linearized
task sheaf, and let 6: C°(L) — C'(L) be the associated coboundary operator. The
zeroth cohomology group has as carrier

H(L) =ker(8”) = {p € C”] 6%(¢) = 0}
with operation and zero inherited from C°(L). <

» Remark 5.40 (Functoriality of cohomology and holes). More precisely, following the
standard cohomology construction [Curl4], our linear space of decisions is a
cochain complex (C', ). That is, a graded abelian group defined by a collection of
cochain groups {C"};eny and coboundary maps {4 };cn. However, for the purpose
of reasoning about the task sheaf, every cochain group for ¢« > 2 and cobound-
ary map for ¢ > 1 is trivial and this abstract perspective does not add much
information.

The importance of these constructions lies in the functoriality of cohomology,
defined as a functor 7*: Ch*(Ab) — grAb, where Ch*(Ab) is the category of
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cochain complexes and grAb the category of graded abelian groups, with the
following assignment

H(C, ) = ber(s) (0

which measures obstructions to extending local data globally, characterizing holes
in a space at dimension i. In the case of task sheaves, we restrict ourselves to
the zeroth cohomology, measuring failures of consistency at the level of decision
assignments, where the “hole” detection analogy can be recovered in Figure 5.3 of
Example 5.32. <

The zeroth cohomology group characterizes the assignments that satisfy the
section compatibility condition from Definition 5.30, expressed in this linearized
setting.

» Lemma 5.41 (Isomorphism of sections and cohomology groups). Let £: Cell(S) — Ab
be a linearized task sheaf. There is a natural isomorphism

HO(L) = T(Cell(S), L)
between the zeroth cohomology group and the sections of L. <

Proof. Observe that an element ¢ € C%(L) is in H°(L) if and only if §°(¢) = 0
(Definition 5.39). By definition 5.38, this means that, for every 1-cell e = (c,c’),,
the equation L(c < e)(¢.) = L(c’ < e)(¢e) holds, where ¢. € L(c). This is
precisely the condition for the compatibility of sections for £ from Definition 5.30.
As such, ¢ € I'(Cell(S), £). The group structure of I'(Cell(S), £) is inherited
component-wise from the abelian group structure of the stalks valued in Ab and

coincide as those form the cochain groups in Definition 5.38. ]

Lemma 5.41 is a special case of the standard identification of the zeroth
cohomology with global sections [Bre12], which now reduces finding sections of
the linearized task sheaf to computing the kernel of a coboundary operator. In
order to reason about the original task sheaf, we can look at which elements of
this kernel correspond to actual decisions instead of arbitrary linear combinations
added during the linearization, an information that we have through the generator
embedding of Definition 5.36. This allows us to reformulate characterization of
Theorem 5.33 in terms of the associated zeroth cohomology.
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» Corollary 5.42 (Characterization of solvability by the zeroth cohomology). Let T be a
task and S a system with system frame Kg. There exists a terminating decision
function solving T if and only if there exists an execution cut A such that the
zeroth cohomology group H’(L) of the linearized task sheaf £: Cell(S4) — Ab
contains an element ¢ with ¢. € im(..) for every 0-cell c, where ¢ is a generator

embedding. <

Proof. We want to connect task solvability to the cohomology of £. By Theo-
rem 5.33, the task T is solvable if and only if some terminal execution cut A
provides a task sheaf F: Cell(S4) — Cset with I'(S4, F) # &. We proceed with
each direction separately.

= Suppose that we have a section s € I'(S,F), i.e., a collection of csets
(S0 € F(a))accen(s). We construct a corresponding element in #°(L) by
defining a collection ¢ € C°(L), for every 0-cell ¢ in Cell(S), as the generator
embedding ¢. = tc(sc(Uc)), per Definition 5.36. By construction, we have
that ¢. € im(..). In order to verify that ¢ € H"(L), we need to show that
6°(¢) = 0. For that, consider any 1-cell e = (c, ¢’),, which by the section con-
dition for s (Definition 5.30) says that 7 (c < e)(s.) = s, = F(c’ de)(se). By
the functoriality of the Z[—| (Definition 5.34), applying the free abelian group
functor to this equation gives us Z[F (c < ¢e)|(¢c) = Z[F (c¢' < e)|(¢er), which
is precisely the requirement that 0°(¢). = L(c¢’ < e)(¢e) — L(c < e)(¢e) =0
by Definition 5.38. As the 1-cell was arbitrary, we have that ¢°(¢) = 0, and
hence ¢ € H°(L).

< Suppose that ¢ € H"(L) satisfies ¢. € im(..) for all O-cells c. We want
to extract a section s € I'(S, F) from this element. Since each ¢. is in the
image of the generator embedding, we know that there is some unique
o. € F(c)(U.) such that ¢. = tc(0.), where the uniqueness follows from
the injectivity of the embedding. We verify now that s = (0c)cccen(s) is
indeed a section. For that, consider any 1-cell e = (c,c’), and note that,
Definition 5.39, ¢ € H"(L), defined as ¢(¢) = 0. That is, rewritten with
Definition 5.38, Z[0y, (a}|(¢c) = Z[0u,, {a})(¢e). Since ¢ = tc(0c) and ¢ =
Lo (0cr) are both generators, i.e., not linear combinations, this equality in the

free abelian group implies the equality of the underlying elements. That
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is, Ou, 4ay(0c) = Ou,, qay(0c). This is precisely the condition for a section,
F(c de)(oe) = F(c" de)(oe) from Definition 5.30. As such, s = (0c)cecen(s)
defines a section and, by Theorem 5.33, the task T is solvable.

Corollary 5.42 is an immediate consequence of framing task solvability in
terms of cellular sheaves, and transforms the search for sections into a constructive
procedure. First, we compute the kernel of the coboundary operator, which
consists of solving a linear system over Z. Second, we verify whether any element
of the kernel has each of its components lying in the image of the generator
embedding of Definition 5.36. Note that, since the task specification has finitely
many simplices and the system slice have finitely many cells (Lemma 5.9), this
verification consists of checking membership in a finite set for each 0-cell. While
the kernel computation itself is efficient, the procedure involves searching through
potentially many elements of the kernel.

We illustrate now this cohomology computation with the task sheaf for -

agreement from Example 5.32.

» Example 5.43 (Cohomology computation). Consider the fragment of the task sheaf
for c-agreement with ¢ = 0.5 of Example 5.32. We compute explicitly the difference
matrix and zeroth cohomology for 0-cells ¢; = (04, 15, =), c2 = (04, 13, ), and
1-cell e; = (cy,ca),. Recall that the delivery patterns <— and < indicate that in
both global states agent a received b’s message, while only in one did b receive
a’s. This means that a cannot distinguish c; and c,, witnessed by e, and the
decision function must assign the same output for a in both states. The stalks
(Definition 5.23) at both 0-cells contain the valid outputs for the input (0,4, 1;)

under € = 0.5:
Flen{a,b}) = Flea)({a.0}) = {(0): (63) (7): 03): (7). (o) (1)}
At the 1-cells, the stalk contains all possible local outputs for agent a:
F(e)({a}) ={0,0.5,1}

The 0-cells at the linearized task sheaf (Definition 5.35) have as stalks £(c;) =
Z|F (c;)({a, b})] the values obtained with the following seven generators (Defini-
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tion 5.34)

g1=0) 9= (35) = (%) 9a=(3) 55 = (V) 96 = (555) 97 = ()

while the three generators of £(e) = Z[F (¢)({a})] are identified as
fo=0fo5=05fi=1
The cochain groups (Definition 5.38) are then their amalgamation, expressed as
COL)=L(c;) D L(co) XZ DT CH (L) =L(e) 27

where the restriction maps L(c; < e) = Z[0{ap},{a}) pProject each output to the
component of agent a, inducing the linear map sending each generator g; to the
corresponding generator fj:

g1 = (8) = fo, g2 = (095) = fo, g3 = (0{)5) = fos,

g4 = (8:2) = fos, g5 = (015) = fos, g6 = (0%5) = fi, gr = (i) = f1.

This can be expressed as a matrix with rows indexed by { fy, fo.5, f1} and columns
indexed by {¢1, ..., g7}, i.e.

1100000
R,={0 011100
000O0O0OT1T1

We can derive now the coboundary operator (Definition 5.38) by orienting the
edge as ¢; — ¢y, where it becomes ¢°: C°(L£) — C'(L) given by

50(¢)8 - L(C2 < 6)<¢C2) - £(C1 < 6)(¢C1) = RaquQ - Ra(bm'

whose corresponding difference matrix D, with columns indexed by {¢{", ..., g7,

g1%, ..., g:2}, is as follows.

-1 -1 0 0 O 0O 0 1 1 0 0 0 O
D = (—Ra Ra) = o 0 -1 -1 -1 0 0 0 0 1 1 1 0
o o0 o0 o O0O-1 -1 o0 0 0 0 O

Note now that an element ¢ = (¢, , d¢,) € CY(L) is in the kernel ker(D) if and

only if R,¢., = R.¢.,. Furthermore, a section corresponds to an element in the
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kernel where both ¢., and ¢., are generators. For instance, for ¢., = g3 = (0(‘]5)

and ¢c, = g1 = ({7), both have 0.5 as its a-component. As such,

0
Rogs = Roga = | 1| = fos.
0

which corresponds to ¢ € CY(L) being the vector with coefficient 1 at positions
gs' and g;?, and zeros elsewhere. It can be verified directly then that D¢ = 0,
confirming that ¢ € H°(L). Since both components are generators, this element is
in the image of ¢, and as such ((%’), 0.5, (J)) defines a valid local section to this
piece of the task sheaf. <

The reformulation of Theorem 5.33 in terms of the cohomology of the lin-
earized task sheaf in Corollary 5.42 gives us a constructive procedure for assessing
task solvability.

» Theorem 5.44 (Semi-computability of task solvability). Let T be a task and S be a
system with system frame Cg. The problem of determining whether there exists a

terminating decision function solving T is semi-computable.

Proof. We describe a procedure that halts if and only if T is solvable, and then
outputs a terminating decision function.

The procedure consists of enumerating execution cuts Ay, A,, . .. in increasing
depth, where depth is the maximum number of computational steps taken by any
agent. For each cut A;, we perform the following. First, we compute the causal
closure ccl(Ay) (Definition 5.7) and construct the system slice (Definition 5.13).
Second, we build the task sheaf F: Cell(S4,) — Cset (Definition 5.23) and
linearize it as £: Cell(S;) — Ab (Definition 5.35). Third, we use the restriction
maps of £ to assemble the coboundary operator 0°: C° — C' as a difference matrix
D over Z (Definition 5.38). Fourth, we compute a basis for ker(d°), i.e., the zeroth
cohomology group H°(L) (Definition 5.39), by some method such as Smith normal
form. Finally, for each basis element ¢ € H°(L), we check whether ¢. € im(..) for
every 0O-cell ¢ € ccl(Ay), where ¢ is the generator embedding of Definition 5.36. If
such ¢ is found, let o, be the unique simplex with ¢.(o.) = ¢., which exists since
$c € im(tc). We define then a decision function d by d(7,(c)) = du, a3 (0c) for each
agent a € U.. This procedure then halts and outputs d.
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In order to assert correctness, suppose T is solvable. By Theorem 5.33,
there exists a terminal execution cut A* whose task sheaf 7 admits a section
s € I'(S4+, F). As the enumeration eventually reaches A*, Corollary 5.42 guaran-
tees that «(s) € H(L), where the image (s) € H"(L) has each component ¢.(s.)
in the image of /., meaning that the procedure halts. The output d is a terminating
decision function by construction, as shown in Corollary 5.42. Consider now that
the procedure halts with some ¢, in which case Corollary 5.42 provides a section,
hence T is solvable by Theorem 5.33. ]

Theorem 5.44 provides a constructive procedure that is guaranteed to provide
a positive answer to task solvability in finite time, while a negative answer would
require an unbounded search. The procedure described reduces the geometrical
question of existence of sections to a linear algebra computation over Z, where the
kernel computation of the coboundary operator is efficient [StoO0] and captures
all assignments that are consistent across adjacent cells in the system slice. This
is followed by a generator embedding test, consisting of a finite membership
check. The kernel elements passing this test are in bijection with the sections by
Corollary 5.42, making it possible to synthesize a terminating decision function
directly from each such element, as shown in Theorem 5.33.

Furthermore, because of the agent task sheaf decomposition shown to uniquely
merge as a global task sheaf in Theorem 5.29, the cohomology condition for task
solvability of Corollary 5.42 can be similarly reformulated to agent-wise condi-
tions. Note that the coboundary operator decomposes along the agent indices of
the 1-cells, and the generator embedding test can be performed independently for
each agent component. As such, the computation described in Theorem 5.44 could
be meaningfully done in a distributed manner, with local kernel computations
composed into a global section when one exists. Such parallelization reflects the
locality of the cellular sheaf structure, where the consistency constraints are local
to an agent and verifying them only needs information local to the adjacent 1-cells.
This mirrors the distributed nature of the original coordination problem, where
agents must reach consistent decisions using only local information.
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5.5 CONCLUSION

This chapter established a sheaf-theoretic framework for reasoning about dis-
tributed task solvability, transforming the question of whether a terminating
decision function exists into whether local causal consistency constraints can be si-
multaneously satisfied. The framework complements the combinatorial topology
approach [HKR14], where the connectivity of the execution state space remains a
key property of analysis, by providing instead a compositional and computation-
ally adapted perspective. Three results make this precise. The decomposition of
Theorem 5.29 shows that task sheaves arise uniquely from agent-wise components,
enabling a modular reasoning about individual constraints. The characterization
of Theorem 5.33 identifies task solvability with the existence of global sections, a
central object in sheaf theory. The cohomological reformulation of Corollary 5.42
and the semi-decidability of Theorem 5.44 convert this existence question into a
linear algebra problem with a constructive procedure.

By first defining a system slice (Definition 5.13), the properties of determinism
and termination of a decision function are externalized into structural conditions.
Constructed as a finite substructure of the system frame via an execution cut
(Definition 5.3), the slice limits the scope of evaluation by a frontier where every
execution must pass, while the causal closure (Definition 5.7) adds all global states
whose local information could constraint decisions at the frontier, which in turn
are encoded in a unified causal consistency relation (Definition 5.11). The resulting
system slice naturally forms a cellular category (Definition 5.17), providing the
combinatorial domain required for the definition of cellular sheaves. The task
specification is then restricted to the constraints pertaining individual global states,
defining the space of decision functions (Definition 5.20), effectively separating
the structural requirements of the system’s execution from the data requirements
of the task.

The task sheaf (Definition 5.23) formalizes the relationship between system
and task as a cellular sheaf, assigning to each global state the possible decision
values, with restriction maps enforcing the agent-wise consistency. This sheaf
decomposes uniquely into agent task sheaves that can be defined independently
beforehand and then composed (Theorem 5.29). These structures are the site for the

main characterization result: a terminating decision function solving a task exists
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if and only if there exists a task sheaf with a global section (Theorem 5.33). That
is, the task solvability question is transformed into a local-to-global consistency
problem. By linearizing the task sheaf (Definition 5.35), the problem of section
existence becomes the computation of the kernel of a coboundary operator over
the integers (Corollary 5.42). This zeroth cohomology group captures precisely
those assignments that satisfy all consistency constraints, while checking which
kernel elements correspond to decisions provides a semi-computable procedure
for constructing solutions when they exist (Theorem 5.44).

It should be noted that task sheaves developed here are limited to distributed
tasks definable as a static relation of input and output values, where each execu-
tion leads to a final decision. Stabilizing tasks, where the output may vary within a
valid set, would require relaxing the termination condition encoded in causal con-
sistency, and generalizing the decision values to accommodate the intermediary
stabilizing states. For context-dependent validity, such as with reactive systems, a
sheaf of decision functions rather than decision values may be more appropriate.
In such cases, the decision process would depend not only on agents but on their
context, making the representability argument of Lemma 5.22 less direct unless it
too is externalized into the base category®.

The assumption of locally finite system slices also warrants attention, as
it restricts the analysis to bounded executions defined by terminal cuts. While
the execution cut enforces the finiteness required for computations, it excludes
systems where global states may remain indistinguishable indefinitely, such as
certain asynchronous ones. For those cases, additional assumptions such as
bounded delays are required to ensure the existence of an informative finite
cut. A separate concern arises from the computational complexity. The semi-
computability of Theorem 5.44 relies on checking the generator embedding for
elements of the kernel, and the stalks may grow exponentially with the number
of agents according to the task specification. Exploiting the structure through
representability (Lemma 5.22) and the agent-wise decomposition (Theorem 5.29)
remains important for practical applications, while a proper complexity analysis
is warranted for further considerations.

°A hint of this generalization is mentioned in Chapter 6 as chromatic semi-
simplicial sets with decision values.
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The sheaf-theoretic framework introduced in this chapter opens multiple
avenues for future work. A natural first direction is to lift the procedure of testing
different system slices to a categorical level, seeing the choice of deeper execution
cuts as morphisms between task sheaves. The sequence of inclusions between
slices should induce a corresponding sequence of sheaves, and solvability may
be expressible as a property of this sequence rather than of individual slices. The
structure of the task sheaf could also incorporate higher-dimensional cells into the
base cellular category, which currently contains only (n — 1)- and 0-dimensional
cells, corresponding to global state and agent-wise constraints. Since it was
shown in [Gou+23] that higher-dimensional simplices encode forms of group
knowledge in csets, incorporating these intermediary cells may capture constraints
that emerge from the interaction of multiple agents, beyond pairwise consistency.
Furthermore, it would be interesting to explore the flexibility offered by the space
of decision functions in Definition 5.20, which requires only a simplicial map
defining assignments.

Another direction comes from understanding the relationship with the other
topological characterizations of distributed task solvability. The point-set topo-
logical approach of [NSW24] defines a distance between executions based on
how long processes take to distinguish them, with consensus characterized by
the disconnectedness of this space. This distance naturally induces a filtration
on the execution space, where executions that diverge later are closer than those
that diverge earlier. The sequence of system slices we construct, parametrized
by the depth of execution cuts, mirrors this structure, where deeper cuts provide
finer slices that can distinguish more states across executions. This suggests in-
vestigating how the cohomology of these sheaves evolves as the slices take later
states. As the finer system slices should only gain in capacity to distinguish global
states, seen analogously in Chapter 4 with the spatial knowledge persistence of
Theorem 4.13, the obstructions present at a given depth can vanish, but not appear
turther along an execution. A question comes as whether this sequence stabi-
lizes, or whether a vanishing cohomology at some finite depth could characterize
solvability.

Finally, the spectral cellular sheaf theory developed since [[Han20], where a
sheaf Laplacian operator models diffusion of data across the sheaf, suggests a
quantitative approach to task solvability. Minimizing an appropriate sheaf Lapla-
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cian would correspond to finding assignments that best satisfy the consistency
constraints, even when exact sections do not exist. This interpretation frames solv-
ability as a distributed optimization problem, where a possible decision function
is iteratively adjusted towards a consistent assignment, and distance between an

exact solution and the closest approximate solution could quantify the “difficulty”
of a task.
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O passado ndo reconhece o seu lugar: estd sempre presente.

“The past does not recognize its place: it is always present.”

— Mario Quintana, Caderno H [Qui73]

ITERATED ALGEBRAS OF DISTRIBUTED PROTOCOLS

We have so far reasoned about multi-robot systems as static objects obtained from
their possible behaviors: system frames in Chapter 4 define relations between the
possible executions of a fixed protocol, while task sheaves in Chapter 5 define
topological constraints on these executions. Both forget the generative process
behind such structures, the executions and system runs from Chapter 3, and
impose properties such as the knowledge persistence in communication rounds.
This chapter provides an algebraic framework that unifies protocol specification,
execution generation, and decision computation within a single categorical model.
More precisely, this chapter describes a categorical model of iterated distributed
protocols, defined through an endofunctor algebra subsuming multiple protocols
in the literature. These algebras form models for a different temporal-epistemic
logic, allowing us to reason about the knowledge throughout the iterations of
distributed systems, including multi-robot systems.

The key insight lies in the modeling of communication protocols as structure-
preserving transformations rather than operational procedures. The understand-
ing of a protocol as a specification of the possible communication patterns across
rounds of execution naturally takes the form of a functor, which maps each set

143
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of participating agents to the (distributed) state space they can reach. While a
single application of this protocol functor describes one iteration of communica-
tion, they can be endowed with an algebra structure in order to relate successive
rounds, specifying how to embed the output of one round back into its input.
The respective free algebra encapsulates any successive protocol applications,
collecting all reachable states in a finite number of rounds. We further leverage
the simplicial structure of csets and assume a similar epistemic interpretation
of [Gou+23] as encoding the indistinguishability of global states, now with a
temporal component provided by the free algebra. As such, the persistence of
knowledge that was assumed as an axiom in models of system frames, now arises
as a theorem about morphisms of semi-simplicial models (Theorem 6.29). This
framework can also be extended beyond communication to concrete protocols that
compute and update numerical data. By enriching the state space with decision
values, protocol functors can be lifted to track explicit values where local decision
functions specify how agents update them at each round. Decisions allow us to
model robot protocols, and their interpretation as decision predicates connects
back to the spatial task specifications from Section 4.3.

This chapter is adapted from [Gou+25], a joint work with Eric Goubault,

Roman Kniazev, Jérémy Ledent and Sergio Rajsbaum.

Related work Our algebraic framework builds on the protocol complex approach
to task solvability of Herlihy, Kozlov and Rajsbaum [HKR14], reformulating their
geometric constructions on simplicial complexes as functors on chromatic semi-
simplicial sets, which offer a better behaved categorical setting. This approach
shifts from an operational to a categorical perspective, where protocol complex
(functors) arise as left Kan extensions of simpler functors on agent subsets, where
Yoneda extensions [GZ67] generalize them to the entire distributed state space.
The universal properties of free algebras then show protocol iteration admits a
canonical construction via varietors [Trn+75].

The connection between simplicial structures and epistemic logic was estab-
lished by Goubault, Ledent and Rajsbaum [GLR21], where simplicial complex
models are shown equivalent to Kripke models. Their framework extends to
dynamic epistemic logic (DEL) [vDHKO7] through simplicial action models. We

follow a similar path by interpreting temporal-epistemic formulas on free algebras,
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where the iterative structure is embedded in the algebra rather than requiring
an external operational semantics. In the case of immediate snapshot protocols,
our temporal operators capture updates analogous to public announcements
[BMS98]. We incorporate fault models similar to recent works [GLR22; Gou+23]
providing an epistemic interpretation to crash failures. Dynamic networks [KO11]
provide the main communication model that we generalize, recovering immediate
snapshot as a special case.

The enrichment of chromatic semi-simplicial sets with decision values fol-
lows from the topos-theoretic perspective [MIM94], where dcsets arise as a slice
categories over decision assignments. This allows us to model concrete protocols
where agents update numerical data, such as averaging for fault-tolerant coordi-
nation [TLV24]. The connection to multi-robot systems follows from Alcéntara et
al. [Alc+19], who show the equivalence between asynchronous luminous robot

models and wait-free shared memory, revealing their common protocol topology.

Chapter organization Section 6.1 reviews the protocol complex approach in
distributed computing and shows that they naturally give rise to protocol functors
of chromatic semi-simplicial sets (Definition 6.6). Multiple examples instantiate
this framework: immediate snapshot protocols, dynamic networks, and syn-
chronous protocols with crash failures (Examples 6.9 to 6.12 and 6.14), showing
how different communication models arise as instances of the same functorial
structure.

Section 6.2 reviews endofunctor algebras as models for transition systems,
leading to the definition of an algebra of protocol complex functors modeling the
iterations of a distributed system. Those are proven to induce a natural algebra
structure (Lemma 6.15) and to be varietors (Corollary 6.21), hence admitting free
algebras that canonically capture all configurations reachable through unbounded
iteration from any initial state, allowing to recast the simplicial task solvability
condition in our framework (Example 6.22).

Section 6.3 defines a temporal-epistemic logic whose semantics is given by
semi-simplicial models over free algebras (Definitions 6.25 and 6.27), where the
knowledge gain property (Theorem 6.29) for positive epistemic formulas emerges
directly from the categorical structure.
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Section 6.4 shows that the chromatic semi-simplicial sets can be enriched with
decision values via protocol functors with decisions (Definition 6.36), allowing
us to model multi-robot systems (Example 6.37). Furthermore, local decision
functions are also integrated into concrete protocols (Definition 6.40), capturing
iterative decision updates, such as averaging protocols (Example 6.42). The alge-
braic model is then extended with decision predicates, providing exploration and
gathering task specifications (Examples 6.45 and 6.46).

Concluding remarks and future directions are discussed in Section 6.5.

6.1 FROM TRANSITION SYSTEMS TO PROTOCOL FUNCTORS

Up to now, we extracted information from mathematical objects encoding the
possible executions of a distributed multi-robot system. Chapter 3 provided
the trajectories and their execution abstractions, and those gave rise to system
frames, which enhanced with spatial information in Chapter 4 defined models
of knowledge over time. The same frame construction was then lifted to task
sheaves in Chapter 5, formally relating its causal and epistemic structures to task
solvability. We now turn to the iterative process behind these execution structures,
formalizing the stepping operation of a distributed system as an algebra on a
structured state space.

Endofunctor F-algebras formalize algebraic transition systems, which we
will later lift to the distributed setting.

» Definition 6.1 (F-algebra). Let 7 : C — C be an endofunctor on a category C.
An F-algebra is a pair (C,a), where C' € C is an object and a : F(C) — C'is a
morphism in C, called the algebra structure of C.

Let (C,a) and (C', ') be two F-algebras. Then f is a morphism of F-algebras
from (C,a) to (C',d’) if and only if f : ¢ — (’ is a morphism in C and the
following diagram commutes:
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<

We start by noting that the standard deterministic transition system, where
the transition function can be understood as a stepping operation that provides a

new state for each state and action pair, in this algebraic structure.

» Example 6.2 (Deterministic transition system as an F-algebras). A deterministic transi-
tion system consists of a set of states 5, a set of actions A and a transition function
7 : 8 x A — S specifying what state s’ € S is obtained from each pair (s, a) of state
and action.

The transition system (.5, A, 7) can be seen as an F-algebra (S, a) over an
endofunctor over the category of sets Set defined on objectsas 7 : S +— S x A. A
function a : S x A — S matches the transition function 7 by assigning to each to a
pair (s, a) a state .

The algebra structure (C, a) decomposes the transition system in a state space
(the carrier object (') and its transition dynamics (the functor 7 and map a). The
functor F sends a set of states to the possible pairs of states and actions, defining
the signature of the possible operations. The map a completes it by giving its
interpretation, as it specifies what happens (which state is reached) if one does

follow the transition from some pair of state and action. <

A distributed multi-robot system lifts this structure from sets to chromatic
semi-simplicial sets. Rather than having states represent a single computational
entity, they are an amalgamation of local states with enough structure to encode
how they relate to each other. Analogously, the operation must now encode the
local stepping operation of each robot. This leads us to lift this encoding from sets
of states to chromatic semi-simplicial sets of states, as shown in Section 2.3.3 to be
a useful algebraic encoding of such distributed structures.

Recall that a chromatic semi-simplicial set, abbreviated cset, is a functor
X : TP — Set, mapping subsets of agents' to sets of global states, also known as
configurations of the system. For a set of agents A, the category I" has as objects
the subsets U C A, and a single morphism 6y : U — V, whenever U C A.

'We maintain the generalization of the language introduced in Remark 5.1
to agents, which is specialized to either processes or robots, according to the
applications that will follow.
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For each subset of agents U € I', the cset specifies the set of U-simplices X (U)
representing all global states where precisely the agents in U participate. The cset
defines face maps dy v : X(V') — X(U), from the inclusions §; /, where the sub
global state X (U) is extracted from X (1) by forgetting the agents in V' \ U. The
set of all global states where only n agents are present is denoted X,,, which refers
to all U-simplices with cardinality n, i.e., {X(U) | U C A, |U| = n}.

The chromatic semi-simplicial sets will serve as our distributed state space,
as sets did in Example 6.2. Before defining the algebra structure that accompanies
them, we need to specify the requirements of a distributed “stepping operator”.
This operator is the role of the protocol in distributed computing, the procedure
that transforms sets of states through communication rounds. In the topological
approach of Herlihy, Kozlov and Rajsbaum [HKR14], the protocol complex cap-
tures all possible resulting configurations of states after applying a communication
protocol, while output values are obtained in a final decision layer (see Section 2.2
for a review of this approach). We lift this notion to a functorial setting, where
protocols become structured transformations of csets.

We describe now the properties that a protocol is assumed to present when
applied to a global state, which acts by providing all new global states it can jointly

transition into.

» Assumption 6.3 (Round-based communication). A protocol is round-based if it models
exactly one discrete round of communication. For a functor 7 : I' — [['P; Set]
modeling a protocol, this means that 7(U), for U € I', represents the cset of all

configurations reachable when agents in U step one round. <

» Assumption 6.4 (Oblivious communication). A communication protocol is oblivious if
it does not depend on the local states of the agents. A functor F : I' — [['P; Set]
is oblivious if its application to any subset of agents U C A, F(U), is entirely
determined by which U agents participate, making no reference to agents outside
U. <

» Assumption 6.5 (Wait-free communication). A protocol is wait-free if it takes into
consideration the possibility that only a subset of the active agents at a time will
participate in communication. That is, if A is a set of active agents at a round of

execution, but only B C A participate, due to the others being too slow or having
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crashed, then the resulting configurations of applying the protocol in A must
include the effects of communication having been done only on the smaller set B.

For a cset X : [ — Set and a functor F : I' — [['°?; Set| modeling the
effect of a protocol on every set of active agents, wait-freedom means that the
map F(dpa): F(B) — F(A)is a monomorphism, embedding configurations for
participating agents B into the space of configurations for all active agents A. In
other words, the possible configurations for 7 (A) must be valid independently of

non-participating agents, preserving inclusions. <

Assumptions 6.3 to 6.5 motivate the categorical structure of a protocol functor.
A round-based protocol acts on one time step at a time. An oblivious protocol
depends only on which agents participate, not on their specific states, suggesting
a domain indexed by subsets of agents rather than state configurations. A wait-
free protocol must produce valid outputs even when only a subset of agents
participate, requiring that restrictions to smaller groups remain consistent. These
considerations leads us to model a protocol as a functor F: I' — [['?; Set|, where
I" is the category of agent subsets. We now encode these three requirements into a
single categorical definition.

» Definition 6.6 (Protocol functor). A protocol functor is a functor F : I' — [['°P; Set]
that preserves monomorphisms. <

The preservation of monomorphisms encodes wait-freedom, while round-
based and oblivious properties come from F being defined on I'. The protocol
functor assigns to each U € I a cset F(U) representing all possible combined sets
of global states that may result from the protocol specification after one round.

» Lemma 6.7. Every protocol functor satisfies Assumption 6.3 (round-based), As-
sumption 6.4 (obliviousness) and Assumption 6.5 (wait-freedom). <

Proof. Let F: I' — [I'°P; Set| be a protocol functor and A a set of agents. For As-
sumption 6.5, consider B C A with the inclusion 0 5 4. Since F preserves monomor-
phisms and every morphism in I" is monic, F(dp,.4): F(B) — F(A) is a monomor-
phism of csets. This means that each component 7 (65 4)(V): F(B)(V) = F(A)(V)

is injective, so configurations reachable by agents in 5 embed into those reachable
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by agents in A, establishing wait-freedom. By construction, 7(A) specifies the
cset for agents in A for exactly one round, satisfying Assumption 6.3. The functor
is defined on sets of agents, ignoring non-participating agents and satisfying
Assumption 6.4. n

Note that the protocol functor operates on individual sets of agents. In order
to apply it to the entire distributed state space in a cset, the functor 7 : I' —
[['°P; Set| must be extended to the entire category of csets. This can be achieved by
extending 7 along the Yoneda embedding, which sends each U to the standard
U-simplex I'[U], defined as y : U + homp(—, U). This corresponds to a Yoneda
extension, a left Kan extension along the Yoneda embedding.

» Proposition 6.8 (Existence of Yoneda extensions [CZ67]). Let B be a small category,
C be a category. Every functor 7 : B — C defines a functor 7* : C — [B°; Set]
defined on the objects ¢ € C by F*(¢) = homc(F—, ¢).

B
|
[B°P; Set]

If C has small colimits, then F* has a left adjoint 7, : [B°?; Set| — C, called
the Yoneda extension of 7, which is the left Kan extension of 7 along the Yoneda

embedding y : B — [B; Set|. This extension ) is the unique functor preserving
colimits such that 7, (B[b]) = F(b) for all b € B. <

In our case, by taking B = I' and C = [['°?; Set], the Yoneda extension
F, o [I°P; Set] — [I°P; Set| extends the protocol functor to all csets via the universal
property expressed by the following commutative diagram.

r 2. [[°P; Set]

1/

[[°P; Set]
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The functor F, : [I'°P; Set] — [['°P; Set] is called the protocol complex functor.
It maps any input cset X to a protocol complex F,(X), which represents all
possible configurations reachable after one step of the protocol, starting from any
configuration in X'. The protocol complex functor can be computed pointwise as a
colimit for cset X : ' — Set as

F(X) = colimp,pyeex)F (U)

where ¢l(X) is the category of elements of the cset X, whose objects are pairs (U, o)
for each object U € I' and simplex ¢ € X (U), with morphisms (U,o) — (V, 1)
given by inclusions 0y, : U — V satisfying dy v (1) = 0.

Each simplex o € X (U) represents a global state where agents in U are active.
The protocol functor F(U) provides all successor global states this set of agents
reaches after one communication round. The colimit construction glues these local
protocol outcomes while preserving the relations between the different global
states present in X. More precisely, for each set U € I', the set F,(X)(V') contains
all U-simplices reachable by applying the protocol to some configuration in X.

The protocol complex functor 7, provides a general framework for modeling
iterated distributed protocols. We now instantiate protocols from the distributed
computing literature, first with an abstract definition of their corresponding pro-
tocol functors, followed by their concrete realizations. We start with the asyn-
chronous immediate snapshot (IS) model, a version of the shared memory model
introduced in Section 2.2.1. We later generalize it to arbitrary dynamic networks
and incorporate crash failures.

» Example 6.9 (Protocol functor: asynchronous immediate snapshot). Consider a shared
memory system with processes Il = {p, ..., p,} that activate asynchronously in
rounds and execute a full information immediate snapshot communication proto-
col. Each process p; has a private local state v;, and communicates by performing
a WRITE operation asynchronously in a shared memory at position z¥, for round
k. As part of the immediate snapshot protocol, the array of each round starts
clean, so to ensure that processes at different rounds do not interfere. Because
the protocol is full information, each READ operation retrieves the entire shared
memory of the corresponding round. That is, at round %, the process p; executes
the following steps.



6.1 FROM TRANSITION SYSTEMS TO PROTOCOL FUNCTORS 152

1. WRITE the local state v; in the shared memory, i.e., Tk

k.

n’

2. READ the entire shared memory, i.e., all values z¥, ... z

3. COMPUTE locally an update to its local state, i.e., v; « f(z¥,...,zF).

rrn

A full information immediate snapshot protocol can be modeled as a functor
Fig : I' = [I'P; Set] as follows. Let objects A € I' be a set of active processes
at some round. Then, Fis(A) is a cset composed of sets of simplices for every
B = {b,...,by,} C A of participating processes (those not too slow or crashed).
Its vertices are pairs (b;, v;) where v; is the view of the shared memory by b;. Its

B-simplices are compatible sets of such views, i.e.,

UZQA
Vi, 0 <i<m, b €y
‘FIS(A)<B): {(b07U0)>"'7(bm7Um)} .o ..
\V/ZL]? 0 < 1,] < m, (Ui g U]) or (U] g Ui)
Vi,j, Oéz,jém, bievjévigvj

(6.1)
and such that the inclusions of participating processes B’ C B are respected,
ie.,
Fis(A)0p.8) = Fis(A)(B) — Fis(A)(B')
{(bo, v0), -+ (b, vm)} > {(bi,v:) [ b € B'}
The functor Fs is defined on inclusions of active processes A" C A, the

morphism 0 4 4 € I" as follows.

fls((SA/,A)(B)Z fls(A/>(B) — ./—"15<.A)(B)
{(boﬂvo)"">(bm7vm)} — {(b0700)>"'7(bm’vﬂ1)}

From Proposition 6.8, the protocol functor Fis : I' — [['°P; Set] can be ex-
tended to a protocol complex functor Fg : [['?; Set| — [['°P; Set| describing one
round of the full information immediate snapshot for the entire distributed state
space given by an input cset X. More concretely, for each simplex o of X with
participating processes U C A, F s creates one copy of Fis(U) and glues all copies
according to the face maps of the X. <

We show now a specific instantiation of the functorial definition with its

execution by three agents.
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» Example 6.10 (Immediate snapshot with three processes). Consider three processes

II = {a,b, c} executing the full information immediate snapshot protocol with
initial states 20 = {a}, 2) = {b} and z? = {c}. The protocol is modeled as the
functor Fis from Example 6.9. The figure below shows the cset Fis(A) from
applying the protocol to the global state corresponding to A. The 12 vertices
Vo, . ..,v11 are the values obtained from Equation (6.1), while the 13 triangles
correspond to the sets of compatible views among the vertices.

V11 Vg
Each triangle corresponds to one possible execution of the system, where

the operations WRITE and READ of each process are intercalated respecting the
immediate snapshot constraints. For instance, triangle {vs, v4, v5} represents any
sequence of three WRITE operations, followed by any sequence of three READ
operations, all obtaining the same full view. Triangles with growing views, such
as {vg, vs, vs }, correspond to a sequential execution where process a performs a
WRITE followed by a READ, obtaining no new information, process b does the same
sequence without interruption and acquires the shared value of a and itself, and
likewise process c obtains the values of a, b and itself.

Note that for every subset of participating processes A’ C A, Fis(A’) is also
represented in the figure as a sub-cset of Fs(A), captured by the morphism of
csets Fig(dara) : Fis(A') — Fis(A). For instance, for A" = {a, b}, Fis(A’) consists
of the vertices {vo, v1, vs, vs} and the three edges between them. <

The immediate snapshot of Example 6.9 is an instance of a broader class of
protocol functors within our framework, that of dynamic networks [KO11]. Here,
the communication channels between agents may change (in directionality or

existence) at each round of execution of a protocol. Recall that this is modeled
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through time-varying communication graph, as in Definition 2.13, chosen by a
message adversary M that defines the set of possible graphs for each subset of
agents U C A. This allows to consider scenarios where agents have crashed and
the communication graphs are relevant only to those that remain. We cast now

the dynamic network model as a protocol functor.

» Example 6.11 (Protocol functor: oblivious dynamic network). Consider a dynamic
network system with agents A, specified by a family of oblivious message ad-
versaries (My)yca for each subset of agents U C A. Each )M, defines the set of
possible communication graphs when agents U are active, modeling time-varying
connectivity. Recall from Definition 2.13 that the view obtained by agent « in
communication graph G is denoted view (a), while active(G) denotes the set of
active agents.

The protocol functor Fpy: I' — [I'°P; Set] associates to each object U of I (a
possible group of agents) a cset Fpn(U) : I'P — Set. The cset Fpn(U) defines sets
of V-simplices, each representing one possible global state of a set of active agents
V C U, as follows.

o Vg U
Fon(U)(V) = S {{(v,viewg(v)) |v € V} | G € My for  otherwise (6.2)
some U’ C U, and V C active(G)}

Where each simplex corresponds to one possible communication pattern where,
among agents U under consideration, U’ are the agents that may communicate
according to the message adversary that chose M/, and V' C U’ are the agents
that actually participate in this round. The set is empty if it exceeds the agents in
U.

For each map V' C W of active agents, the following face maps are defined
in the cset Fpn(U). These maps forget agents while preserving their commu-
nication patterns, i.e., agents in V" have the same views that they had when W
was active. Note that they are well-defined by transitivity of active agents in
sub-communication graphs.

fDN<U)(5V,W> . JT"DN(U)(W) — fDN(U)(V)
{(w,viewg(w)) |w e W} +—  {(v,viewg(v)) |v e V}



6.1 FROM TRANSITION SYSTEMS TO PROTOCOL FUNCTORS 155

We look now at the possible morphisms between sets of agents in I', oy :
U — T, which are mapped to morphisms of csets Fpn(dpr): Fon(U) — Fpn(T),
defined as a family of functions as follows.

Fon(oor)(V) + Fon(U)(V) —  Fon(T)(V)
{(v,viewg(v)) [veV} +—  {(v,viewg(v)) |v eV}

Where these are well-defined because any communication graph G € M
for U' C U C T remains valid when considering the larger set 7. <

We illustrate now the protocol functor for dynamic networks in Example 6.11
using three agents in a reliable network, where no agents may crash and no
communication messages may be lost.

» Example 6.12 (Dynamic network with three agents). Consider three agents A = {a, b, c}
executing a reliable dynamic network protocol. The fact that the protocol is reliable
translates to a message adversary that defines, for each subset of agents U C A4,
a single communication graph My = Ky, the complete graph over U vertices.
Note that, even though the protocol does not allow for crashes or messages being
lost, in a single possible execution, the fact that we model wait-free protocols, as
per Assumption 6.5, forces us to consider the different subsets of agents that may
be active. This requirement can be seen in the definition of the protocol functor
Fpn(U) on an object U (Equation (6.2)), which chooses a subset U’ C U of agents,
and only those reliably communicate their views, which are collected by the other
active agents.

Concretely, rather than a single simplex, an application of Fpy gives us one
maximal simplex for each subset U’ C U. The figure below shows the morphism
Fon(0gap} faber) : Fon({a,b}) = Fon({a,b, c}), an inclusion of csets.
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FDN(0{ab},{ab,c})
® ©

@ ®

fDN({aab}) ]:DN({av b, C})

<

» Remark 6.13 (Immediate snapshot as a complete dynamic network). The immediate
snapshot appears then as the special case of the dynamic network model, where
the possible communication graphs of a set of agents U form an ordered partition.
That is, for a set of agents U C 4, its ordered partition is a sequence of subsets S =
(S1,...,8k),such that U;S; = U and S; N S; = @ for all ¢ # j. The communication
graph Gg associated to an ordered partition S has an edge a — b, for a,b € U
whenever a € S; and b € S; withi < j.

The immediate snapshot model is then cast as a dynamic network with
message adversary My = {Gg | S is an ordered partition of U}. The figure below
shows four of the thirteen possible communication graphs for agents A = {a, b, ¢},
alongside their respective ordered partitions.

VAN /\ VAN /\

Ch=c¢c9D Cph—cHD Che—=cHD Ch—cHD
{a,b,c} {a,b}, {c} {c}.{a,b} {a}, {0}, {c}

<

The examples so far have shown how to model wait-free, asynchronous
systems with dynamic networks as protocol functors, without explicitly handling
failures yet. We now close this gap with the following example, which shows
how our framework naturally extends to model crashes with restrictions to the

message adversaries.
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» Example 6.14 (Synchronous fault-tolerant dynamic network). Consider a dynamic
network system with agents A = {a4, ..., a,} that communicate via synchronous
message passing. Each agent ; has a private local state v;, an output buffer z}, and
an input buffer xf Jforjed{l,... ,?, ...,n}. Note that the input and output buffers
of an agent form a single array of n values. At every round %, with communication
graph G, agent a; executes the following:

1. SEND the values contained in its output buffer z! to all other agents a;, i.e.,
h < x}, for every a; — ay;

2. RECEIVE the data that has reached it from each other agent and store it in its
input buffer, i.e., mf — xé, for every a; — a;, and 933 < 1 otherwise;

3. COMPUTE locally an update to its local state, i.e., v; « f(z},..., "), for some
computable function f.

The fact that the system is synchronous means that agents wait until all SEND
operations are complete before continuing to their next round. We consider
also crash failures, which may happen at any point during the round, before
or after sending any amount of messages, and are permanent, i.e., an agent
remains crashed in the following rounds. In a synchronous system, crashes can be
detected by not receiving a message at the end of the round from an agent that
executed a SEND in the previous round. A crashed agent q; is represented in the
communication graph by the absence of its reflexive edge a, — a,. See below five
possible communication graphs for agents A = {a, b, ¢} with message adversary
Mapey O {G1,G2,G3s,Gq, G5}

A
I\ /N 7\ /N 7\
Ch=cH Ch=c?Hd Cbe=cH Cb=cH Chb=cH
Gl G2 G3 G4 G5

Communication graph (G; shows one round of execution where no crashes oc-
curred and all messages were successfully delivered. All other four graphs display
agent a as the single crashed agent after sending 0 messages (G2), 1 message
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(G3 and G4), and 2 messages (G'5). Note that in the latter case of G5, agent a
finished all of its SEND phase. This message adversary is defined for any subset of
agents U C A by constraining all agents that are not crashed to execute all SEND
operations. That is,

My ={G CUxU |foralla € U, a — aimplies that forall b € U, a — b}

We consider now the synchronous dynamic network protocol with crash faults as
a protocol functor Fcp : I' — [['°P; Set|. The figure below shows the cset obtained
for Fer({a,b, c}).

The triangle ¢, corresponds to the execution through the communication graph
(i1, where all three vertices obtain the same view {a, b, ¢} because there were no
crashes. Each of the edges ey, e3, e, and es5, correspond to the executions through
graph G5, ('3, G4 and G5, respectively, where agent a crashes and does not belong
to the configurations anymore. Similarly, all isolated vertices represent the single
possible global state (in fact a local state) where two agents have crashed. Note
that, as the crash in G5 happened after all SEND operations were executed, it is
indistinguishable” to the crashless execution.

Consider now the extension of F¢r to Ficr : [['P; Set] — [I'°P; Set| by Propo-
sition 6.8, defined on csets rather than sets of agents. The figure below depicts
its application on an initial cset composed of two triangles (two global states)
glued along their bc-colored edge, where a has two possible initial states that are
compatible with those of b and c. The cset on the right can be identified as two
copies of the previous figure glued along their common edges and vertices.

>The consequences of interpreting such relations between simplices as epistem-
ically indistinguishable is related to epistemic logic, as seen in Section 2.3.2, and
will be further developed in Section 6.3.
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<

The protocol functors defined above provide the stepping operators needed
for formalizing distributed transitions systems in an algebraic setting. An input
cset X equipped with an algebra structure a : F,(X) — X forms a distributed
analog of Example 6.2. While the cset X constitutes the distributed state space,
the protocol complex functor 7, generates all possible next global states, and the
algebra map « relates the global states across subsequent rounds.

We formalize next these algebraic structures and the properties of their itera-

tions, recovering the execution of a distributed system.

6.2 ALGEBRAS OF PROTOCOLS

Similar to how the deterministic transition systems shown in Example 6.2 induce
an algebra (5,a: S x A — 9), the protocol complex functor can be equipped with
an algebra structure in order to model the distributed iteration of a protocol. Given
a compatible cset X: I'? — Set, a protocol complex functor F,: [I'°P; Set] —
[['°P; Set| induces an algebra carried by X that encodes how to generate and select
possible successor global states. Note how the state space is now encoded in a cset,
enjoying of extra structure that allows us to model the distributed global state as
glued local states.

While any morphism a: F,(X) — X induces an F,-algebra, for some cset
X, we can construct a canonical natural transformation ¢: 7, — id that maps
uniformly the distributed state space at the image of a protocol complex func-
tor, i.e., after one round, back to its starting point. Given a cset X, the algebra
map cx: F,(X) — X formally relates the effects of a communication protocol
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through an iteration. This mapping is done by “forgetting” the protocol details

and remembering only which agents participated in the communication.

» Lemma 6.15 (Protocol complex functor induces an algebra). Let 7 : ' — [['°P; Set| be a
protocol functor and let 7, : [I'°P; Set| — [I'°P; Set| be its Yoneda extension. There
exists a natural transformation ¢ : 7, — id[I'?; Set], such that for every cset X,

the pair (X, cy) is an F,-algebra. <

Proof. We prove first that, for any U € I', we can construct a canonical morphism
of csets fy : F(U) — I'[U], from a U-simplex to the standard U-simplex. This
morphism encodes forgetting the protocol complex structure obtained after one
round while maintaining which agents participated. For each U € I', define
fu : F(U) — I'[U] as the function, for every V C U, fy(V) from the set 7(U)(V)
of V-simplices of 7 (U) to the V-simplices of I'[U]. By definition, I'{U] is the Yoneda
embedding functor y : I' — [['°P; Set|, and so ['[U](V') = homp(V,U), which is a
singleton as I" is posetal. As such, there is only one choice, making it easy to verify
that fy; respects restriction maps and is indeed a morphism of csets.

We show now that all such morphisms fi; are natural in U, i.e., the collection
of morphisms {fyy : F(U) — I'[U]}yer forms a natural transformation f : 7 = .
Consider any inclusion 0y : U — U’ in I'. We have

F) L

Jf(dU,U/) Jﬁ’/(f;U,U’)
FU L

which commutes because ['[U](V), for any V' C U’, is a singleton and any two
functions into it are equal, thus the two paths above must be the same. As such,
f : F = yisnatural.

Having established that f is natural in U, we consider now the extension
of f : F = y from standard U-simplices to all csets with a Yoneda extension as
in Proposition 6.8. Since 7, = Lan,(F) and Lan,(y) = idjrer,set, by the univer-
sal property of the left Kan extension, there is a unique natural transformation
¢ : F, = id whose restriction along v is f, i.e.,, f = ¢ o y. Since ¢ exists with

components ¢ x, for X € [['P; Set], the pair (X, cy) defines an 7 -algebra. |



6.2 ALGEBRAS OF PROTOCOLS 161

The algebra structure (X, ¢ y) defines then a distributed transition system in
our categorical framework. The protocol complex functor generates all possible
successor global states after one round of communication, while the map cx
F\(X) — X projects those back to states at the beginning of the round. As such,
the algebra map tracks how the states relates across rounds, abstracting away the

internal functioning of the communication protocol.

» Example 6.16 (Crash fault protocol complex functor algebra). Consider the protocol
complex functor Ficp : [I'?; Set] — [I'°P; Set| for a synchronous protocol with
crash faults, and the cset X with two triangles below, both from Example 6.14. In
the Fcp-algebra (X, a), the map a : Ficp(X) — X is a morphism of csets sending
simplices in Ficp(X) to simplices in X, such that the face maps are respected.
While the protocol complex functor generates the distributed state space after one
round of execution, the map a connects the simplices (the distributed states) to
their operational specification. Some of the arrows in a are depicted in the figure
below. Note that the two triangles in 7 cr(X) are mapped to their respective ones
in X, while all sets of three edges with two agents are collapsed into a single
originating edge.

<

We consider now the executions of such algebraic distributed systems. Just
as system runs, solution sets, system frames and task sheaves defined execution
structures for the dynamical, computational (Chapter 3), logical (Chapter 4) and
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topological (Chapter 5) abstractions of multi-robot systems, we now make use of
free algebras as their analogue for our current algebraic abstraction. The main
insight is that an /-algebra defines a single step of execution that can be arbitrarily
iterated.

» Definition 6.17 (Free F -algebra). Let 7 : C — C be an endofunctor and [ be an
object in C. An F-algebra (I, ¢;) together with a morphism 1 : I — > is a free
F-algebra generated by I if the following holds: for any F-algebra (@, ¢) and any
morphism f : I — (), there is a unique morphism of F-algebras f* : (I, ¢;) —

(@, q) such that f = f* o, i.e, the following diagram commutes.

o1 n

F(129) =21y oo I
ywz jc/ﬁ/
F(Q)— @

The universal property of free algebras ensures that (/>, ¢;) is initial among F-

algebras carried by /. <

Free algebras formalize the unbounded iteration of a protocol starting from

an initial configuration given by a cset Z.

» Example 6.18 (Free algebra for deterministic transition system). Consider a deterministic
transition system and the induced F-algebra (5, 7), as seen in Example 6.2. Its
free F-algebra (5*, ¢5), generated by S, is given by the formula

g =9ulJsxA
n>0
where each component S x A" represents an execution trace of length n.
The morphism ¢g: F(S>) — S, that is, ¢pg: S x A — 5S>, acts on a pair
((s, (a1,-..,an)),a) of a state s € S, a sequence of actions (a;);<, € A", and a new

action a, by appending it to the sequence, i.e.

s ((s, (a1, ... a,)),a) — (s, (al,...,an,a))
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We can apply this construction to any set of initial states I through an 7-
algebra, with ¢: F(I) — I. By the universal property of the free algebra, there
exists a unique F-algebra morphism g: (I*°, ¢;) — (I, ¢) such that the following

diagram commutes.

o1 Ui

FI1°)—2 1< I
| 7 q ja/ﬂ
F) —— I

The morphism ¢ can be decomposed on each component 7*(I) as follows.
gi=qoF(q)o---oFHq): F{(I) = I

which become then our append operation iterated i times for the deterministic

transition system above,

9i((s, (a1, a9, ...,a;))) = q(q(...q(q(s,a1),as),...,a;))
|

Example 6.18 shows the usefulness of the free algebra as a tool to iterate the
transition function, as it provides the canonical algebra that extends the original
set of states with all states that are reachable by taking a finite but unbounded
number of transitions.

Trnkova et al. [Trn+75] show that sufficiently well-behaved endofunctors
F: C — Cadmit a free algebras generated by any object / € C. Such endofunctors

are called varietors, whose existence is characterized as follows.

» Proposition 6.19 (Sufficient conditions for the existence of free /-algebras [Trn+75]). Let
F : C = C be an endofunctor that commutes with colimits and preserves
monomorphisms. Then, for any object / € C, there exists a free F-algebra gener-
ated by /, given as follows. Let /> be the infinite coproduct:

=101 .- 17O I[7)...

As F commutes with colimits, F (/) is isomorphic to [[ F*(I), and we denote
i>1

by ¢, the map induced by the identities on each F(F" (1)) = F*(I) C F(I*) to
F™(I) C I*°. <
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These conditions are in fact satisfied by our protocol complex functors.

» Lemma 6.20. Every protocol complex functor F, : [I'P; Set] — [[°P; Set| pre-

serves both monomorphisms and colimits. <

Proof. We prove the preservation of each property separately. First, note that
by Proposition 6.8, the protocol complex functor F, is the left Kan extension of
F along the Yoneda embedding y : I' — [I'?; Set]. It is known that left Kan
extensions, as they are left adjoints, preserve all colimits.

Now, particularly for the left Kan extension F, of a functor 7 : C — £ with
& a topos and F preserving a class of finite limits, then 7, preserves those limits
(see [MM94, Chapter X]). This result applies to our case, with £ = [I'°?; Set]. Note
that monomorphisms are characterized by certain pullback diagrams, hence they
are a specific type of finite limits. By Definition 6.6, protocol functors F preserve
monomorphisms (they send inclusion maps dyy : U <= V in I to inclusions of
csets F(U) — F(V)), meaning they preserve these specific pullback diagrams.
As such, the left Kan extension F, of F preserves monomorphisms. Thus, any

protocol complex functor F, preserves both colimits and monomorphisms. |

As the protocol complex functor F, preserves colimits and monomorphisms
by Lemma 6.20, the construction of Proposition 6.19 gives us a free F-algebra
generated by an arbitrary cset X.

» Corollary 6.21. Every protocol complex functor F, : [[°P; Set] — [['P; Set] is a
varietor, i.e., it admits a free algebra (Z>°, ¢r) generated by any cset 7. <

Proof. By Lemma 6.20, any protocol complex functor preserves monomorphisms
and colimits. By Proposition 6.19, an endofunctor satisfying these conditions is a

varietor. -

By establishing protocol complex functors as varietors, Corollary 6.21 shows
that our framework can capture the free iteration of communication protocols for
any cset of initial global states. We have now a canonical way to “unfold” any
protocol from any input configuration. The free algebra (Z*°, ¢7) accumulates
all finite rounds of 7, by embedding successive rounds via the algebra map
¢z F(I>°) — I*. The structure 7 = [] ., F,"(Z) collects all configurations
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reachable after exactly n rounds, with the algebra map embedding each round’s
output into an execution space.

This algebraic framework can in fact capture the framework for task solvabil-
ity of [HKR14], briefly reviewed in Section 2.3, where we use csets rather than

simplicial complexes.

» Example 6.22 (Distributed task specification and solvability). Recall from Definitions 2.24
to 2.26 that a distributed task is a triple T = (Z, O, A), where 7 and O are chro-
matic simplicial complexes and A: Z — 29 is a task specification chromatic carrier
map. A simplicial protocol V¥ is a chromatic carrier map, whose n-iterated applica-
tion U™ produces a protocol complex containing all reachable states after n rounds.
The protocol ¥ solves T if there exists a decision map ¢: ¥"*(Z) — O such that
S(V(X)) CA(X) forall X € 7.

We can lift this framework from chromatic simplicial complexes to csets. A
task specification becomes a sub-cset 7 C 7 x O of the product of input and
output csets, defined as the functor 7: ' — Set given by

T(U) ={(o,7) € Z(U) x O(U) | (o, 7) satisfies the task specification}.

A communication protocol modeled as a protocol complex functor F, generates
a free F -algebra (Z*°, ¢7), with 7> = [],., F\*(Z) (Proposition 6.19). F,"(Z)
contains the states reachable after exactly n rounds. Task solvability at round n
requires then a morphism of csets 0: F,"(Z) — 7, making the following diagram

commute.

Uy

TCIxO

The composition of € maps from Lemma 6.15 along the horizontal chain tracks
which input o € 7 generated each reachable global state in F,"(Z). We obtain
again the task solvability condition asking whether there is, for some round n, a

decision map 0: F,"(Z) — T such that 77 o 0 equals this composition <
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We proceed next by making use of this algebraic structure as a model for
a temporal-epistemic logic, allowing us to reason about knowledge of agents

throughout the iterations of a distributed communication protocol.

6.3 TEMPORAL-EPISTEMIC SEMANTICS ON PROTOCOL ALGEBRAS

We return now to the central question of Chapter 4: reasoning about the knowl-
edge in distributed multi-robot® systems over time. This question was tackled then
by enriching system frames, Kripke-like structures with temporal and epistemic
relations, with task-relevant space propositions. While those system frames were
themselves generated from system runs arising from the I/O automata of Chap-
ter 3, this generation remained external to the logical framework. We approach
this question now using the free algebra construction of Section 6.2. As such, the
generative structures of protocol functors becomes first-class objects within our
framework, and properties of specific protocols, such as history preservation in
wait-free systems, follow directly from the structures used, instead of requiring
separate verification. While the validity of a system frame for a model required
us to check their satisfaction of desired axioms, the free algebras generated by
a protocol complex functor automatically inherit most of the desired properties.
Furthermore, such categorical framework provides a uniform language for com-
paring and extending models, as observed in Remark 6.13, and will be made
evident in Section 6.4 when we lift the framework to contain explicit decision
values, preserving the algebraic structures.

In order to reason about these algebraically-generated structures, we adapt

the temporal-epistemic logic of Chapter 4 as follows.

» Definition 6.23 (Language of iterated knowledge). Let At be a set of iteration proposi-
tions and A a finite set of agents. The language L;;., is defined by the following

grammar:

pu=p|lp|(pAp) | Kip|Cpp| Dpp| Xep|Op|Lp

where p € At,a € A,and B C A. <

SWe preserve the agent language of the previous sections, but note again that
robotic systems remain contained as specialized cases.
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The iteration propositions, as the previous space propositions, capture atomic
facts that are evaluated throughout the rounds of execution. They can either be
task-specific, such as “robot r is in position z” in a robotic context, or contain agent
participation information in fault-tolerant settings, as done in [GLR22].

» Definition 6.24 (Iteration propositions). Let A be a finite set of agents and U C A. The
set of possible iteration propositions is given by At = Sy,q U {alive(a),dead(a) | a €
A}, where Sy, are task-specific propositions, and

dead(a) == K ,false alive(a) = - K true
dead(U) = /\ dead(a) alive(U) :== -~ Dytrue
aclU

<

The temporal operators { (“eventually”) and [ (“always”) quantify over
rounds of the execution of a protocol, while X (next-step) consider exactly one
round forward. The epistemic operators K, (“agent a knows”), C'g (“common
knowledge among agents B”), and Dpg (“distributed knowledge among agents B”),
capture what agents can deduce from their local states within the structure of a
cset.

We are interested in interpreting formulas ¢ € L;., in the algebraic execution
structure within a free 7 -algebra (Z*°, ¢7). That is, we want to model the truth
value of formulas within the cset 7, carrier of a free algebra, for an arbitrary set of
input global states Z. It contains in a single object all of the possible executions of
the protocol complex functor F,. For this purpose, we use a semi-simplicial model,

a variation of the “maximal epistemic covering model” introduced in [Gou+23].

» Definition 6.25 (Semi-simplicial model). A semi-simplicial model is a pair M[X] =
(X, /), where X isa cset and ¢ : X — p(At) is a valuation function that associates
to each vertex v € X a set of atomic propositions ((v) C At that hold in v. The
valuation function is defined for simplices w € X, for n > 0, as follows. For an n-
simplex w, the face maps 0,: X,, = X,,_; in the cset extract the lower-dimensional
taces, and composing them repeatedly extracts the vertices.

l(w) = U {£(0i, 0 i, 0. 0 0i, (w))} (6.3)

0<i1 <12<...<tp <N
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That is, /(w) collects all propositions holding at any vertex W, accessed via all
possible chain maps.

For two semi-simplicial models M [X| = (X, ¢) and M Y] = (Y, '), a morphism
of semi-simplicial models f : X — Y is a morphism of csets that does not create new
valuations, i.e., #/(f(s)) C (s). The category of semi-simplicial models with atomic

propositions At is denoted Cset 4;. <

Note that the algebraic framework of Section 6.2 extends to the semi-simplicial
models. A protocol functor 7: I' — [['°P; Set] acts on the cset component of the

semi-simplicial model, while tracking the propagation of valuations.

» Remark 6.26 (Protocol functors over semi-simplicial models). For a protocol functor
F:T'— [I'°P; Set] and F,: [['°?; Set] — [I'°P; Set] its Yoneda extension, we can lift
F, pointwise to semi-simplicial models, providing an endofunctor F, 4, : Csety;, —

Cset 4¢. Consider a model M [X] = (X, /). The protocol complex functor F, 4; acts
on simplices o € X[U], for some set of agents U € I as

Frae(Mlo]) = (F(o), )

Where for each vertex v € F(o)({a}), with color corresponding to the agent «
there, we have

U'(v) = 0(gayu(0))
In other words, a vertex in the image of F 4,(c) inherits the propositions from the
corresponding a-vertex in o, which is obtained through the face map 0y, v: X(U)
— X ({a}). This valuation is extended to all simplices as per Equation (6.3). <«

When agent a participates in a round of the protocol, its resulting local
state inherits the propositions that were true at its previous local state. This
preservation made explicit in Remark 6.26 ensures that the basic facts about the
system propagate as expected throughout the iterations.

For the remaining of this section, we will work on objects A/[ X | of the category
of semi-simplicial models, which envelop the cset X with the model structure
required to interpret formulas from Definition 6.23. The precise interpretation is
given by the following semantics, which adapts the one used in system frames
(Definition 4.9) for the algebraic structure of semi-simplicial models. In a semi-
simplicial model, all simplices, of any dimension, are worlds in the sense of the

more classical Kripke semantics, reviewed in Section 2.3.2.
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» Definition 6.27 (Semantics of semi-simplicial models). Let At be a set of atomic propo-

sitions for agents A. Let F,: Csets, — Cset4, be a protocol complex functor, and
let (I, ¢7) = 1,50 F"(Z) its free F -algebra. For a subset of agents B C A,
let Inkp(x,y) be the link predicate testing if simplices x,y € Z° share a common
B-simplex o € Z°°(B) as a face.

Inkp(z,y) =30 € Z%(B) : x Doy o Qoo y

The semantics of the semi-simplicial model M[Z*| = (Z,() is defined for each

simplex w € Z* as follows.

(At) MI[Z*,w Ep iff pel(w)

(0) MI[Z™],w | —p iff M[Z%],w @

(A) M[Z%,w E (p AY) iff M[Z*],w = ¢ and M[Z>],w E ¢

(K) M[Z*],w |E Kup iff Vw' € I s.t. Inkgy (w,w'), M[Z™],w" = ¢
(D) MI[Z>*],w = Dgyp iff Vo' € % s.t. Inkg(w,w), M[Z®],w' E ¢

(C) MI[Z™,w = Cpyp iff Vu' € 7% s.t. F(wo,. .., wy), wy = w,w, =w

ALy (Inkp(wi, wi1)), M[I%®],w'" = ¢
(X) M[I™,wk Xy iff Vo' € I™ st we F"(I), v € F"(T),
or(w') = w, M[Z>],w' E ¢
(0) MIZ™®),w | Op iff 3 >0 st M[ZI™,wkE X'
(O) MI[Z>®),w | Op iff Vi>0 st M[I™,wkE X'

<

The semantics connects the categorical and logical frameworks through the
free algebra structure. For a simplex w € 7, its membership in component F,"(Z)
captures that it is present at round n of the iteration of the protocol complex
functor F,. The rules epistemic and temporal operators make use of the simplicial

and algebraic structures, respectively, to derive their meaning;:

* (K), (D) and (C') use the same interpretation as in Goubault et al. [Gou+23].
These operators are modeled using the simplicial structure of 7°°, where
connected simplices (worlds) are said to be indistinguishable by the vertices
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(agents) or simplices (groups of agents) that they have in common. The link
predicate Inkp(w, w’) captures when a group of agents B cannot distinguish
between global states w and w' as precisely when those share a common
B-simplex*. Knowledge by an agent (resp. distributed knowledge by a
group of agents) of a formula ¢ translates then to requiring that ¢ holds
in all worlds linked through an {a}-simplex (resp. B-simplex). Common
knowledge extends this requirement to the transitive closure of the link
relation, captures knowledge through a chain of indistinguishabilities.

* (X)) defines the next-step temporal modality as that which is true at some
world w € F"(Z) of round n and remains true in all successor worlds
w' € F\"(Z) during round n + 1. The successor worlds are those satisfying
w € 7 (w') where the algebra map embeds the possible states from round
n + 1 into the cumulative execution state space. The rules (¢) and (LJ) come
then from the immediate usage of the stepping operator.

An important feature of our framework is that a semi-simplicial model over a
cset Z* unfolds the complete execution tree. By embedding new rounds into a
cumulative execution space, the algebra map ¢7: F,(Z°°) — Z* ensures that the
information in round n is not lost in round n + 1. Unlike models based on Kripke
frames, that need to track events and values explicitly, the free algebra construc-
tion ensures that every possible execution of a protocol is represented with all
intermediate states preserved. As such, the temporal operators in Definition 6.27
are quantified over complete histories, instead of arbitrary time points.

As a consequence of this preservation property, our interpretation of the
temporal-epistemic logic from Definition 6.23 only allows agents to learn more
information throughout an execution. That is, the indistinguishability of global
states, assessed by the link predicate in the simplicial structure of 7°°, may be
refined as agents communicate. Take for instance the synchronous protocols that
generate holes in the protocol complex, as seen in Example 6.14, where the agents
learn to distinguish states based on messages not being received. This leads to the

This geometric condition corresponds to the indistinguishability relation that
arises when agents in B have compatible local states, generalizing the classical
approach from Section 2.3.2.
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following knowledge gain result, similar to previous work by Goubault, Ledent
and Rajsbaum [GLR21], which now formalizes that morphisms of semi-simplicial

models cannot create new knowledge about positive epistemic formulas.

» Definition 6.28 (Positive epistemic formula). Let At be a finite set of propositions and
A a set of agents. A positive epistemic formula ¢ is build according to the following
grammar, for a € Aand B C A.

pu=plopl (e A@) [ Kap| Dpp|Cpe
The set of all positive epistemic formulas is denoted £;; <

Positive epistemic formulas do not contain negations, except possibly in front

of atomic propositions, and use only epistemic operators.

» Theorem 6.29 (Knowledge gain). Let M/ [X| = (X, /) and M[Y] = (Y,/) be two
semi-simplicial models and f : M[X]| — M[Y] a morphism between them such
that f(w) = w/, where w € X and v’ € Y. Let p € L} be a positive epistemic
formula. Then, M[Y],w' |= ¢ implies M [X],w = ¢.

Proof. The proof follows by structural induction on the positive epistemic formula
¢ € L. We assume that the claim holds for all subformulas ¢ of ¢ and prove it

for .

Base case. For ¢ = p, an atomic proposition, suppose M[Y], v’ = p, for
p € At. By the semantics of semi-simplicial models, we know that p € ' (w').
As f is a morphism of semi-simplicial models and f(w) = w’, we have that
U'(w') = ¢'(f(w)) C £(w). This means that p € ((w), thus M[X],w = p.

Negation. For ¢ = —p, the proof follows is analogous to that for ¢ = p.

Conjunction. For ¢ = ¢, A ¢y, suppose M[Y ], w' = ¢1 A pa. This means that
MY, w' = ¢ and M[Y],w" = ¢po. By the induction hypothesis, M [X], w |=
1 and M [X],w = ¢y, thus M[X],w = p1 A pa.

Knowledge. For ¢ = K,1, suppose M[Y],w' = K,. This means, by
the semantics, that for all w” € Y with Ink, (v, w"), we have M Y], w”" |=
1. We want to show that M[X],w = K,¢, and for that we consider any
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s € X with Inky,y(w, s). By the definition of the link predicate, this means
that there exists 0 € X({a}) and face maps 0, ,: w — o and Js,: s — 0.
As f is a morphism of semi-simplicial models, it is a morphism of csets,
which commutes with face maps. Therefore, f(0,.): f(w) — f(o) and
f(0s0): f(s) — f(o) are face maps in Y, with f(o) € Y ({a}). That is,
Inkqy (w', f(s)). By the assumption, we have that M[Y], f(s) |= 1. By the
induction hypothesis, we have that A/[X],s |= ¢. As the choice of s was
arbitrary, we conclude that M [X], w = K 1.

Distributed knowledge. For ¢ = D 1), the proof follows the same structure
as for ¢ = K1), where {a} is replaced by B.

Common knowledge. For ¢ = Uy, suppose M[Y],w' |= Cpy. By the
semantics, for all w” € Y reachable from w’ via chain of worlds indistin-
guishable by some agent in B, wy, ..., w,, with vy = «', v = w" and
Inkp(w),w;_,) for alli € {1,...,n}, we have M[Y],w" = 1. As we want
to show that M[X],w = Cp1y, we take any s € X that is reachable from
w by a B-chain (so, ..., s,) with s = w, s, = s and Inkg(s;, s;_;) for all
i € {1,...,m}. By the same argument for the knowledge, [ preserves
link predicates, that is, Inkp(s;, s;,_1) in X implies Inkg(f(s;), f(s,-1)) in Y.
As such, (f(so),--., f(sm)) forms a B-chain in Y from v’ = f(w) = f(so)
to f(s) = f(sm). By assumption, M[Y], f(s) = . By the induction hy-
pothesis, M|[X], s |= 1. As the choice of s was arbitrary, we conclude that
M[X],w = Cp.

The algebra map ¢7 : F,(Z>°) — Z* is itself a morphism of semi-simplicial
models by the construction of Remark 6.26. As such, Theorem 6.29 applies directly
to protocol iterations, i.e., if a positive epistemic formula holds for some simplex
w € F,"(I) at round n, it continues to hold at all successor simplices in round
n + 1. We formalize next this temporal persistence.

» Lemma 6.30 (Persistence of positive formulas). Let F,: Cset,; — Csety,; be a protocol

complex functor and (Z*°, ¢7) be a free F-algebra for any cset Z. For any positive
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epistemic formula ¢ € £}; and simplex w € F,"(Z*), the following are satisfied.

MZI*™,wE ¢ = M[I*,wE Xp (6.4)
M[Z*,w E ¢ = M[Z*,w Oy (6.5)
MIT™,w k¢ = MI¥, 0 Op (6.6)

<«

Proof. We derive each property individually.

* For ¢ € L a positive epistemic formula, as ¢7: F,(Z°>°) — Z> is a morphism
of semi-simplicial models, we get from Theorem 6.29 that M [Z>],w = ¢
implies M[Z*],w' = ¢ when ¢z(w') = w. Similarly, F,"(¢z): F,\"*(Z) —
F\"(Z) is a morphism of semi-simplicial models, and as such it holds that
M[F™(1)],z & ¢ implies M[F,"" (I)],y = ¢ when F"(¢7)(y) = =z, i.e.,
M[Z>*], z = X ¢. By the semantics of X ¢, we conclude Equation (6.4).

* Equation (6.5) can be obtained by induction on the number of applications
of the algebra map ¢;.

e Equation (6.6) is obtained by noting that Uy implies Q.
|

Lemma 6.30 can be understood as the fact that a distributed system with its
communication protocol modeled using a protocol complex functor never forgets
true statements about the initial values of the agents. This preservation property
contrasts our algebraic model from the system frames of Chapter 4, where history
preservation had to be imposed as an external axiom (Assumption 4.12). Note
that the persistence of positive epistemic formulas emerges from the categorical
structure itself, rather than an axiom imposed on the logic. From this result,
combined with the epistemic axioms of KB4 for distributed knowledge and
standard axioms for linear temporal logic, yields the following sound axiom
system.

» Lemma 6.31 (Sound axioms for semi-simplicial models). Let A be a set of agents, with
a€ Aand B C A. Let 9, ¢ € Ly, and ¢t € L. The following axioms are sound
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in all free algebras over csets:

Dp(p = ¢) = (Dpp = Dpy)
Dpp = DpDpyp
¢ = Dp—Dp—p
BC B = (Dpp = Dpyp)
alive(B) A alive(B') = alive(B U B’)
\/ alive(a)

acA
alive(B) A dead(B¢) A ¢ = Dg(dead(B°) = ¢)
B # @ = (alive(B) = ~Dpg—dead(B°))

Calp= )\ Kap) = (¢ = Cap)
aceA

ot = Xt
ot = Ot
ot = Opt
e = XU
Lo =

Ol =) = (Hp = [y)
Qp & -

<

Proof. Let F,: Csets; — Csetu; be a protocol complex functor and (2, ¢7) be its

free F-algebra. We verify the soundness for the axioms for an arbitrary M [Z°].

(K), @), (B), (Mono) are standard axioms known as K B4 + Mono + Union
in [Gou+23] and are known to hold for cset.

(NE), (P), Max) follow from [Gou+23, Theorem 3], as they are known for

semi-simplicial models.

(GFP) is a standard greatest fixed point characterization of common knowl-

edge, as in [Fag+95].
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(KG), (KGL), (KGY) follow immediately from Lemma 6.30.

(AX), (XX), (AD), (E) follow from the semantics of temporal operators. Axiom
(AX) holds since [y means i X [i]p, for all i > 0, and so X (X7¢p) for all j > 0.
Similarly, axiom (XX) considers ¢ = 0. Axiom (AI) applies modus ponens
at each step. Axiom (E) is the known duality of the eventually and always

modalities.
[ |

Through the temporal-epistemic logic defined here, we can formalize the
conditions for solvability of specific distributed tasks. This complements the
solvability condition of Example 6.22, as our algebraic framework allows us to

express both geometric requirements with csets and logical ones as we see now.

» Example 6.32 (Binary consensus specification). Consider the binary consensus task
(Example 2.17), where n agents A = {a, . .., a, }, each with input values v; € {0, 1},
need to exchange messages in order to eventually decide on an output value
d; € {0, 1} such that they respect TERMINATION, VALIDITY and CONSENSUS. For
each agent a; € A, let p), p; € At be atomic propositions representing that agent
a;’s input is 0 or 1, respectively. The binary consensus task can then be specified

()

The eventually modality above encodes TERMINATION, as it ensures the agents

as a formula in Lj.,:

reach some decision in a finite amount of rounds. The disjunction of common
knowledge formulas states that all agents reach agreement on which input value
to coordinate on. When combined with a protocol that uses common knowledge
as a decision trigger, it ensures CONSENSUS and VALIDITY. <

6.4 INCORPORATING LOCAL DECISION FUNCTIONS

Note that the csets we have used so far can only track structural information of
the protocol execution, such as the participation of agents, their views and the
compatibility of local and global states. As a consequence, the logic modeled
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on them could only express temporal and epistemic properties about the agents’
input values, such as their knowledge over time. We extend now the protocol
functor defined in Section 6.1 by incorporating explicit decision values into the
state of the agents. This allows us to model concrete protocols where agents
update numerical data, such as in averaging algorithms for robot coordination,
and to relate the algebraic framework back to the spatial tasks model of Chapter 4.

We enrich the category of subsets of agents I" (Definition 2.33) to the category
U by indexing with a set of decision values V. Objects become pairs (B, d) of agent

sets and decision functions.

» Definition 6.33 (Category V). Let /' be a set of decision values. The category W has:

* Objects: pairs (B, d), where B € I'and d: B — V U {_L} is a decision function;

* Morphisms: f: (B,d) — (C,e) are inclusions d 5 «: B C C'in I" such that for
allb € B, e(b) = d(b).

Composition and identity are given by the transitivity and reflexivity of inclusion

maps. <

As with the category I', we use presheaves on U to model the distributed state

space of a distributed system, now including decision values in the local states.

» Definition 6.34 (Chromatic semi-simplicial sets with decision values). A chromatic semi-
simplicial set with decision values, abbreviated as dcset, is a functor X : °P — Set.
The category of dcsets is the presheaf category [W°; Set|, whose morphisms are

natural transformations. <

Each dcset assigns to every pair (B, d) € ¥ of agents with decision functions
a set of simplices, where the face maps preserve both the simplicial structure and
the decision values.

» Remark 6.35. By the fundamental theorem of topoi [MM94], the category of
dcsets [U°P: Set] is equivalent to the slice category [['°P; Set|/D, where D is the
cset of all possible decision value assignments to agents.

Concretely, for a set of agents A and a set of decision values V/, the cset D has
U-simplices s = ((ag, dp), . - ., (an,dy)), fora; € U C Aand d; € V. The equivalence
[UoP: Set] = [['°P; Set|/ D means that every dcset can be viewed as a cset equipped
with a morphism X — D that assigns decision values to agents in each simplex,
such that face maps are respected. <
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6.4.1 PROTOCOL FUNCTORS

The protocol functors, used to model communication protocols in Section 6.1, lift
to functors valued in dcsets that preserve both the simplicial structure and the

decision values.

» Definition 6.36 (Protocol functor with decisions). A protocol functor with decisions is a

functor F: ¥ — [U°P; Set| that preserves monomorphisms. <

Similarly to Definition 6.6, the protocol functor with decisions assigns to
each pair (B,d) € ¥ a dcset F((B,d)) with all possible configurations reach-
able after one round of communication when agents in B start with decision
functions encoded in d. The property of preservation of monomorphisms en-
codes wait-freedom (Assumption 6.5). That is, for B’ C B with d|p = d’, then
F(dpp): F(B',d) — F(B,d)is a monomorphism, capturing that configurations
valid for fewer participating agents remain valid when additional agents are
present.

As provided by Proposition 6.8, the protocol functor with decisions F: ¥ —
[WUoP: Set] also accepts a Yoneda extension Fi: [W°P; Set] — [V°P; Set|. This con-
struction is called a protocol complex functor with decisions, extending the functorial
definition of the protocol to arbitrary dcsets. The following example shows the
first benefit of this extension, as we can now model multi-robot systems using our

algebraic framework, where robot positions are encoded as decision values

» Example 6.37 (Protocol functor with decisions: multi-robot systems). There is a similar-
ity between computational and robotic systems endowed with communication
faults and potential lack of synchronicity, as observed in Section 2.2.3. Other
problems may be introduced, requiring assumptions such as physical realizabil-
ity (Assumption 3.35) for moving freely between computational and dynamical
models. We abstract those now and consider the LOOK-COMPUTE-MOVE cycle for
a multi-robot system”, reviewed in Section 2.2.2. Each robot r; € R has a position
r; € X C RP and is equipped with a set of visible lights used for communication
and memory. At each round, they perform the following sequence of actions.

°Note that the LCM cycle was instantiated in Section 3.3 using I/O automata,
the briefer version of Chapter 2 is sufficient for this example.
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1. LOOK: They acquire the positions and lights of the robots r; present within a
tixed visibility radius r;

2. COMPUTE: They compute their next position within a set of reachable ones
Nx(z;), as well as their next configuration of lights;

3. MOVE: They update their positions and lights to the computed values;

We now model this system via a protocol complex functor with decisions F;.,, :
[UoP; Set] — [U°P; Set] where decision values are positions in space, i.e., V = X.
Fuem is defined as the Yoneda extension of the functor F,.,,: W — [W°P; Set|. For
robots r; € A C R, an object (A, d) € U, where dr; gives the current position of
r;, the dcset Fi.,((4, d)) has (B, e)-simplices, with e giving the next positions of
robots in B after one round of the protocol:

e Zif BZ Aore(r;) € Nx(d(r;)) for somer; € B;
e Otherwise, when B = {ry,...,r,,} C Aand e(r;) € Nx(d(r;)) forall r; € B:

( W;C A
Vz’,Oéiém,rieVVi
4 (I'(), WOa 6(1‘0)), T (rm7 WTM G(I'm)) Vi7j7 0

] <
Vi, j, le(r:) —e(r;)l| <r

\ )

The sets W; C B are the views obtained by robot; during the LOOK operation, rep-
resenting the robots observed within the visibility radius. The first four conditions
encode the immediate snapshot structure of Example 6.9. That is, participating
robots in a round are a subset of the ones previously participating, and views are
both nested and must respect inclusions. The latter condition encodes the visibility
constraint, relating the geometric conditions to the combinatorial structure. The

only views obtained are of those robots that are visible. <

The similarities between Examples 6.9 and 6.37 are evidence of the rela-
tionship between the protocol functors from Section 6.1 and their enriched with
decision values. More precisely, there is an adjunction between [I'°?; Set| and
(WeP: Set| defined as follows.

m, (Wi € W) or (W; € W)
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» Definition 6.38 (Adjunction of protocol functors). Let W be the category of subsets of
agents A with decision values V. Consider the functor ¢,: U — [I'°?; Set| where:

* Objects ¢, ((A,d)) = T'[A];

* Morphisms 4 5: (A,d) — (B, e) are mapped to morphisms I'[A] — I'[B]
induced by inclusions A C B.

By Proposition 6.8, ¢, extends to ¢ : [U°P; Set] — [['°P; Set| via a Yoneda extension,

which forgets decision values. This extension has a right adjoint:
O [UOP; Set] = [I'°P; Set]: d,,
<

The functor ¢, forgets the decision values, while d,, enriches csets with
constant decision functions. For any protocol functor with decisions F: ¥ —
[WUoP: Set], the composition ¢, o F provides the underlying protocol functor repre-
senting only the communication structure, and discarding the remaining compu-

tational information.

» Remark 6.39 (From distributed robotics to distributed computing). The adjunction in
Definition 6.38 opens way for a systematic reduction of problems from distributed
robotics to distributed computing. Such connection has been observed in Al-
cantara et al. [Alc+19], where task solvability of LCM models with unbounded
visibility reduces to task solvability of immediate snapshot models. Indeed, the
protocol functor with decisions F.,, in Example 6.37 reduces via c; to the protocol
functor Fis from Example 6.9. <

While the forgetful functor ¢, : [¥°P; Set] — [['; Set| shows how to reduce
protocols with decisions to their underlying communication problems, a well-
developed perspective within the distributed computing community, we consider
now the dual question of systematically constructing a protocol functor with
decisions from its communication structure. This construction is the role of a
concrete protocol, which specifies how decision values evolve, augmenting a
state-independent protocol functor.
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» Definition 6.40 (Concrete protocol). Let A be a finite set of agents. A concrete
protocol F s : [U°P; Set] — [U°P: Set] is a protocol complex functor with decisions
constructed from a protocol complex functor F,: [['°P; Set] — [['?; Set| and a
family of local decision maps f,: p(A) x VA — V, for each a € A.

The construction defines a functor F;: U — [V°P; Set| by decorating F, as

follows:

e For (U,e) € ¥, we associate F,(I'[U]) decorated to become an element of
(weP: Set]. Each V-simplex o € F,(I'[U])(V') becomes a (V, d)-simplex where

d(a) = fo(V, elv)

for all « € V. This decoration is well-defined by Assumption 6.4, as V-
simplices of F,(I'[U]) involve only agents in V' C U.

e For a morphism dyp: (U,e) — (U',€') in ¥, we associate F,(dy,), seen as a

morphism in [W°P; Set|, which preserves the decision values.

The concrete protocol F  is the Yoneda extension of 7 to all dcsets, given by
Proposition 6.8. <

The concrete protocol construction, and protocol complex functors with deci-
sions in general, inherit the properties of the protocol complex functor. As the F,
component is a varietor by Corollary 6.21, and F decorates 7, with local decision
maps that respect face restrictions, the free algebra of Lemma 6.20 lifts directly.

» Lemma 6.41 (Protocol complex functors with decisions are varietors). Let 7: U —
[W°P; Set] be a protocol functor with decisions and F;: [¥°?; Set] — [U°P; Set] be
its Yoneda extension. Then, for any dcset Z, F, admits a free algebra (2>, ¢7), i.e.,

it is a varietor. <

Proof. By Definition 6.36, F preserves monomorphisms. As F, results from a
Yoneda extension (Proposition 6.8), it preserves colimits. By Proposition 6.19, such
conditions are sufficient for 7, to be a varietor, i.e., free algebras exist for any dcset
7. u

Lemma 6.41 ensures that concrete protocols admit free algebras, allowing us

to iterate protocols with explicit decision values. We illustrate this construction
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with a concrete averaging protocol, where the decision values evolve at each round

according to the local decision function to the average of the participating agents.

» Example 6.42 (Concrete averaging protocol). Consider the asynchronous immediate
snapshot protocol complex functor Fys: [['°P; Set] — [I'°P; Set] of Example 6.9.
We construct a concrete protocol where agents iteratively update their decision
values towards their local average.

Let A be a set of agents, and X the dcset with (V. d)-simplices, from a set of
decision values V' = R. Consider the local decision function avg, : p(A)x V4 — V,
defined for agent a € V' C A and parameter 0 < a < 1 as follows.

ave, (V,d) = d(a) + @ }_(d(b) = d(a)) (67)
beV

This map updates the value of agent a by moving a fraction « in the direction of
the average of values in its view V. An averaging protocol functor F o, : [V°P; Set] —
[W°P; Set] is the concrete protocol given by Fis and local decision maps {avg, }.c4,

as per Definition 6.40.
By Lemma 6.41, F,,, admits a free algebra (2>, ¢7), for any initial dcset Z.
The free algebra 7> = [, Fav"(Z), whose component F,,,*(Z) contains the
reachable states at exactly k£ rounds. Consider three agents A = {a,b, c}, with
initial values do(a) = 0, do(b) = 6, and dy(c) = 12, and averaging parameter o = 3.

The figure below shows one synchronous line of execution of 7°°.

0 3 4.5 5.25
6 12 6 9 6 75 6 6.75
S S S S
Favg (1) Favg' (1) Favg” (1) Favg® (1)

Each triangle represents all agents participating in each round &, i.e., a ({a, b, ¢}, d)-
simplex within the corresponding components . *(Z). The sequence shows the

values converging towards the initial average of 6 <

The averaging protocol functor models a common approach to approximate
agreement in distributed computing, as variations of averaging have been shown

to guarantee convergence of values, including the cases of asynchronicity with
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fairness assumptions and crash or Byzantine [TLV24] faults. In Example 6.42, such
guarantees translate to the averaging protocol 7., which satisfies both VALIDITY,
as the decision values of agents remain in the convex hull of the initial values,
and AGREEMENT, as the distance of the decision values decreases geometrically
at each round of communication. Just as this approach is also a common one for
gathering tasks (see [Kia+19]), we recover its applications to robot protocols, as in
Example 6.37, by encoding robot positions as decision values.

6.4.2 SEMANTICS

The temporal-epistemic logic of Section 6.3 extends naturally to reason about
decision values in free algebras over dcsets. This allows us to express properties
not just about the structure of the communication and their initial values, but
about the data being computed and updated by the agents.

We augment the language L;;., from Definition 6.23 by extending its set of
atomic iteration propositions At with decision predicates. Those assert facts about
the decision values. For instance, the predicate d, = 5 asserts that the decision of
agent a is 5.

» Definition 6.43 (Decision predicates). Let |/ be a set of decision values and A a finite
set of agents. A decision predicate is a formula ¢((d,).c5), where B C Aand g is a
predicate on the tuple of decision values corresponding to the agents in B. <

We interpret again formulas within the algebraic execution structure of free
algebras, where the semi-simplicial models are now built from dcsets. We work
with objects in the category of semi-simplicial models with decisions with iteration
propositions At (now extended with decision predicates), denoted dcset ;. A
protocol functor with decisions is lifted to work with semi-simplicial models
analogously to Remark 6.26.

Likewise, the semantics in Definition 6.27 is extended to interpret the decision
predicates. All rules for the base language, as well as for the temporal and
epistemic modalities, remain identical, as they depend only on the simplicial and
algebraic structure that is preserved.

» Definition 6.44 (Semantics of decision predicates on free algebras). Let At be a set of

iteration propositions extended with decision predicates. Let 4, be a protocol
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complex functor with decisions and M [Z>] be a free F) 4,-algebra generated by
the initial model M [Z|. The semantics from Definition 6.27 is extended with the

following rule for any decision predicate g.

(q) MIZ*|,w = q((da)aep) iff wisa (B,d)-simplex and the predicate

holds for the tuple of decision values (d(a)).ecp

<

The semantic framework connects the algebraic model to the spatial robot
task models of Chapter 4. By choosing decision values V' to be spatial data, the

spatial propositions from Definition 4.6 become decision predicates.

» Example 6.45 (Robot exploration task). Consider the exploration task from Sec-
tion 4.3.1, where a group of robots R must collectively visit every region of a
mission space &X'. Given a protocol complex functor with decisions F; modeling
the robots” communication and exploration protocol, we work within its free
algebra (Z*, ¢7) with decision values V' = 7y, where each decision d(r) is an open
subset of X, representing the set of regions explored by a robot r.

The iteration propositions At for exploration are composed of decision predi-

cates defined for each open region U € 7y by

M[Z>],w = s(U) iff wis a (B, d)-simplex satisfying U C U d(r)
reB
It becomes evident that the requirement that the entire mission space is
explored translates again to M [Z>°| = (s(X'), while the task specification with
termination requires identical properties to those in Definition 4.16, e.g., parallel

termination is expressed as
M[Z™] = ODgs(X)

requiring that the entire mission space is covered, and that this is distributively
known. As such, the algebraic framework with decision predicates encompasses
the exploration semantics from Chapter 4. <

» Example 6.46 (Robot gathering task). The gathering task with robots R in a mission
space X, from Section 4.3.3, is modeled analogously to Example 6.45. Given
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a protocol complex functor with decisions F, modeling the gathering protocol
(such as the averaging protocol in Example 6.42), we work within its free algebra
(I, ¢1) with decision values V' = X', where each d(r) € X represents robot r’s
current position. The gathering regions gather(X’) from Definition 4.32 define what
constitutes “close enough” for the task.

Iteration propositions now consist of individual decision predicates p,(U),
defined by

M|Z>™],w = p(U) iff wis a (B, d)simplex with d(r) € U

and the initial position propositions i, (U) are evaluated in the Z component of Z*°,
where 7 has not been applied yet.
The conditions from Definition 4.32 translate directly to formulas in the

language of iteration. For instance, eventual gathering is expressed as

Mz¥E om(/\ pr<U>>
Uegather(X) rcR

while starting validity uses the initial position propositions to relate initial global
states to the VALIDITY condition of GATHERING. <

Examples 6.45 and 6.46 show how spatial task specifications from Chapter 4
can be encoded within the algebraic framework using decision predicates. The task
properties translate directly into the language of iteration, and the free algebras

provide execution structures analogous to system frames.

6.5 CONCLUSION

The previous chapters extracted structures from system executions. This chapter
inverts this perspective by introducing protocol functors as a functorial defini-
tion of communication protocols. This categorical encoding makes explicit the
structure-preserving properties of protocols, enabling their systematic comparison
and iterative composition. The repeated rounds of communication are captured
by free algebras, which are uniquely defined for each pair of protocol functor and
initial cset configuration space. The relation between epistemic and simplicial

structures, introduced in [GLR21; vDit+22], is revisited, now with a temporal
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dimension that is internalized by the algebra structure. The versatility of our
approach is attested by incorporating decision values and local decision functions
to the protocol definition, where all previous results are almost immediately lifted
to the more complex structure, up to the interpretation of semi-simplicial models.

Protocol functors (Definition 6.6) encode wait-freedom, obliviousness and
round-based communication as functors 7 : I' — [I'°?; Set|, with examples ranging
from immediate snapshot protocols to dynamic networks with crash failures. The
Yoneda extension constructs protocol complex functors F,: [I'°P; Set] — [['°P; Set]
that apply protocols to entire csets while respecting face maps (Proposition 6.8).
This endofunctor signature enables defining an algebra structure for iteration
(Lemma 6.15), while being a varietor (Corollary 6.21) guarantees that free algebras
exists for any initial cset. Such free algebra is canonical and collects all reachable
global states through unbounded iteration, providing at last with an execution
space, with which Example 6.22 recasts the simplicial task solvability condition of
Herlihy et al. [HKR14] in terms of csets. Semi-simplicial models (Definition 6.25)
provide then the semantic structure to interpret formulas of temporal-epistemic
logic, where the epistemic operators leverage the simplicial structure through link
predicates, and temporal operators quantify over the round components of the
free algebra. The knowledge gain property (Theorem 6.29) for positive epistemic
formulas emerges directly from the categorical structure rather than requiring
specific axioms, showing that the algebra maps preserve indistinguishability
relations.

The framework extends naturally to protocol functors with decisions (Defini-
tion 6.36), enriching csets to dcsets that track explicit decision values. Concrete
protocols (Definition 6.40) integrate local decision functions specifying numerical
updates at each round, exemplified by averaging protocols (Example 6.42). This
enrichment proves itself general enough to model multi-robot systems (Exam-
ple 6.37), where positions serve as decision values. The adjunction between csets
and dcsets formalizes the intuitive procedure of reducing robotic problems to
computational ones (Remark 6.39). Decision predicates extend the logic to rea-
son about the decisions, and by setting them to be spatial properties we recover
analogous specifications to exploration and gathering robot tasks from Section 4.3.

Several theoretical directions remain open for extending this algebraic frame-
work. The relationship between the temporal operators on free algebras and



6.5 CONCLUSION 186

action models of dynamic epistemic logic requires precise formulation. While our
approach internalizes iterations within the algebra structure itself, it is unknown if
the algebra maps capture the same dynamics on information as public announce-
ments, or provides a genuinely different perspective on knowledge updates. Also
on the algebra structure, we note that the dual perspective of coalgebras offers a
complementary view to modeling protocols that should be explored, as they are
known in the literature to model non-determinism in similar transition systems
[Rut00] and may be used to model possible observations instead of state transi-
tions. Enriching decision values with a metric or order structure could enable
analyzing convergence properties categorically, as the recent work on categorical
diffusion [Ghr+25] suggests that viewing decision spaces as quantale-enriched
categories might relate our protocol iterations to a Laplacian-style dynamics on
weighted lattices. The connection to task sheaves from Chapter 5 also deserves
exploration, as each dcset equipped with decision predicates already resembles a
sheaf-theoretic task specification. The equivalence between Kripke models and
simplicial complex models from [GLR21] hints at potential functorial relationships
bridging the logical and algebraic perspectives of Chapters 4 and 6.

An orthogonal direction for future work lies in exploring the transfer of results
between distributed computing and distributed robotics, hinted by the adjunction
between csets and dcsets (Definition 6.38). The equivalence between asynchronous
luminous robot and wait-free shared memory models observed in [Alc+19] could
be generalized through our framework by expanding the reduction technique
suggested in Remark 6.39. Establishing such transfer theorems would enable
applying the extensive distributed computing literature to robot coordination
problems, while the geometric insights from robotics could inform protocol design.
One approach would be to extend the decision values of dcsets, which are specified
by deterministic functions defined on subsets of agents, to probability distributions
instead. Similarly, the deterministic updates of local decision functions could be
generalized to operation on these distributions, or include faulty behavior as in the
case of Byzantine agents. Each such instantiation would inherit the free algebra
construction and knowledge gain properties, providing a uniform categorical

language for comparing and analyzing distributed models.



CONCLUSION

This thesis started from a desire to bridge the dissonance in how applied and
theoretical roboticists reason about multi-robot systems. Multiple efforts have
already been made across this gap, either by bringing algorithms into the control
of dynamical systems or by adding mobility to distributed systems. One of the
first translations of models came with Alcantara et al. [Alc+19], who demonstrated
that the limitations to coordination found in distributed systems due to a lack of
information were also found in robotic systems, once the physics was abstracted
away. The key observation was that such limitations could be made evident by an-
alyzing the distributed state space and its possible transformations through time,
following Herlihy and Shavit [HHS99] for distributed computing. This thesis sys-
tematically extended this observation by identifying common structures between
hybrid dynamical systems and compositional I/O automata, staple models within
mobile robotics and distributed computing, and demonstrated its usefulness by
developing three complementary frameworks under this common perspective.
The first contribution, in Chapter 3, was to establish when reasoning within a
computational abstraction transfers meaningfully to the dynamical model. This
was possible by separating the physical and computational descriptions of a robot
into connected subsystems. This convenient reshuffling of variables allowed us to

define a system abstraction simulation relation, where the computational content

187
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of both models could be matched, while the dynamics of all robots were abstracted
into a common environment. With a common definition of local and global time,
encoded geometrically in a time path, we showed that such a simulation relation
was preserved along executions, justifying the adoption of the compositional
model for the subsequent chapters.

The concept of a system frame provided the common execution structure we
sought in Chapter 4. Constructed from the global states reachable by valid robot
executions, its causality and indistinguishability relations encode how information
propagates and where uncertainty remains. This geometric model of knowledge
through time, extending the framework of Fagin et al. [Fag+95] with a branching-
time structure, enabled the two complementary analyses developed in Chapters 4
and 5.

First, in Chapter 4, we asked what robots must know to reach different levels
of coordination. A temporal-epistemic logic with spatial propositions derived
from the topology of a compact mission space allowed us to separate physical
coverage from communication requirements. For exploration, surveillance and
gathering, we derived sufficient epistemic conditions for the tasks to be completed,
formalizing the intuition that more complicated forms of collective behavior
require more information, a perspective already largely studied in distributed
computing.

Second, in Chapter 5, we asked when knowledge was enough to act upon.
By externalizing the constraints of terminating decision functions into a finite
sub frame, a system slice, we turned task solvability into a local constraint satis-
faction problem. That is, we asked whether consistent decisions specific to each
global state could be extended into a valid decision function. The existence of
sections in the corresponding task sheaf characterized solvability, while its lin-
earization reduced this question to looking at its zeroth cohomology, a proxy for
the characterization computable through linear algebra with integers.

Chapter 6 inverted the approach: instead of analyzing a given set of exe-
cutions, we used a protocol complex functor to generate them. By restricting
our attention to oblivious wait-free communication, the specification of what
can happen to a single global state for one round became sufficient to derive all
reachable configurations through unbounded iteration. The functorial encoding

of such protocols as endofunctors on chromatic semi-simplicial sets admits free
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algebras that canonically collect the distributed state space in a single object. The
temporal-epistemic logic interpreted on these algebras then revealed knowledge
persistence as a property of the algebra structure, rather than requiring an external
axiom, as in Chapter 4. We extended these to protocol complex functors with
decision values, recovering spatial task specifications analogous to those of earlier
chapters.

The generality of these approaches comes with assumptions that limit their
current applicability. Physical realizability was introduced in Chapter 3 in order to
transfer results from the computational abstraction back to dynamical models, as
discrete executions may not be immediately realizable. This means that protocols
generated in the compositional model in Chapter 5 should be verified as fitting
the original robot dynamics, while the unidirectional analysis of Chapters 4 and 6
is unaffected. Perfect recall, while common in impossibility proofs under full-
information assumptions, has been used throughout Chapter 4 in order to focus
on the modeling of knowledge dynamics rather than carving specific bounds. Its
relaxation to oblivious protocols is of interest, as robot dynamics may provide
information that compensates for a shorter history, just as a temporal cut behavior
avoided requiring a continuous coverage of the mission space for surveillance.
Further limitations include the use of homogeneous systems throughout, where
all robots share identical sensing and acting capabilities, and the explicit use of
static task specifications in Chapters 5 and 6, excluding changing goals of reactive
systems. Extending the frameworks to these settings would require non-trivial
modifications, especially to the base space of the task sheaves, which encode
specific system properties, though the generality of the space of decision functions
suggests the possibility.

None of these frameworks originated in distributed robotics, yet each finds
natural application once the execution structure is made explicit. What has been
established is not a finished theory, but a collection of tools that were previously
isolated, now available in a common language, admitting analysis through epis-
temic logic, sheaf theory and categorical algebra. The exercise of this versatility
is a natural next step, such as using sheaf cohomology to compute solutions to
concrete coordination problems and lifting impossibility results from distributed
computing to constrained robotic settings. Exploring the spectral theory of cel-

lular sheaves for iterative approximation of solutions is a promising theoretical
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avenue, given the significant attention it has recently received in several domains
with similar distributed behavior, from opinion dynamics and economic mod-
eling to multi-agent coordination. The taxonomy of multi-robot systems from
the knowledge perspective remains largely open. Which physical constraints cre-
ate epistemic limitations absent in purely computational settings, and which are

merely implementation details that disappear under the appropriate abstraction?
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Résumé : La robotique distribuée se situe a l'inter-
section de la robotique mobile et du calcul distribué,
deux domaines étudiant la coordination sous incer-
titude par des approches complémentaires. Des ef-
forts récents ont été menés pour les rapprocher, en
adaptant des procédures algorithmiques au controle
de systemes dynamiques et en ajoutant la dimen-
sion spaciele a des modeles computationnels. Cette
thése développe les fondements mathématiques de
cette intersection, organisés autour de la structure
de linformation disponible aux robots. La premiere
contribution établit que des systémes dynamiques
hybrides et des modéles computationnels discrets
peuvent encoder la méme information épistémique,
justifiant des abstractions discretes pour raisonner sur
des robots a dynamique continue. Trois approches
complémentaires sont développées a partir de ce
modeéle commun. La connaissance au cours d'une
exécution est modélisée comme un cadre, ou les états
globaux sont reliés par causalité ou indiscernabilité.
Des propositions spatiales dérivées de I'espace de
mission fondent une logique temporelle-épistémique
formalisant les contraintes de tache. Des conditions

Titre : La structure de I'information en robotique distribuée

Mots clés : robotique distribuée, calcul distribué, systémes hybrides

suffisantes pour I'exploration, la surveillance et le ras-
semblement sont dérivées, séparant propriétés com-
portementales et de communication. Des faisceaux
cellulaires reformulent la résolvabilité comme un
probleme d’extension locale-globale. Un faisceau de
tache assigne des décisions localement valides aux
cellules d’'une catégorie d’exécution, avec des restric-
tions imposant la cohérence par robot. La résolvabilité
correspond a l'existence de sections globales, et la
cohomologie de degré zéro de sa linéarisation four-
nit une procédure semi-calculable pour construire des
solutions. Les foncteurs de protocole modélisent la
communication comme des endofoncteurs préservant
la structure sur les ensembles semi-simpliciaux chro-
matiques. Leurs algébres libres accumulent toutes les
configurations atteignables par itération non bornée,
récupérant le processus génératif que les approches
précédentes avaient abstrait. Une logique temporelle-
épistémique sur ces algébres exhibe la persistance
de la connaissance comme propriété structurelle.
Ensemble, ces approches relient les perspectives
épistémique, algébrique et topologique sur la coordi-
nation.

Abstract : Distributed robotics lies at the intersec-
tion of mobile robotics and distributed computing. The
two fields study multi-agent coordination under beha-
vioral uncertainty from complementary approaches.
Recent efforts have been made to bridge them, adap-
ting algorithmic procedures to the control of dynami-
cal systems and adding mobility to purely computa-
tional models. This thesis develops the mathemati-
cal foundations for this intersection, organized around
the structure of information available to coordinating
robots. The first contribution establishes that hybrid
dynamical systems and discrete computational mo-
dels can encode the same epistemic information, jus-
tifying computational abstractions for reasoning about
robots with continuous dynamics. This provides a
common execution model from which three comple-
mentary frameworks are developed. The knowledge
throughout an execution is modeled as a system
frame, where global states are connected by causality
or indistinguishability relations. Spatial propositions
derived from the mission space topology ground a
temporal-epistemic logic that formalizes task require-

Title : The structure of information in distributed robotics

Keywords : distributed robotics, distributed computing, hybrid systems

ments. Sufficient epistemic conditions for exploration,
surveillance and gathering are derived, separating be-
havioral from communication properties. Then, cellu-
lar sheaves defined from the same execution structure
reformulate task solvability as a local-to-global exten-
sion problem. A task sheaf assigns locally valid deci-
sions to cells of a category derived from the execution
structure, with restriction maps enforcing robot-wise
consistency. Task solvability corresponds to the exis-
tence of global sections, and the zeroth cohomology
of its linearization provides a semi-computable proce-
dure for constructing solutions. Finally, protocol func-
tors model communication as structure-preserving
endofunctors on chromatic semi-simplicial sets. Their
free algebras accumulate all reachable configurations
through unbounded iteration, recovering the gene-
rative process that previous frameworks abstracted
away. A temporal-epistemic logic on these algebras
exhibits knowledge persistence as a structural pro-
perty rather than an external axiom. Together, these
frameworks connect epistemic, algebraic, and topolo-
gical perspectives on coordination.
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