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Abstract:

Many engineering problems can be formulated as
systems of nonlinear equations or nonconvex optimiza-
tion problems, for which computing reliable solution
sets is challenging. Interval analysis provides a rigor-
ous framework by representing variables as intervals and
propagating constraints to compute guaranteed enclo-
sures in the presence of uncertainties and numerical er-
rors. In embedded robotics, interval methods are well
suited to applications such as localization and robust
control, but their practical deployment is limited by the
performance overhead of software-based interval arith-
metic, notably due to frequent rounding-mode changes
and the lack of correctly rounded elementary functions
on conventional processors.

This thesis proposes a hardware-oriented ap-
proach to interval arithmetic acceleration based on the

RISC-V open instruction set architecture. A custom ex-
tension, named xinterval, is introduced to efficiently sup-
port interval operations tailored to embedded robotics.
By encoding rounding modes at the instruction level and
implementing dedicated hardware operators, the pro-
posed solution overcomes key limitations of traditional
floating-point units.In addition, this work refines inter-
val contractor theory to correctly handle complemen-
tary contractors involving partially defined functions.
The concepts of total contractors and an iota flag al-
low domain violations to be explicitly tracked, address-
ing known inaccuracies in existing interval libraries. The
xinterval extension is implemented in VHDL and synthe-
sized on FPGA. Experimental results on representative
robotics benchmarks demonstrate speedups between
2.7× and7.8× compared to a standardRISC-Vplatform,
highlighting the effectiveness of hardware-accelerated
interval arithmetic.

Titre: Accélération matérielle de l'arithmétique des intervalles et application à la robotique mobile.

Mots-Clés: Robotique, Arithmétique des Intervalles, Acceleration Matérielle, RISC-V, Jeu d'instruction,
FPGA

Résumé:

Beaucoup de problèmes d'ingénierie sont mod-
élisables par des systèmes d'équations non linéaires ou
des problèmes de minimisation, dont la résolution peut
s'avérer difficile. L'analyse par intervalles est une méth-
ode numérique qui permet, par propagation de con-
traintes, de générer une estimation garantie d'un ensem-
ble de solutions, même en présence d'incertitudes. En
robotique mobile, les méthodes par intervalles sont très
adaptées à des problèmes récurrents comme la locali-
sation ou le contrôle robuste, mais leur utilisation em-
barquée est rendue difficile par les bibliothèques logi-
cielles disponibles. La raisonmajeure réside dans la ges-
tion que font les processeurs généralistes des arrondis
et des fonctions élémentaires sur les nombres à virgule
flottante.

Cette thèse propose une approche matérielle
de l'arithmétique des intervalles, basée sur le
développement d'une extension du jeu d'instructions
de l'architecture RISC-V, nommée xinterval. Cette ap-
proche explore la possibilité de créer une architecture
matérielle dédiée aux intervalles, adaptée à la robotique
embarquée et qui ne souffre pas des mêmes limitations
que les unités de calcul en virgule flottante des architec-
tures traditionnelles. Par la même occasion, ces travaux
illustrent une méthode pour générer efficacement des
complémentaires de contracteurs dans le cas où la con-
trainte considérée repose sur des fonctions partielle-
ment définies. L'extension xinterval est implémentée in-
tégralement en VHDL et synthétisée sur FPGA. Les résul-
tats expérimentaux montrent un facteur d'accélération
allant de 2,7× à 7,8× sur des benchmarks d'applications
robotiques représentatives, témoignant ainsi de l'intérêt
de la méthode.
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Theory and practice sometimes clash.
And when that happens, theory loses.

Every single time.

Linus Torvalds
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Abstract

Many engineering problems canbe formulated as systemsof nonlinear equations or non-
convex optimization problems, for which computing reliable solution sets remains chal-
lenging. Interval analysis provides a rigorous numerical framework to address these is-
sues by representing variables as intervals andpropagating constraints to compute guar-
anteed enclosures of the solution set, even in the presence of uncertainties and numer-
ical errors. In embedded robotics, interval methods are particularly relevant for appli-
cations such as localization, estimation, and robust control, where reliability and safety
are critical. However, their practical deployment is limited by the performance overhead
of software-based interval arithmetic, notably due to frequent floating-point rounding-
mode changes and the lack of correctly rounded elementary functions on conventional
processors.

This thesis explores a hardware-centered approach to interval arithmetic acceler-
ation, leveraging the flexibility of the RISC-V open instruction set architecture. A custom
extension, named xinterval, is proposed to efficiently support interval arithmetic oper-
ations tailored to embedded robotics. By encoding rounding modes at the instruction
level and introducing dedicated hardware operators, the proposed solution overcomes
the limitations of traditional floating-point units and enables efficient, concurrent com-
putation of interval bounds.

Beyond architectural aspects, this work introduces a refinement of interval con-
tractor theory to correctly handle complementary contractors involving partially defined
functions. The proposed notion of total contractors, combined with an iota flag, allows
domain violations to be explicitly tracked, addressing known inaccuracies in existing in-
terval libraries for operators such as square root and logarithm.

The xintervalextension is specified, implemented inVHDLusing floating-point prim-
itives generated by the FloPoCo library, and synthesized on FPGA. A hardware-in-the-
loop evaluation platform is developed to validate functionality and assess performance
on representative robotics benchmarks. Experimental results show speedups ranging
from2.7× to 7.8× compared to a standard RISC-V platform, demonstrating the effective-
ness of hardware-accelerated interval arithmetic for embedded robotics applications.
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Introduction

Context

Many engineering problems essentially amount to solving systems of equations or find-
ing the optimal parameter for a given cost function. These tasks become challenging as
soon as nonlinear equations or nonconvex cost functions are involved, which is often the
case in real-world applications. Interval analysis is a robust numericalmethodespecially
well suited to compute a guaranteed approximation of the solution set of such problems
using subpavings. Its main feature is to rely on floating-point intervals instead of scalars
to perform the computations, which allows to take into account physical uncertainties
or compensate for the limited ability of computers to represent real numbers exactly.

Embedded robotics greatly benefits from this technique as some of its most recurring
applications, such as localization or robust control, can be modeled as constraint satis-
faction problems and solved efficiently with intervals. Interval contractors play a major
role in the implementation of solving algorithms and are used to reduce the initial search
space down to the feasible solutions through constraint propagation.

Starting in 2015, a normalization effort known as the IEEE-1788 standard specifies the
expectedbehavior of operators involving intervals andprovides guidelines for implemen-
tations. Nowadays, programmers have access to a large ecosystem of software libraries,
compliant with the standard to varying degrees, to help with the development of interval
applications.

In the aforementionned context, this thesis raises the question of finding an optimal way
to execute interval-based robotics algorithms in an embedded environment and with
moderate energy consumption.

Problem

Software libraries for interval arithmetic are notoriously difficult to optimize due to con-
straints imposed by the use of the underlying floating-point hardware. To ensure guar-
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anteed calculations, mathematically correct operators need to evaluate lower and upper
bounds of intervals using different IEEE-754 rounding modes. On mainstream architec-
tures such as x86 or Arm, the rounding mode is set on a per-core fashion which causes
the whole instruction pipeline to be flushed when a change needs to be performed. In
a typical interval program, this happens very frequently and the impact on final perfor-
mances is not to be overlooked. The change of rounding mode may also not be fully
portable for older compilers as the C language provides no guarantee about it until the
release of C99.

Using libm as a basis for interval-related computations is also discouraged, especially
when searching for guarantees and high-precisions. This is due to the fact that IEEE-754
specifies nothing about the rounding of elementary functions, contrary to arithmetic op-
erators and square-root, which leads most standard implementations to provide prim-
itives which are not accurate down to the last ulp. This forces many existing interval
libraries to rely on other math libraries such as Crlibm or softfloat libraries like MPFR
which are designed specially for correct rounding.

However, thesealternatives aredesignedwith a focusondouble-precision (or evenhigher
for MPFR-based solutions) at the expense of performances, especially when using soft-
floats. This tradeoff does not feels like the most sensible choice for embedded robotics.
Although the computational guarantees provided by the aforementionned libraries are
very desirable, most applications would trade a bit of excess precision for greater speed
as time is often a critical factor in robotics. It also feels wrong to be sabotaged by the
hardware architecture and losemost of the performance though costly context switches
of the rounding mode.

Objectives of the Thesis

The thesis advocates in favor of a novel approach which handles interval arithmetic di-
rectly in hardware, instead of relying on a software library built on top of the floating-
point stack (whether hardfloat or softfloat). The main goal is to circumvent the floating-
point hardware limitationsmentionned previously and propose a solution tailored for the
needs of embedded robotics. Ideally, the changes should be made transparent for the
developpers and should not imply any new programming paradigm (e.g Cuda). Themain
reason is to facilitate the porting of existing applications and encourage the adoption by
end users.

The emergence of the RISC-V standard, an open-source specification for processor ar-
chitecture, is an unprecedented opportunity to achieve this goal. Its design philosophy
makes it a good candidate for the hardware acceleration of interval arithmetic.

• Instructions are bundled in purpose-oriented packages called extensions. With
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the notable exception of extension I, which contains the minimal set instructions
required to make a viable processor, all other extensions are optional and can be
instantiated only when the target application requires it.

• The standard requires the floating-point extensions F and D, respectively meant
for computations on single and double precisions values, to define the operating
rounding mode as part of the encoding of the instruction. The consequence is that
changing the rounding mode has no impact on performances contrary to x86 and
arm architectures.

• If standard extensions are not sufficient to achieve the desired performances on
a specific application, the RISC-V standard offers a way to create a custom exten-
sion with dedicated primitives and extend the instruction set. This process is also
greatly simplified from the software side with a dedicated GCC toolchain designed
for extensibility.

• The simplicity of the microarchitecture allows processors to be shipped as soft-
cores and synthesized on hardware devices such FPGA or ASICS. This makes the
technology accessible for research purposes and enable design modifications.

The thesis takes advantage of the strengths of the RISC-V standard to design a custom
extension called xinterval whose goal is to accelerate interval arithmetic to meet the
specific requirements of embedded robotics. The proposed process to achieve this goal
is as follows:

• Definition of a set of instructions consistent with the needs of robotics in terms of
intervals, to the extent of the capabilities offered by the RISC-V interface.

• Implementation of the backend for xinterval instructions by designing an optimized
hardware architecture for interval in VHDL. This approach allows to break free from
the limitations imposed by traditional floating-point unit. Potential benefits in-
clude, among other things, the possibility to compute both bounds concurrently
using different rounding modes, for a wide variety of interval operators.

• Development of a performanceevaluationprotocol to assess the speedupachieved
by xinterval on a set of typical robotics applications.

Contributions

Novelties

First of all, the thesis takes advantageof theopportunity providedby the re-implementation
of interval arithmetic in hardware to add novelties to the mathematical background. A
newmethod is proposed to correctly generate the complementary of a contractor involv-
ing partially defined functions or operators. This solves a well known issue in popular
interval contractor librairies where inaccurate contractors are produced for square-root
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or logarithm constraints leading to erroneous estimation of the solution set. The pro-
posed workaround presents the concept of total contractor and introduces the iota flag
as a mean to track partial definition problems in forward-backward propagations.

The main contribution of the thesis lies in the design of the xinterval RISC-V custom ex-
tension. This attempt is documented through three publications with complementary
objectives.

A first paper presents the chosen strategy, which focuses on accelerating elementary
interval contractors to support the construction of more complex contractors using the
forward-backward methodology. A list of instructions consistent with this approach is
proposed as well as a discussion regarding the best way to integrate them into the inter-
faces offered by the RISC-V standard.

A second paper focuses on the actual implementation of the xintervalmicroarchitecture
in VHDL, followed by a synthesis on FPGA. The proposed hardware operators rely on the
floating-point primitives generated by the FloPoCo library. Particular attention is paid to
the precise description of the datapath associated with each operator, followed by an
analysis of the performance obtained in synthesis on FPGA.

The last paper presents the platform used to help with the development, validation and
performance evaluation of the designed hardware. The strategy uses an hardware-in-
the-loop approach in which the RISC-V standard ISA is simulated entierely in software
and rely on the real hardware only when executing xinterval instructions. This allows the
execution of high-level robotics applications at any stage of the design process while
maintaining a high-degree of hardware representativity. To evaluate the gain in perfor-
mances brought by xinterval compared to a standard RISC-V platform without acceler-
ated intervals, a set of reference benchmarks composed of contractor applications of
increasing complexities are executed for both configurations. In these conditions, xin-
terval achieves speedups comprised between 2.7 and 7.8 times depending of the appli-
cation, with room for improvement.
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Organization of the Manuscript

The document assumes no initial knowledge about the topics covered, such as robotics,
interval arithmetic, hardware design on FPGAs, or RISC-Vmicroarchitecture. All the con-
cepts necessary for the understanding of the contributions are introduced in Part I of the
document, in order to make the work accessible to a wide audience.

Chapter 1 presents set-based interval methods as found in embedded robotics, through
its most relevant mathematical concepts such as contractor algebra, forward-backward
propagation and estimation of the solution set. These tools are then applied to solve a
classic localization problem involving the navigation in a field of landmarks with known
position using only rangemeasurements. The last part focuses on software implementa-
tions of interval arithmetic and addresses topics such as the IEEE-1788 standard, pop-
ular libraries and inherent challenges to low-level optimizations.

Chapter 2 focuses on relevant hardware acceleration strategies for interval arithmetic. It
starts by a short literature survey about the gpu-based approach, by far themost popular,
and shows how the branch-and-bound strategy used in Chapter 1 can be efficiently par-
allelized. It then introduces FPGAdevices as a support for an alternative approach based
on operator-level acceleration. The workflow and challenges associated with hardware
design on this platform are described, particularly in terms of floating-point arithmetic
which plays a crucial role in interval operators. In this context, the FloPoCo library, a
VHDL code generator for floating-point operator primitives, is presented in anticipation
for the upcoming contributions.

Chapter 3 is an introduction to the RISC-V standard which is the support used contri-
butions to integrate the interval hardware operators. It starts with a review of the main
design choices made by the microarchitecture and covers topics such as standard ex-
tensions, custom instructions and the software stack.

After the necessary reminders, Part II is entirely devoted to the contributions made in
the context of the thesis.

Chapter 4 introduces a refinement in interval arithmetic to accurately generate the com-
plementary of a contractor involving partially defined operators or real functions.

Chapter 5describes the instructionsprovidedby the xinterval customextensionand their
integration in the RISC-V.

Chapter 6 discusses the implementation of the hardware operators responsible for the
backend of xinterval instructions and records the performances achieved when synthe-
sizing the design on FPGA.

Chapter 7 details the hardware-in-the-loop methodology used to design, validate and
estimate the performances of the xinterval extension on a set of benchmark applications.
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1.1 Motivations

The ability to truthfully compute the solution of a set of equations or to find an optimal
parameter to a particular cost function is of the utmost importance in many practical
engineering problems. While being recurring, such tasks are generally deemed hard as
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12 1. Interval Methods

soon as non-linear equations or non-convex cost functions are involved. Unfortunately,
the vast majority of real-world applications falls in this category and robotics, which is
the primary target of the hereby PhD thesis, is no exception.

A common way to handle these difficult cases is to rewrite the problem as a Constraint
Network (CN) or Constraint Satisfaction Problem (CSP), which is a triple (X,D,C) defined
by:

-X = {x1, x2, ..., xn} : a set of variables
-D = {X1,X2, ...,Xn} : a set of domains (the allowed values for each xi)
- C = {C1, C2, ..., Cm} : a set of constraints

The associated solution is the setmade of the subsets of theXi which are consistentwith
all the constraints. In order to be efficiently manipulated by a computer, the solution set
is approximated using various techniques depicted in the literature, such as polyhedral
enclosures [1], ellipsoids [2] or subpavings [3](Figure 6.43).

(a) polyhedrals (b) ellipsoids (c) subpavings
Figure 1.1: Overview of various set approximation techniques

Interval analysis is a numerical method used for computing guaranteed approximations
of a solution set using subpavings. The technique was pioneered by Moore [4] in 1966
as an attempt to quantify the error on numerical computations by using intervals as
operands instead of scalar numbers. This approach allows to take into account phys-
ical uncertainties such as measurement errors or compensate for the limited ability of
computers to represent real numbers exactly. In recent history, some famous disasters
were attributed to floating-point computation errors such as the Patriot missile failure
from 1991 [5] or the explosion of the Ariane 5 rocket in 1996 [6]. As a consequence of
the growing concern of engineering for guaranteed results, interval analysis has gained
a lot of traction over the last 50 years with fundamental research works from Sunaga [7],
Hansen [8], Alefeld [9] and Kulisch [10].

Nowadays, interval analysis is an efficient tool for the following classes of problems:

• Solving a set of possibly non-linear equations or inequalities [11].
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1.2. Interval Analysis Fundamentals 13

• Solving ordinary and partial differential equations [12].
• Constrained optimization [13].
• Generic proofs for set-related properties [14].

In robotics, some recurring applications can be expressed as set-membership problems
and handled using interval analysis:

• Localization algorithms [15].
• Path planning [16].
• Robust control [17].
• Collision detection [18].

This chapter presents themost fundamental interval analysis concepts anddemonstrates
their usage in the context of typical robotics applications.

1.2 Interval Analysis Fundamentals

1.2.1 Intervals

An interval [x] is a connected subset ofR defined by a lower bound
¯
x and an upper bound

x̄ (sometimes found as xlb and xub in the literature) such as:

[x] = [
¯
x, x̄] (1.1)

¯
x = sup{a ∈ R ∪ {−∞,∞} | ∀x ∈ [x], a ≤ x} (1.2)
x̄ = inf{b ∈ R ∪ {−∞,∞} | ∀x ∈ [x], x ≤ b} (1.3)

As a consequence,
¯
x is the largest number at the left of [x] and x̄ is the smallest number

on its right. An interval is said to be degenerate and denoted as {x}when its bounds are
equal i.e.

¯
x = x̄, thus allowing to represent scalar values as intervals. The empty set ∅

is also introduced to represent the absence of solution to a problem.

In the context of this thesis, the term interval will be used interchangeably to refer to
closed intervals of R. Denote by IR the set of intervals falling in this category. Trivially,
all the members of IR have one of the forms presented in Table 1.1.

[a, b] [-∞, a] [a, +∞] [-∞,+∞] ∅

Table 1.1: Possible formats for members of IR with (a, b) ∈ R2 and a ≤ b

For convenience, the width of an interval [x] and its midpoint are defined as follows:
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14 1. Interval Methods

w([x]) = x̄−
¯
x (1.4)

mid([x]) = ¯
x+ x̄

2
(1.5)

Figure 1.2: A closed interval [x] from IR

Example

[x1] =[−0.5, 0.7] w([x1]) = 1.2 mid([x1]) = 0.1

[x2] =[1.6,+∞] w([x2]) = +∞ mid([x2]) = +∞

[x3] =[−∞, 4.5] w([x3]) = +∞ mid([x3]) = −∞

[x4] =[−∞,∞] = R w([x4]) = +∞ mid([x4]) = 0

[x5] ={5.6} w([x5]) = 0 mid([x5]) = 5.6

[x6] =∅ w([x6]) = −∞ (convention)
[x7] =[1.1, 0.3] ↣ illegal: unordered bounds

1.2.2 Interval Computation

1.2.2.1 Set Operators

Traditional set operations, such as intersection and union, are defined for intervals and
have the following behavior:
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1.2. Interval Analysis Fundamentals 15

Intersection:

[x] ∩ [y] = [max{
¯
x,
¯
y},min{x̄, ȳ}] (1.6)

[x] ∩∅ = ∅ (absorbing element) (1.7)
[x] ∩ R = [x] (neutral element) (1.8)

Example

[−5, 2] ∩ [−1, 4] = [−1, 2]

[−5, 2] ∩ [3, 6] = ∅

Union:

[x] ∪ [y] = [min{
¯
x,
¯
y},max{x̄, ȳ}] (1.9)

[x] ∪∅ = [x] (neutral element) (1.10)
[x] ∪ R = R (absorbing element) (1.11)

Example

[4, 9] ∪ [5, 11] = [4, 11] (connected operands)

[−3,−1] ∪ [1, 6] = [−3, 6] (disconnected operands)

1.2.2.2 Binary Operators

Set operations and real arithmetic can also be applied to intervals. The result of any
binary operator � applied between two intervals [x] and [y] from IR is defined according
to (1.12) as illustrated by Moore [4].

[x] � [y] = [{x � y ∈ R | x ∈ [x], y ∈ [y]}] (1.12)

where [.] is the convex hull which represents the smallest interval encompassing all the
feasible values of x � y for x ∈ [x] and y ∈ [y].
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16 1. Interval Methods

This behavior canbe illustrated on some recurring operators. Let [x] and [y]be two closed
intervals from IR:

Addition:

[x] + [y] = [
¯
x+

¯
y, x̄+ ȳ] (1.13)

[x] +∅ = ∅ (absorbing element) (1.14)
[x] + R = R (absorbing element) (1.15)

Example

[4, 9] + [−1, 6] = [3, 15]

Subtraction:

[x]− [y] = [
¯
x− ȳ, x̄−

¯
y] (1.16)

[x]−∅ = ∅ (absorbing element) (1.17)
[x]− R = R (absorbing element) (1.18)

Example

[4, 9]− [−1, 6] = [4, 9] + [−6, 1] = [−2, 10]

Multiplication:

[x]× [y] = [min{
¯
x
¯
y,
¯
xȳ, x̄

¯
y, x̄ȳ},max{

¯
x
¯
y,
¯
xȳ, x̄

¯
y, x̄ȳ}] (1.19)

[x]×∅ = ∅ (absorbing element) (1.20)

Example

[4, 9]× [−1, 6] = [min(−4, 24,−9, 54),max(−4, 24,−9, 54)] = [−4, 54]
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1.2. Interval Analysis Fundamentals 17

Division:

[x]

[y]
= [x]× 1

[y]
=



∅ if [y] = {0},

[x]× [ 1ȳ ,
1

¯
y ] if 0 /∈ [y]

[x]× [ 1ȳ ,+∞] if
¯
y = 0 and ȳ ≥ 0

[x]× [−∞, 1

¯
y ] if

¯
y < 0 and ȳ = 0

[−∞,∞] if
¯
y < 0 and ȳ > 0

(1.21)

Example

[4, 9]

[1, 6]
= [4, 9]× [

1

6
, 1] = [min(

2

3
, 4,

3

2
, 9),max(

2

3
, 4,

3

2
, 9)] = [

2

3
, 9]

It must be noted that some algebraic laws are weakened when moving from reals to
intervals:

• [x] - [x] is not always equal to {0}, ie [x] - [x] 3 0.

Example : [0, 4] - [0, 4] = [0, 4] + [-4, 0] = [-4, 4] 6= 0

• [z]([x] + [y]) ⊆ [z][x]+[z][y] (subdistributivity)

As a consequence, the factorized form of an algebraic expression can be generally evalu-
atedwith less pessimism than its developped counterpart making it preferable in almost
every cases.

1.2.2.3 Elementary functions

Elementary functions like exponential, logarithm or square-root are also applicable to
intervals from IR by following a similar rule to arithmetic operators:

[f ]([x]) = [{f(x) | x ∈ [x]}] where f is a function from R to R (1.22)

When f is continuous and strictly monotonous over its domain of definition (Figure 1.3a),
the equation (1.22) can be rewritten as 1.23:

[f ]([x]) = [min(f(
¯
x), f(x̄)),max(f(

¯
x), f(x̄))] (1.23)

For non-monotonousandperiodic functions suchas trigonometry operators (Figure1.3b),
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18 1. Interval Methods

dedicated algorithms must be built to take into account the specificity of each function
(Algorithm 1).

(a) exponential (b) cosine
Figure 1.3: Elementary functions applied to intervals

Example

[ln]([4, 9]) = [ln(4), ln(9)] ≈ [1.3862, 2.1972] the logarithm is strictly monotonous

[−6, 9]2 = [0, 81] the square function is not strictly monotonous

Algorithm 1: An algorithm to compute [cos]([x])
Data: [x]
Result: [r] = [cos]([x])

1
¯
r← −1;

2 r̄← 1;
3 if width(x) ≥2π then
4 return [̄r, r̄]
5 end
6 if ∄k ∈ Z | (2k − 1)π ∈ [x] then
7

¯
r← min(cos(

¯
x), cos(x̄));

8 end
9 if ∄k ∈ Z | 2kπ ∈ [x] then

10 r̄← max(cos(
¯
x), cos(x̄));

11 end
12 return [̄r, r̄]

1.2.3 Interval Vectors

An interval vector [x], or simply interval box is a Cartesian product of n intervals from IR.
The i-th component [xi] is the projection of [x] onto the i-th axis:
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1.2. Interval Analysis Fundamentals 19

[x] = [x1]× [x2]× ...× [xn] (1.24)

It can be represented graphically using an axis-aligned box in n dimensions as depicted
in Figure 1.4.

Figure 1.4: Interval vectors of IR2 (left) and IR3 (right)

The concept of width introduced previously for intervals is still applicable for boxes and
is equal to the greatest width among all its interval components (1.25).

w([x]) = max(w([x1]), w([x2]), ..., w([xn])) (1.25)

Another useful operation on boxes is the bissection denoted bis([x])which splits an input
box into a left part (L([x])) and a right part (R([x])) with respect to its wider dimension.
It is defined as follows:

if j = min{i | w([xi]) = w([x])} then
L([x]) = [x1]× ...× [

¯
xj ,mid([xj ])]× ...× [xn]

R([x]) = [x1]× ...× [mid([xj ]), x̄j ]× ...× [xn]

(1.26)
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20 1. Interval Methods

Example

Let [x] = [x1]× [x2] = [1, 8]× [1, 4],

w([x]) = max(w[x1], w[x2]) = max(7, 3) = 7

mid([x1]) = ¯
x1+x̄1

2 = 1+8
2 = 4.5

bis([x]) = (L([x]), R([x]))
L([x]) = [

¯
x1,mid([x1])]× [x2] = [1, 4.5]× [1, 4]

R([x]) = [mid([x1]), x1]× [x2] = [4.5, 8]× [1, 4]

1.2.4 Interval Contractors

1.2.4.1 Purpose

Consider the CSP H (refer to Section 1.1) defined below and its associated solution set
S.

H :


X : (x1, x2, x3)

D : (R,R, [0,+∞]) where

C : f(X) = 0

f(X) =

x1 + sin(x2) + x3

x1 − x2 − 3
(1.27)

The literature [19–21] shows how to compute a guaranteed enclosure of S through in-
terval analysis using algorithms with polynomial complexity. Most of thesemethods rely
on consistency techniques such as interval contractors [22]. Contracting H means re-
placing the domains D by a smaller domain D′ without removing any valid solution for
the constraints, ie S ⊂ D′ ⊂ D. The optimal solution is reached when D′ becomes the
smallest axis-aligned box which contains S.

1.2.4.2 Definitions and Properties

The contractor for a set X of Rn is denoted CX and defined with respect to (1.28).

CX :

IRn → IRn

[x]→ CX([x])
(1.28)
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1.2. Interval Analysis Fundamentals 21

It must satisfy the rules from (1.29):

∀[x] ∈ Rn,


CX([x]) ⊂ [x] (Contractance)

CX([x]) ∩ X = [x] ∩ X (Consistency)

[x] ⊂ [y]⇒ CX([x]) ⊂ CX([y]) (Monotonicity)

(1.29)

Remarks

From (1.29) , if [x′] = CX([x]), then

• [x′] is a subset of [x].
• Some non-consistent elements of [x] (sometimes all, sometimes none) with

X has been discarded to form [x′].
• No value consistent with X has been discarded.

The composition of contractors is defined by CX
(n)([x]) =CX ◦CX ◦ ... ◦CX([x]). When ap-

plying a Scott-continuous contractor several times on an input box [x], a point of stability
[xs] is generally reached for which no further contraction is possible (1.30). The number
of iterations to reach this state depends of the nature of the contractor.

CX
(n)([x]) = [xs] when n→ +∞

CX([xs]) = [xs]
(1.30)

A contractor is said to beminimalwhen the resulting box is the smallest axis-aligned box
containing X. This is expressed by (1.31), where [.] is still the convex hull. In this case,
the contractor is denoted as C∗

X.

∀[x] ∈ IRn,C∗
X([x]) = [[x] ∩ X] (1.31)

The concepts presented beforehand are illustrated on Figure 1.5. On Figure 1.5a, the
box [x] is contracted once using a non-minimal contractor and the hatched area of the
input box is discarded. Figure 1.5b shows the convergence to a non-minimal box which
occurs when the contractor is called repeatedly. Figure 1.5c presents a case of minimal
contraction where the output box is the smallest axis-aligned box which encloses the
set.

Finally, set operations such as intersection and union are also available for contractors
[23]. Let C1 and C2 be two contractors:
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22 1. Interval Methods

(a) A non-minimal contractor (b) convergence to a non-minimal box

(c) The minimal contractor
Figure 1.5: Illustration of some contraction cases

(C1 ∩ C2)([x]) = C1([x]) ∩ C2([x]) (Intersection) (1.32)
(C1 ∪ C2)([x]) = C1([x]) ∪ C2([x]) (Union) (1.33)
(C1 ◦ C2)([x]) = C1(C2([x])) (Composition) (1.34)

This result is especially useful as it allows to build complex contractors frommore simple
ones. For example, solvingH from (1.27) canbeachievedbyfinding a contractor for each
equation of f(X) and then using an intersection to build the contractor for the the whole
problem.

1.2.4.3 Forward-Backward Contractors

Practically, the forward-backward methodology [24, 25] is often the preferred way to
generate contractors for the domain of a CSP H : (f(x) ∈ [y]). This technique operates
in two major steps and is based on constraint propagation techniques [26, 27]. The first
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1.2. Interval Analysis Fundamentals 23

step (forward step) consists of a simple evaluation of f(x) using classic interval arith-
metic with the rules presented in Section 1.2.2. In the second step (backward step), the
result of this computation is intersected with [y] and retro-propagated toward the initial
variables to reduce the input domain.

The operations used in the first and second steps are denoted as the forward contractor
and backward contractor and respectively denoted as

−→
C and

←−
C . The whole forward-

backward contractor
←→
C is then composed of this pair of contractors (1.35).

←→
C = (

−→
C ,
←−
C ) (1.35)

The example details this methodology for a simple addition, which is further illustrated
on Figure 1.6 using the Abstract Syntax Tree (AST) of the associated constraint.

Example

LetH be the following CSP:

H :


X : (x1, x2, x3)

D : ([−∞, 5], [−∞, 4], [6,+∞]) where

C : f(X) = 0
f(X) = {x1 + x2 − x3}

The constraint can be rewritten as a simple addition: (x1 + x2 = x3) and the
associated forward-backward contractor is generated as follows:

Forward contractor:
The function is evaluated using interval arithmetics ...

[r1] = [x1] + [x2] = [−∞, 5] + [−∞, 4] = [−∞, 9]

... and intersected with [x3] to form a contracted [x′3]:

[x′3] = [r1] ∩ [x3] = [−∞, 9] ∩ [6,+∞] = [6, 9]

[x′3] now replaces [x3] in the domain of feasible values:

D ← ([x1], [x2], [x
′
3]) = ([−∞, 5], [−∞, 4], [6, 9])
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24 1. Interval Methods

Example (cont’d)

Backward contractor:
The new knowledge about [x′3] is retro-propapagated to contract [x1] and [x2]

and form [x′1] and [x′2].

x1 + x2 = x′3 ⇔

x′1 = (x′3 − x2) ∩ x1 = ([6, 9]− [−∞, 4]) ∩ [−∞, 5] = [2, 5]

x′2 = (x′3 − x1) ∩ x1 = ([6, 9]− [−∞, 5]) ∩ [−∞, 4] = [1, 4]

In the end, the initial domain D has been contracted into D' which ismuch smaller:

D :


[x1] : [−∞, 4]

[x2] : [−∞, 5] =⇒
[x3] : [6,+∞]

D′ :


[x′1] : [2, 5]

[x′2] : [1, 4]

[x′3] : [6, 9]

Figure 1.6: Illustration of the forward (left) and backward (right) iterations. Red arrows indicate the flow
of propagation.
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1.2.4.4 Minimal Contractors For Elementary Constraints

The forward-backward methodology illustrated in the previous example can be applied
to generateminimal contractors for various elementary constraints. An elementary con-
straint is typically associated to an arithmetic operator or an algebraic function and has
an expression which cannot be decomposed further.

Example

The constraint [x3] = [x1] + [x2] is elementary.

The constraint [x3] = [x1] +
√

[x2] is not elementary.
It can be decomposed in two constraints: [a1] =

√
[x2] and [x3] = [x1] + [a1]

The forward and backward contractors for an operator ∗ associated to an elementary
constraint are respectively denoted as

−→
C∗ and

←−
C∗ . The elementary contractors listed in

Tables 1.2 and 1.3 will be used frequently throughout the thesis and used as building
blocks for complex contractors in combination with the technique presented in Section
1.2.4.5. Their expressions are well defined in the literature [22] but some of them will
still be presented below as an example.

Arithmetic Operators

←→
C+ [x] + [y] = [z] Addition

←→
C− [x] - [y] = [z] Subtraction

←→
C× [x] * [y] = [z] Multiplication

←→
C/ [x] / [y] = [z] Division

Table 1.2: Elementary contractors (arith op.)

Real Functions
←→
Csqr [x]2 = [y] Square Function
←→
C√

√
[x] = [y] Square Root

←−→
Cexp exp ([x]) = [y] Exponential
←→
Clog log([x]) = [y] Logarithm
←→
Ccos cos([x]) = [y] Cosine
←→
Csin sin([x]) = [y] Sine

Table 1.3: Elementary contractors (real func.)
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Arithmetic operators have trivial forward-backward contractors that are built in the same
fashion as the previous example. Their expressions are listed in Table 1.4.

Addition Subtraction Multiplication Division

Constraint x3 = x1 + x2 x3 = x1 - x2 x3 = x1 × x2 x3 = x1 / x2

−→
C∗ [x3] = [x1] + [x2] [x3] = [x1] - [x2] [x3] = [x1] × [x2] [x3] = [x1] / [x2]

←−
C∗

[x1] = [x3]− [x2]

[x2] = [x3] - [x1]

[x1] = [x3] + [x2]

[x2] = [x1] - [x3]

[x1] = [x3] / [x2]

[x2] = [x3] / [x1]

[x1] = [x3] × [x2]

[x2] = [x1] / [x3]

Table 1.4: Expressions for the forward-backward contractors based on arithmetic operators

As an example of aminimal contractor for real functions, consider the case of the square
constraint [x]2 = [y]. Figure 1.7 illustrates the interval function for both square and
square-root. As it was previously discussed in Section 1.2.2.3, the algorithm to compute
interval square-root is straightforward due to the strict monotonicity of the associated
real function (Algorithm 3). However, this is not the case of square with has a change
of monotonicity around 0 and thus requires a (slightly) more complicated procedure as
shown in Algorithm 2.

(a) square (b) square-root
Figure 1.7: Interval functions square and square-root

Algorithm 2: Interval square
Data: [x]
Result: [r] = [x]2

1
¯
r←min(

¯
x2, x̄2)

2 r̄←max(
¯
x2, x̄2)

3 if 0 ∈[x] then
4 return [0, r̄]
5 end
6 return [̄r, r̄]

Algorithm 3: Interval square-root
Data: [x]
Result: [r] =

√
[x]

1 if x̄ ≤ 0 then
2 return ∅
3 end
4
¯
r←

√
min(0,

¯
x);

5 r̄←
√
x̄;

6 return [
¯
r, r̄]
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Example

LetH be the following CSP:

H :


X : (x1, x2)

D : ([−1, 8], [13, 72]) where

C : f(X) = 0
f(X) =

{
x1

2 − x2

The constraint can be rewritten as a simple addition: (x12 = x1) and the associ-
ated forward-backward contractor is generated as follows:

Forward contractor:
The function is evaluated using interval arithmetics ...

[r1] = [x1]
2 = [−1, 8]2 = [0, 64]

... and intersected with [x2] to form a contracted [x′2]:

[x′2] = [r1] ∩ [x2] = [0, 64] ∩ [13, 72] = [13, 64]

[x′2] now replaces [x2] in the domain of feasible values:

D ← ([x1], [x
′
2]) = ([−1, 8], [13, 64])

Backward contractor:
The new knowledge about [x′2] is retro-propapagated to contract [x1]
and form [x′1].

x1
2 = x′2 ⇔

{
x′1 =

√
x′2 ∩ x1 = (

√
x′2) ∩ [−1, 8] = [3.6055.., 8] ∩ [−1, 8] = [3.6055.., 8]

In the end, the initial domain D has been contracted into D' which ismuch smaller:

D :

[x1] : [−1, 8]

[x2] : [13, 72] =⇒
D′ :

[x′1] : [3.6055.., 8]

[x′2] : [13, 64]
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The previous example shows how to build the elementary contractor corresponding to a
square constraint. The associated expression is reported in Table 1.5.

Square

Constraint x1
2 = x2

−−→
Csqr [x2] = [x1]

2

←−−
Csqr [x1] =

√
[x2] ∩ [x1]

Table 1.5: Expression of the elementary square contractor

1.2.4.5 Extension To Complex Contractors

The HC4-Revise (HC4R) algorithm [24, 25] is a generalization of the aforementionned
forward-backwardmethodology andused toprocedurally generate contractors for a con-
straint. It operates by traversing the AST of the mathematical expression associated to
the constraint twice: thefirst traversal goes from leaves (variables) to root (top-intersection)
and performs an evaluation of the result using interval aritmetic, the second one goes the
opposite way and retro-propagates the new knowledge to the original variables. This
approach has already been used in a much simpler context to construct the elementary
contractor for addition (refer to Figure 1.6).

The main benefit of the algorithm is to work similarly with non-elementary (or complex)
constraints, i.e., that can be broken down into several elementary constraints (refer to
Section 1.2.4.4). The only condition is that the associated mathematical expression
must be exclusively made of continuous operators. An even more interesting result [24]
is that the generated contractor is assured to be minimal if the expression satisfies the
following additional requirements:

• Req1 : A minimal contractor is available for each elementary operator involved.

• Req2 : Each variable is present at most one time for a given degree.

Remarks

The need for the second requirement can be sensed easily.
If [x] = [−2, 6], the value of [x]2 can be computed using two different methods:

Through multiplication: [x]2 = [x]× [x] = [−2, 6]× [−2, 6] = [−12, 36]
The multiplication formula from Equation (1.19) is applied.

Through square function: [x]2 = sqr([x]) = [−2, 6]2 = [0, 36]

The square function from Algorithm 2 is applied.
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Remarks (cont’d)

The first method which involves the x variable two times at degree 1 generates
more pessimism than the direct square function: [x]2 ⊂ [x] × [x]. This can be
explained by the fact that Algorithm 2 uses an additional information compared to
plain multiplication which is the equality of both operands.

The following example illustrates these requirements on several constraints:

Example

Consider the following constraints:

C1 : x1 + sin(x2) + 2x1
2

C2 : e(x1+x2) + sin(x2) + x1
2

C3 : sin (x1
2+x2

2)
ex1+x2

2

All the operators featured in these constraints have an associated minimal con-
tractor presented in Tables 1.2 or 1.3:

←→
C+,
←→
C×,
←→
C/ ,
←→
Csqr,

←−→
Cexp,

←→
Csin.

Based on the rules outlined above, only C1 leads to a minimal contractor with
HC4R: C2 uses the variable x2 twice at degree 1 and C3 uses variable x2 twice
at degree 2.

As an illustration, HC4R will be applied on the constraint C3 from the previous example
to derive the associated contractor.

LetH be the following CSP:

H :


X : (x1, x2)

D : ([−3.5, 2], [−3, 3]) where

C : f(X)∈ [0.325, +∞]

f(X) =
{

sin (x1
2+x2

2)
ex1+x2

2 (1.36)

Figure 1.8 breaks down the mathematical expression of the constraint into an AST and
creates some intermediate variables (boxed values) linked together by elementary con-
straints.

For the forward iteration, the strategy is close from the one used in the left part of Figure
1.6. The whole expression is evaluated using interval arithmetic by exploiting both the
relationships between the intermediate variables and the forward elementary contrac-
tors presented in Section 1.2.4.4. The propagation flow is schematized on the left part
of the Figure 1.9 and the associated algorithm is shown on Algorithm 4.
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Figure 1.8: Decomposition of a complex constraint into elementary parts using an AST

Figure 1.9: Forward (left) and backward (right) propagation on the AST using HC4R

For the backward iteration, the strategy is again similar to the one used in the right part
of Figure 1.6. The knowledge obtained in the forward iteration is retro-propagated to the
original variablesbyexploitingboth the relationshipsbetween the intermediate variables
and the backward elementary contractors presented in Section 1.2.4.4. The propagation
flow is schematized on the right part of the Figure 1.9 and the associated algorithm is
shown on Algorithm 5.

Final Version - 2026/03/06



1.2. Interval Analysis Fundamentals 31

Algorithm 4: Contractor −→CH

Data: [x1],[x2]
1 [a1] =

−−→
Csqr([x1]);

2 [a4] =
−−→
Csqr([x2]);

3 [a5] =
−−→
Csqr([x2]);

4 [a6] =
−−→
Cexp([x1]);

5 [a2] =
−→
C+([a1, a4]);

6 [a3] =
−−→
Csin([a2]);

7 [a7] =
−→
C+([a5, a6]);

8 [a8] =
−→
C/([a3, a7]);

9 [a8] = [a8] ∩ [c1];
10 return [x1], [x2], [a1−8]

Algorithm 5: Contractor←−CH

Data: [x1], [x2], [a1−8]

1 [a3], [a7] =
←−
C/([a3], [a7], [a8]);

2 [a2] =
←−−
Csin([a2], [a3]);

3 [a1], [a4] =
←−
C+([a1], [a4], [a2]);

4 [x1] =
←−−
Csqr([x1], [a1]);

5 [x2] =
←−−
Csqr([x2], [a4]);

6 [a5], [a6] =
←−
C+([a5], [a6], [a7]);

7 [x1] =
←−−
Cexp([x1], [a6]);

8 [x2] =
←−−
Csqr([x2], [a5]);

9 return [x1],[x2]

1.2.5 Subpavings

Let f be a function from Rn to Rm (possibily non-linear) and Y a subset of Rm. A set
inversion problem consists in the characterization of

X = {x ∈ Rn | f(x) ∈ Y} = f−1(Y) (1.37)

The Set Inverter Via Interval Analysis (SIVIA) algorithm [28] can be used to build two
regular subpavings

¯
X and X̄ respectively called inner and outer approximations such as

¯
X ⊂ X ⊂ X̄. This procedure (Algorithm 6) relies on the forward-backward contractor
←→
C associated with the constraint f(x) ∈ Y, whose generation method was thoroughly
described in section 1.2.4. The main steps of SIVIA are described below and in Figure
1.11:

Input values:

• [x0]: a box from Rn corresponding to the initial domain of the underlying CSP.
• ←→C : the forward-backward contractor associated with the constraint f(x) ∈ Y.
• ϵ: the minimum width for any box in resulting inner/outer approximations (preci-

sion control).

Output values:

• Lin: the list of all the boxes from the inner approximation of X.
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Algorithm 6: The SIVIA algorithm
Data: [x0],

←→
C , ϵ

1 L← list([x0]);
2 Lin ← Lboundary = list();
3 while (L not empty) do
4 Pop [x] from L;
5 [x′]←←→C ([x]);
6 if [x′] = ∅ then
7 Go to next iteration;
8 else if −→C ([x]) ⊂ Y then
9 Append [x] to Lin;

10 Go to next iteration;
11 else if w([x]) > ϵ then
12 L([x]), R([x])←bis([x])
13 Append L([x]), R([x]) to L;
14 Go to next iteration;
15 else
16 Append [x] to Lboundary;
17 Go to next iteration;
18 end
19 end
20 return Lin, Lboundary

• Lboundary: the list of all the boxes from the inner approximation of X.

Initialization:
Three lists are initialized at thebeginning of the algorithm. Lin andLboundary are originally
empty and grow during the execution. L contains the pool of boxes which are awaiting
for an evaluation through the forward-backward contractor

←→
C . This list starts with only

[x0] but is populated during the execution with the results of the multiple bisections.

Main loop:
The main loop runs until L contains no more boxes. Each iteration pops a box [x] from
L which is contracted using

←→
C to obtain [x′]. Several things may then happen:

• [x′] is equal to ∅: this means that [x] ∩ X = ∅ and [x] 6⊂ X̄.
⇒ Discard [x] and go to the next iteration.

• −→C ([x]) ⊂ Y: the result of the forward contractor
−→
C is fully included in Y and thus

[x] ⊂
¯
X.

⇒ Append [x] toLin and go to the next iteration.
• −→C ([x]) 6⊂ Y and w([x]) > ϵ: the result of the forward contractor

−→
C is partly included

in Y which means that a subset of [x] belongs to X. As the output box is deemed
wide enough (ϵ criteria), [x] can be bisected according to (1.26) for each halves to
be evaluated independantly by the contractor.
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⇒ Push L([x])/R([x]) inL and go to the next iteration.
• −→C ([x]) 6⊂ Y and w([x]) ≤ ϵ: Similarly to the previous case, a subset of [x] belongs to

X. However, the output box is too narrow for further bisection and is directly added
to X̄.
⇒ Append [x] toLboundary and go to the next iteration.

Termination:
At the end of the algorithm,L is empty andLin andLboundary contain respectively all the
boxes from

¯
X (inner approximation) and X̄ (outer approximation).

As a matter of example, the SIVIA algorithm can be used to generate the paving asso-
ciated to the CSP H defined in (1.36) whose associated contractor has been generated
using HC4R (Algorithms 4 and 5). By adjusting the value of ϵ, the granularity of the out-
put paving can be controlled to match the requirements of the underlying application.
For example, a smaller ϵ generates a more precised paving composed of many smaller
boxes which is beneficial to accuracy but increases the computation resources required
to manipulate the data.

(a) Paving with ϵ = 0.1 (b) Paving with ϵ = 0.01

Figure 1.10: Subpaving obtained via SIVIA for H (1.36)
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(a) −→C ([x0]) contains the whole set Y which implies that a subset of [x0] belongs to X. As the contracted
box is wide enough, a bisection is performed and both halves are pushed to L for further inspection.

(b)−→C ([x1]) (blue box) has not intersection with Y which means that [x1]∩X = ∅. As a consequence it is
useless to explore [x1] further and the box is discarded. However, −→C ([x2]) (red box) still fully encompasses
Y so another cycle of bisection is scheduled.

(c)The algorithm goes onwith bisections to explore all the promising paths. For a given box [x], if−→C ([x]) ⊂
Y (red box), then [x] ⊂ X and the box is not bisected further and directly added to Lin. If −→C ([x]) is
only partially included in Y and w([x]) < ϵ (yellow box) then [x] is considered to be a part of the outer
approximation and thus added to Lboundary.

(d) At the end of the execution, X is fully characterized by a list of red boxes (the inner approximation)
and yellow boxes (outer approximation).

Figure 1.11: A graphic illustration of the SIVIA algorithm
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1.3 A Complete Localization Example

The goal of this section is to demonstrate the use of interval methods in the context of
real-world applications. As stated in the introduction of this chapter, a lot of recurring
tasks encountered in robotics can be identified as set-membership problems and solved
efficiently with intervals using the tools presented in Section 1.2. A perfect example
is the autonomous localization in a partially known environment, a classic data-fusion
[29] problem where a robot attempts to estimate its position using a set of possibly het-
erogenous sensors. This application is challenging due to the fact that the knowledge
of the environment is often inaccurate or outdated and that the sensor measurements
come with uncertainties and are generally error-prone. Some well-established tech-
niques such as the Kalman filtering [30, 31] are successfully used in these situations
but they have the drawback of requiring a precise estimation of the initial conditions
(orientation, position, ...) which can be a lot harder than the actual localization [32]. In-
terval methods make it possible to solve the problem even when the initial conditions
are not precisely known and absorb most of the uncertainties imposed by sensor mea-
surements.

1.3.1 Modelling the Problem

Figure 1.12 illustrates a situation where a robot (green triangle) attempts to localize it-
self using three landmarks (red circles). The robot starts at an unknown position (xr, yr)

and uses its internal sensors (camera, telemetry, sonar, ...) to compute the distances di
toward landmark i with i ∈ {1, 2, 3}. These distances are represented as intervals to ac-
count for the measurement errors. The coordinates of each landmark are exactly known
prior to the execution and are denoted by ai with i ∈ {1, 2, 3}.

Eachdistance di to landmark ai producedby the sensors indicates that the robot is some-
where in the ring centered around ai with an inner radius of di, an outer radius of di and
a thickness equal to w([di]). This means that a couple of coordinates (xr, yr) from R2 is
consistent with the measurements if the constraint (1.38) is satisfied.

(xr − xai)
2 + (yr − yai)

2 ∈ di
2 (disk equation) (1.38)

As a consequence, the whole problem is equivalent to solving the following CSP where
each landmark is given a constraint similar to (1.38):

Final Version - 2026/03/06
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Figure 1.12: Localization of a robot using range measurements and known landmarks.

H :


X : (x, y)

D : ([0,∞], [0,∞]) where f(X) =


(x− xa1)

2 + (y − ya1)
2

(x− xa2)
2 + (y − ya2)

2

(x− xa3)
2 + (y − ya3)

2

(1.39)

1.3.2 Building The Contractors

At first, the constraints fromH are handled independently:

C1 : (x− xa1)
2 + (y − ya1)

2 ∈ [d1]
2 (Landmark 1)

C2 : (x− xa2)
2 + (y − ya2)

2 ∈ [d2]
2 (Landmark 2)

C3 : (x− xa3)
2 + (y − ya3)

2 ∈ [d3]
2 (Landmark 3)

TheHC4Ralgorithmcanbeappliedoneachconstraint to generate theassociated forward-
backward contractor. Since the conditions presented in Section 1.2.4.5 are satisfied, the
resulting contractor is assured to be minimal.
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As amatter of example, Figure 1.13 illustrates the constraint propagation of HC4R on the
AST ofC1, which leads to

−→
C1 (Algorithm 7) and

←−
C1 (Algorithm 8). The process is naturally

similar for C2 and C3.

Algorithm 7: Contractor −→C1

Data: [x], [y]
1 [a1] =

−→
C−([x], [xa1 ]);

2 [a2] =
−→
C−([y], [ya1 ]);

3 [a3] =
−−→
Csqr([d1]);

4 [a4] =
−−→
Csqr([a1]);

5 [a5] =
−−→
Csqr([a2]);

6 [a6] =
−→
C+([a6], [a3]);

7 inc = 1 if ([a6] ∈ [a3]) else 0;
8 [a6] = [a6] ∩ [a3];
9 return [x], [y], [a1−6], inc

Algorithm 8: Contractor←−C1

Data: [x], [y], [a1−6]

1 [a4], [a5] =
←−
C+([a4], [a5], [a6]);

2 [a1] =
←−−
Csqr([a1], [a4]);

3 [a2] =
←−−
Csqr([a2], [a5]);

4 [x] =
←−
C−([x], [xa1 ], [a1]);

5 [y] =
←−
C−([y], [ya1 ], [a2]);

6 return [x],[y]

Remarks

In Algorithm 7, the variable inc represents an inclusion test performed juste be-
fore intersecting a6 and a3. This value will be used later to compute intersection
and union of contracted boxes.
In Algorithm 8, xa1 , ya1 and d1 are left out of the retro-propagation since they are
given as input values to the problem. The position of the landmark is supposed to
be perfectly known and there would be little physical meaning in contracting the
sensor measurements.

The contractor for the whole CSPH can be built by taking advantage of the intersection
property highlighted in (1.32) i.e.

←→
CH =

←→
C1∩
←→
C2∩
←→
C3 (Algorithm9). Similarly, an hypothet-

ical CSP H′ where a pair of coordinates (x, y) is required to be compatible with at least
one measurement is solved using contractor union i.e.

←→
CH′ =

←→
C1 ∪

←→
C2 ∪

←→
C3 (Algorithm

10). Both algorithms rely on the
←→
Cn contractors to compute the contracted box [cnout ] and

the inclusion test variable inccn before performing the appropriate set operation.

Algorithm 9: Contractor←→CH

Data: [x], [y]
1 [c1out ], incc1 =

←→
C1 ([x], [y]);

2 [c2out ], incc2 =
←→
C2 ([x], [y]);

3 [c3out ], incc3 =
←→
C3 ([x], [y]);

4 incH = incc1 and incc2 and incc3 ;
5 [cHout ] = [c1out ] ∩ [c2out ] ∩ [c3out ];
6 return [cHout ], incH

Algorithm 10: Contractor←→CH′

Data: [x], [y]
1 [c1out ], incc1 =

←→
C1 ([x], [y]);

2 [c2out ], incc2 =
←→
C2 ([x], [y]);

3 [c3out ], incc3 =
←→
C3 ([x], [y]);

4 incH′ = incc1 or incc2 or incc3 ;
5 [cH′out ] = [c1out ] ∪ [c2out ] ∪ [c3out ];
6 return [cH′out ], incH′
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Figure 1.13: Forward (up) and backward (down) propagation on the AST for C1
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1.3.3 Computing The Subpavings

The SIVIA algorithm is used to generate the subpavings for the contractors
←→
C1 ,
←→
CH,
←→
CH′ .

Example

For the sake of reproductability, the constants declared in Equation (1.39) are
given the following values throughout this section:

xan
yan

dn

n = 1 22 24.5 [11.5, 13.5]
n = 2 25 4 [11.5, 13.5]
n = 3 4.5 15 [11.5, 13.5]

For
←→
C1 , the set of feasible values takes the form of a ring centered around the upper-left

landmark, which matches the inital intuition (Figure 1.14).

Figure 1.14: SIVIA subpaving for one landmark (using←→C1)

Using
←→
CH′ , SIVIA generates the subpavings illustrated on Figure 1.15. It can be in-

tepreted as the set of valueswhich are consistentwith at least one of themeasurements,
which is the same as belonging to one of the three rings.

Finally, the contractor
←→
CH allows to generate the subpaving corresponding to the solution

of the CSPH (Figure 1.16). It corresponds to the set of coordinates which are consistent
with all the measurements, i.e. the intersection of all the rings.
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Figure 1.15: SIVIA subpaving for the consistency with at least one landmark (using←→CH′)

(a) overwiew (b) zoomed in

Figure 1.16: SIVIA subpaving for the consistency with all landmarks (using←→CH)
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1.4 Practical Implementation

Now that the theoretical principles governing interval arithmetics have been established,
this last section focuses on the efficient implementation of these problems on a com-
puter. While all the behaviors presented in Section 1.2 can be re-implemented from
scratch using any popular programming language (as long as it has a decent floating-
point support), the most broadly used and time-saving approach is to pick one of the
dedicated software libraries available in the rich ecosystem of interval analysis tools.
Sometimes, the results obtained for the same computation can vary slightly depending
of the library used, which proceeds from subtle differences in theway intervals are inter-
pretedwith respect to somespecific domains of application. For example, a valid interval
[a, b] in the sense of Moore (1967) is necessarily ordered i.e a ≤ b, closed, bounded and
non-empty. This prevents the use of the empty interval ∅ and makes some operations
illegal such as [2, 4]/[−1, 1] (the result being unbounded). The interpretation presented
in Section 1.2, by far the most commonly used in robotics application, is based on set
theory and allows non-bounded and empty intervals. Some other exotic systems exists
[33, 34] and have niche usages. This is the case of Kaucher intervals [35, 36] for which
bounds can be improper (i.e. a > b) and which have found use in fields such as computer
graphics or chemistry [37].

As a consequence, an IEEE standardization effort regarding intervals was initiated in
2008 (IEEE-1788 [38]) to bring order to all the availablemodels andencourage theadop-
tion of the technique by the industry. Since then, the standard has known two revisions
in 2015 [39] and 2017 [40]. This process is especially useful to both mathematicians
and programmers as it allows to create unified tools with reproducible behaviors.

The current section iterates over the main ideas developped in the IEEE-1788 standard
and then conducts a commented survey of the major interval arithmetics software li-
braries available.

1.4.1 An Overview of the IEEE-1788 Standard

The standard is meant to aggregate multiple interval behaviors in a coherent way while
remaining fairly easy to extend. This goal is achieved throught three key ideas:

• The concept of flavors allows fundamentaly divergent approaches to interval anal-
ysis to coexist.

• A mathematical theory organized in multiple layers of abstraction called levels.
• A decoration system to track relevant events during the course of a calculation.
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1.4.1.1 Interval Flavors

As explained previously, intervals can be interpreted inmanyways depending of the con-
sidered application, the most commonly used being the set-based, the Kaucher and the
cset (containment set). The standard allows the coexistence of these fundamentaly dif-
ferent approaches to interval analysis through the concept of flavor. A first choice in the
standard is to separate the properties shared by all the models from the specific ones.
The consensus reached in the community is that all the valid intervals from Moore's IR,
the associated arithmetic operators (+,−,×, /) and some recurring functions such as
width, union or intersection should be supported by all the flavors. The extensive list of
common features is debated from Clauses 1 to 9 in the standard.

For each ratified flavor, the standard defines a set of operators and functions as well as
their expected behaviors. As of 2025, the only fully specified flavor is the set-based,
which was the main topic of Section 1.2, and is discussed in Clauses 10 to 14 in the
standard.

1.4.1.2 Structuration Into Levels

Figure 1.17 illustrates the structuration into levels adopted by the IEEE-1788 standard
which is borrowed to some extent from the IEEE-754 [41] standard on floating-point
computations. This approachprovidesprogressive steps to transition fromabstractmath-
ematical concepts to an efficient low-level implementation.

Figure 1.17: The structuration into levels used in IEEE-1788. Credit to IEEE-1788 [39]

Level 1: Mathematical model
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This level contains the mathematical theory behind a specific flavor. The entities found
at this level are for example the valid intervals, the supporteddecorators (refer to Section
1.4.1.3) as well as the definitions for the available operators and functions.

Level 2: Discretization
This level provides tools to approximate the mathematical theory from level 1 by an
implementation-defined finite set of entities and operations. Themain entity of this level
are the intervaldatum and type. The former is used to represent the intervals from level 1
with a finite precision, the latter represents finite set of interval datummade to abstract
a particular way of representing intervals.

Level 3: Representation
This level represents intervaldatum in amore realisticwayby introducing floating-points.

Level 4: Encoding
This level maps an interval from Level 3 to its final representation in memory.

1.4.1.3 The Decoration System

A decoration is an additional information joined to an interval to track relevant events
which may have occured during the computation. It is typically meant to retain some
properties for the function or the operator used to produce the interval, not directly for
the interval itself. As stated in the IEEE-1788 standard, interval computations have two
main purposes. The first is to obtain the correct range enclosure when evaluating a real
function over an interval. The second one is to ensure the existence and the uniqueness
of the result. Classic interval analysis targets the first goal whereas decorators provide
efficient tools for the second one.

As an illustration of the dilemna solved by decorator, consider the evaluation of the in-
terval [x] = [−4, 4] by the function f : x ↣ √

x− 0.5x using the set-based flavor.

f([x]) =
√
[−4, 4]− [−2, 2] = [0, 2] + [−2, 2] = [−2, 4]

The problem raised by this computation is that f is not continuous over x and not even
defined everywhere. This issue could be solved by returning a NaN-based value as soon
as the input is not valid for the function, but it would happen so often over the course of
a real application that interval analysis would be made inefficient. The solution adopted
by the standard is to return the [−2, 4] interval, add a decoration to indicate that the
event "out of bound" occurred and let the user decide what to do with the result. Such
an interval is then called a decorated interval.

Practically, the set of events worth being tracked by decorators depends mostly of the
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considered flavor. Figure 1.18 presents the decorators defined by the standard for the
set-based flavor.

Figure 1.18: The decorators for the set-based flavor of IEEE-1788. Credit to IEEE-1788 [39]

These decorators are linked together by an inclusion relationship, such as

com ⊂ dac ⊂ def ⊂ trv ⊃ ill (1.40)
com,dac,def are disjoint from ill (1.41)

1.4.2 The Software Ecosystem

This section presents the most popular interval libraries and performs a short analysis
of their design philosophy, internal architecture and performance trade-offs. For a more
detailed review of the ecosystem, the reader may want to refer to sources such as [42,
43]. Figure 1.19 is a snapshot of the situation as of 2025 which indicates the timespan
between the initial and last release for each project as well as the compliance to the
IEEE-1788 standard.

The Extension for Scientific Computation (XSC-1) [44] is a pioneer implementation of in-
terval arithmetic which started in 1967 at the university of Karlsruhe. It was repeat-
edly ported during the two following decades to support the contemporary architectures
(Zuse Z23, Zilog Z80, System 370, ...) and languages (Pascal, Fortran77, ...). The first C
version appeared at the beginning of the 90s and was maintained until 2001. Its suc-
cessor, XSC-2 [45], was a C++ port of XSC-C released in 2004 which provided many
significant improvements.

An other historical library is PROFIL/BIAS [46] (for Programmer's RuntimeOptimized Fast
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Figure 1.19: Timespan between the first and last release for the major interval software libraries. Blue
bars indicate a full compliance to the IEEE-1788 standard.

Interval Library, Basic Interval Arithmetic)which iswritten in C++by theHamburgUniver-
sity of Technology. The efficient use of the underlying floating-point hardware is a major
concern of the implementation which attempts to keep rounding-mode context changes
to a minimum . This kind of code is essentially non portable and was thus declined to
support a large number of architectures (now mostly outdated).

An interval analysis package [47]wasadded to theC++Boost library in version1.3 (2003)
and frequently updated until 2024. This is a template-based implementationwhich sup-
ports a wide variety of bounds, such as hardware floating-points, multi-precision soft-
floats or rationals. The novelty of this approach is to introduce the notion of policies
(rounding, checks and comparaisons) to override the generic implementation with cus-
tom behaviors.

TheGaol library [48] is apopular interval library usedasadependency for a lot of robotics-
oriented high-level libraries such as Ibex [49] or CODAC [50]. This is a C++ implementa-
tion relying on an external floating-pointmath librarywhich can be either INRIA'sCRlibm
or IBM's APmathlib. Several architectures are supported such as x86/amd64, arm64 or
Sparc.

Filib [51] is another template-based C++ library maintained between 2004 and 2011.
Its objectives are similar to Gaol but it relies on the C++ standard library for the floating-
point computations insteadof a third-partymath library. Filib canbe anoptional backend
to Ibex in the place of Gaol.

MPFI [52] (forMultiple Precision Floating-Point Interval) is a portable C library which pro-
vides guaranteed and precise interval computation. It mainly focuses onmulti-precision
floating-point bounds computation,which is achieved throughadependency to theMPFR
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[53] library to get correct roundings. This leads to high-precision results at the expense
of speed due to the exclusive use of softfloats.

The libieeep1788 [54] is a fully compliant implementation of the IEEE-1788 standard
which supports the set-based flavor and the associated decorators. It was written in
2015 at the release of the standard and has not been updated since then. This is a
template-basedC++ librarywhich relies on the correct roundingsperformedby theMPFR
library.

The Moore library [55] is another interval library which claims partial compliance to the
IEEE-1788, especially regarding the behavior of set-based intervals. However, its au-
thors strongly advocate against the relevance of decorators and have chosen to put them
aside of the implementation. It provides native hardware supports for float32, float64
and float128 interval bounds and relies on MPFR for bigger precisions.

GNU/Octave [56] is an other fully compliant impementation of the IEEE-1788 standard
written in the Octave language, which is closely related to Matlab. Once again, it relies
on MPFR for correct bounds computations.

The ValidatedNumerics package [57] of the Julia programming language is an other pop-
ular option which has gained a lot of tractions in the community over recent years. It
relies on an internal binding over CRlibm and MPFR for the computation of the bounds.

1.4.3 The Limits of Software

The previous review highlighted the twomajor bottlenecks encountered during the soft-
ware implementation of interval arithmetic.

1.4.3.1 The Impact Of Rounding-Mode Context Change

Each computation is performed on interval operands, which are assumed to contain the
true value for the associated physical measurement. The result is also an interval which,
according to the Fundamental Theorem of Interval Analysis (FTIA), is guaranteed to con-
tain the exact value of the ouput. A requirement of the FTIA is to ensure that the bounds
of the result have been obtained through correct IEEE-754 floating-point rounding (refer
to Section 2.3.2.3 for more details), i.e. round-downward (RD or round to −∞) for the
lower bound and round-upward (RU or round to∞) for the upper bound.

For example, the addition from Equation 1.13 can be rewritten for correct rounding as
Equation 1.42 where b.c and d.e are RD and RU roundings.

[x] + [y] = [b
¯
x+

¯
yc, dx̄+ ȳe] (1.42)

Final Version - 2026/03/06



1.4. Practical Implementation 47

As a consequence, a typical interval analysis application must perform frequent context
changes between three modes: RD and RU for bounds and Round-To-Nearest (RNE) for
everything else. The ISO-C standard provides the fenv.h header and the functions fe-
setround and fegetround to respectively modify and read the current rounding-mode.
Their actual implementations are specific to the target architecture and may have a ma-
jor impact on performances. For example, x86 and arm64 maintain the rounding-mode
for thewhole floating-point pipeline throughdedicatedCPU registers (respectivelymxcsr
and fpcr) whichmeans that any change triggers an immediate stall and flush of the pend-
ing instructions. An estimation of the time penalty caused by the context switch is per-
formed in [58] for x86 and arm64. The results are presented on Figure 1.20 and suggest
an average 30× slowdown on arm64 and 70× on x86.

(a) x86

(b) arm64
Figure 1.20: Impact on the performances caused by a change of floating-point rounding mode for x86 and
arm64. Credit to Neil Henning [58]
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Theworkaround used by some implementations such asGaol or Boost is to use the sym-
metry properties of IEEE-754 roundings to compute the lower bound while using the RU
mode, as depicted in Equation 1.43 for the addition. However, this often requires extra
side-computations and does not supress the need to switch to RNE from time to time.

b
¯
x+

¯
yc = −(d(−

¯
x) + (−

¯
y)e) (1.43)

Finally, some hardware architectures, such as RISC-V (refer to Chapter 3), implement
floating-point roundings on aper-instructionbasis, whichmeans that a context switching
comes at a much lower price and does not trigger the flush of the pipeline.

1.4.3.2 The Efficient Use of Floating-Point Acceleration Primitives

Most of the software libraries presented in Section 1.4.2 rely on a third-party softfloat
library like CRLibm or MPFR (Figure 1.21), which means that all the IEEE-754 floating-
point computations are performed using large integers instead of using the dedicated
hardware Floating Point Unit (FPU). This approach has several benefits; not only does it
allow to run practically everywhere even when no FPU is available, but it also supports
non-standard floating-point formats (outside of float32 and float64). Custom precisions
are a truly interesting asset of softfloat libraries, especially applicationswhose needs are
not covered by float32 or float64, despite being the only formats commonly supported
by FPUs. However, such flexibility comes at the cost of performances, which can be sev-
eral orders of magnitude slower than their hardware-accelerated counterparts. Figure
1.22 presents the relative slowdown achieved by MPFR (when using a mantissa of 52
bits i.e. equivalent to float64) compared to hardware floating-points (float64) on a set of
operations (addition, subtraction, multiplication, division, square-root and cosine). The
results shows a slowdown which can be as high as seventy times.

1.5 Conclusion

This section presented the fundamentals of interval analysis and applied the theory in
the context of a typical robotics localization problem. An overview of the ecosystem of
software libraries dedicated to intervals was also performed as well as a discussion re-
garding their implementation choices and conformity to the IEEE-1788 standard. The
wide range of options available reflects the diversity of application areas for interval
analysis, each which different expectations regarding speed and precision. However,
this analysis reveals a strong emphasis on high-precision calculations, as indicated by
the number of libraries using softfloats, at the expense of execution speed. This ap-
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Figure 1.21: Chain of dependencies for the interval software libraries.

Figure 1.22: Relative slowdown of MPFR compared to hardfloats.

proach is generally not desirable in robotics where the core of a lot of problems is to feed
real-time sensor measurements to an interval contractor (Section 1.3). These measure-
ments rapidly become obsolete and are replaced by new ones, which means that the
evaluation must be performed within a small time frame. It is thus preferable to get a
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pessimistic yet guaranteed result (a bigger interval which still encloses the real value)
in a short amount of time and move to the next iteration, rather than waiting longer for
extra bits of precisions. The hereby thesis advocates in favor of this strategy and pro-
poses a hardware approach to robotics-friendly interval analysis in the hope to mitigate
the usual bottlenecks presented in Section 1.4.3.
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2.1 Context

The previous chapter presented the fundamentals of interval analysis and applied them
to traditional robotics problems such as localization. The proposed method relies on
three main steps:

• 1) Characterize the associated Constraint Satisfaction Problem (CSP).
• 2) Build the relevant contractors with the HC4R algorithm.
• 3) Use a Branch and Bound (B&B) strategy such as SIVIA to solve the problem in

the selected search space.

B&B algorithms, although very precise, are known to be resources-demanding and can
end up being a cause of bottleneck, especially in time-critical applications. For example,
the amount of computation required by SIVIA grows exponentially with the size of the
search space and the complexity of the contractor used. The typical execution flow of
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SIVIA can be illustrated by the mean of a graph (Figure 2.1) where each node accounts
for one evaluation of a box through a contractor. Following the algorithm presented in
Section 1.2.5, a box can be either dropped (not a solution), stored (full-included in the
solution space) or bisected (partially included in the solution space). The last situation
produces a child node for each bisected halves and schedules new iterations over this
search space.

Figure 2.1: Execution flow of a sequential SIVIA represented as a graph. Each color of node represents a
particular output following the evaluation of a box by the associated contractor. Green stands for a partial
inclusion in the solution space leading to a bisection. Red and Purple are leaf nodes accounting respectively
for disjoint and full-inclusion in the solution space

Intuitively, B&B algorithms feature a high degree of parallelism which has been thor-
oughly explored in the literature [59–61]. These studies come as a response to the end
of Moore's law [62], an empirical observation made by Gordon Moore in 1965 predicting
that the number of transistors on a chip would double every two years. This principle
was verified until 2010's and harware vendors would achieve regular and tremendous
single-core performances boosts as the size of transistors decreased. During this pe-
riod, changing the processorwas a guarantee of a near 30%speed-up, which indubitably
brought laziness in software development as naive approaches to programming were
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still rewarded. Funnily, this led to the Wirth's law [63] (1995), an adage explaining that
the software gets slower more rapidly that the hardware gets faster, or put differently
"What Intel Giveth, Microsoft Taketh Away". However, the golden age has been over for
more than adecade as the transistormanufacturing processes are reaching the limits im-
posed by laws of physics (2nm in 2025). Thewhole situation is illustrated in Figures 2.2a
and 2.2b. As a result, hardware vendors began to consider other ways to increase chip
performances which did not involve the improvement of single-thread performances. A
first solution was to generalize the use of many-cores processors in the consumer seg-
ment to support task-parallelism directly at the hardware level. Nowadays, eight cores
processors have become the standard in desktop computers and having more than hun-
dred is not uncommon in servers or compute nodes. The second one was to turn away
from generic-purpose architectures and design application-specific accelerators such
as Graphics Processor Units (GPUs) for graphic-intensive tasks, Digital Signal Processors
(DSPs) ormore recentlyNeural Processor Units (NPUs) for AI acceleration. This approach
is very efficient but complicates the life of the developpers who need to master the opti-
mal programming paradigms for the platform (e.g. the CUDA/OpenCl toolkits for GPUs,
...).

Two major axis of hardware acceleration are usually considered in interval analysis ap-
plications. The first one targets the inherent data-parallelism of B&B algorithms inwhich
the same contractor is called repeatedly on varying input data. This strategy is best han-
dled onmany-cores platforms and associates a node of the graph fromFigure 2.1 to each
available execution units for an evaluation in parallel. Throughout this chapter, such ap-
proach will be refered as a graph-level acceleration. The second method operates at a
lower-level and attempts to optimize the execution of the contractor itself by providing
a set of dedicated hardware primitives to accelerate the most recurring interval opera-
tions (see Section 1.2.2). This approach is especially useful in embedded robotics ap-
plications where no massively-parallel hardware (GPUs, remote computing on a cluster,
..) is available. An example is the localization problem described in Section 1.3, which
would achieve poor performances, should the SIVIA from Figure 1.15 be executed for
each new measurement. The workaround is to ommit the B&B step and replace it by
a series of call to the contractor (centered around the previous known location) until a
convergence is reached (refer to Figure 1.5b). In this context, the faster the contractor
evaluation, the better. Such strategy is referred as a contractor-level acceleration.

2.2 Graph-Level Acceleration

2.2.1 GPU Strategy

The termGeneral-PurposeProcessing onGraphicsProcessorUnit (GPGPU)hasbeenaround
since NVIDIA released its first graphics-dedicated chip (GeForce 256) in year 1999-
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(a) Evolution of some relevant parameters of CPU micro-architectures over the years. The firs signs of
the end of Moore’s appear in late 2000’s with a slower increase of single thread performances, stalling
frequencies and a new focus on many-cores architectures. Credit to [64]

(b) Paving with ϵ = 0.01

Figure 2.2: Relative increase in performances for the flagship processors of each generation since 1978.
The steady increase started to slow down at the beginning of the 2000’s. Credit to [65]
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2000. Many researchers from fields such as medical imaging, electromagnetics or fluid
mechanics immediately tried to take advantage of this massively parallel hardware to
solve non graphics related tasks. This process was not facilitated by the contemporary
GPU programming frameworks which were designed solely for graphics rendering (e.g.
OpenGL [66]). NVIDIA, recognizing the potential of bringing those performances to the
scientific community released the CUDA [67] framework in 2007 which exposed mul-
tiple levels of abstraction to the programmers to perform both graphics-rendering and
general-purpose computing efficiently. An open-source standard named OpenCl [68]
was then released in 2009 by the Khronos group and common allowed GPGPU primi-
tives to be implemented by every GPUs vendors.

Since then, the performances of GPU chips have known regular and significant increases.
Video games have always been a huge factor of innovation on the graphics-side due to an
ever growing demandonbetter framerates, high-fidelity lightning andhigher resolutions.
However, the biggest surge came from the compute-side with the spreading of Artificial
Intelligence (AI) at the beginning of the 2010's and its massive boom in 2022 following
the introduction of Large Language Models (LLM) such as Chat-GPT. GPUs instantly be-
came the preferred platform to train and execute AI models, leading to the addition of
new hardware primitives called Tensor-Cores specifically designed to accelerate these
applications.

This section performs a brief presentation of the compute capabilities of NVIDIA GPUs
by reviewing both the relevant hardware architecture points and the essentials of the
CUDA programming model. In a second time, the main strategies used to implement
interval analysis efficiently on the GPU are reviewed.

2.2.1.1 Architecture

The architecture of NVIDIA GPUs has evolved since the introduction of CUDA in 2009.
Major releases (denoted by specific codenames as shown in Figure 2.3) happen roughly
every two years and come with several improvements or new features. This event is
generally accompanied by the release of the associated architecture whitepaper which
outlines the key architecture details for the programmer. As an example, Figure A.1 from
Appendix A originates from the Hooper whitepaper [69] and presents a detailed view of
the H100 chip, the flagship of this architecture.

For educational purposes, the simplified depiction from Figure 2.4 will be used in this
section to compare the differences between the organization of a CPU and a GPU chip.
A high-performance multi-cores CPU is built around several elements: a few Arithmetic
and Logic Units (ALU) which are the main execution units, a control mechanism capable
of performing complex branch predictions and out-of-order execution and a multi-level
cache hierarchy to provide efficient access to memory. GPUs do things the opposite way
by embarking a large number of Streaming Multiprocessors (SMs), which are roughly the
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Figure 2.3: Codenames for recent NVIDIA GPU architectures

equivalent of CPU's ALU (green squares on Figure 2.4 ), which share rudimentary control
units and caches.

Figure 2.4: A comparison of CPU and GPU architectures - Credit to Modal’s GPU glossary[70]

The organization of a SM is illustrated in Figure 2.5, although the exact content may vary
slightly depending on the considered architecture. Its main benefit is the ability to exe-
cute a large number of lightweight and concurrent threads, far beyond the capabilities of
the most performant CPUs. However, these threads cannot be issued instructions inde-
pendently and are instead controlled in packs of 32. NVIDIA terminology refers to such
a group as a warp.

The main components of a SM are described below:

A common instruction cache: The instructions intended for a particular SM are stored
in a dedicated cache (L0) and waited to be issued to a warp.

Warp schedulers and dispatch units: In a SM, a warp can be either busy or available
for work. Busy warps cannot be issued new instructions until the pending one finishes,
whichmay take a few clock cycles depending of the complexity of the operation. At each
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Figure 2.5: Content of a typical streaming multiprocessor - Credit to Modal’s GPU glossary[70]

clock cycle, warp schedulers each elect an available warp and issue one instruction from
the cache. This low-penalty context-switch allows to reach a maximum utilization of the
hardware resources and effectively hides the latencies of the pending instructions.

A dedicated set of registers: The instructions may be issued for a warp but each thread
has access to dedicated registers with its own input data, thus enforcing the Single In-
struction Multiple Data (SIMD) paradigm.

Final Version - 2026/03/06



58 2. Hardware Acceleration Strategies

Computation primitives: Each SM owns a predefined number of hardware blocks to ac-
celerate some specific computations. The actual repartition depends on the chip con-
sidered as shown on Figure 2.6 for the A100 and H100 GPUs.
The main primitives are :

• Arithmetic operators: For both integers (int8, int32) and floats (fp16, fp32, fp64)
• Algebraic and transcendental functions: The Special Function Unit (SFU) contains

implementations for the square-root, logarithm, exponential, sine, cosine, ...
• Tensor-cores: Efficient matrix multiplications, Accumulators, ...

Figure 2.6: The computation primitives available on NVIDIA A100/H100 and their respective quantites
- Credit to NVIDIA Hooper Whitepaper [69]

2.2.1.2 Programming with CUDA

The CUDA programming model follows a heterogenous computing strategy in which a
CPU (the host) delegates data-intensive tasks to a guest GPU (the device). The language
itself is essentially an extended version of C with handy constructs to implement the
typical four-step CUDA flow:

• Description of the work on the host-side.
• Copy of the program instructions and input data to the device memory.
• Computation on the device, results are stored locally.
• Copy of the result from host to device memory.

The simplest CUDA program is shown on Listing 1 and is composed of two main code
segments. The function kernel_hello is prefixed by the keyword __global__ which tells
the compiler to run this portion of code on the device side. Such segments are called
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kernel in the CUDA terminology. The fonction main is the standard entry point of C exe-
cutables and is run on the host when the program starts. In this simplified example, it
declares a block and a grid which will be used as launch parameters for the kernel. This
is an abstraction mechanism provided by CUDA to organize the pool of worker threads
responsible for the computation. In this case, kernel_hello is executed using a 2× 3 grid
composed of 3 × 5 blocks, for a total of 90 threads. CUDA runtime automatically pop-
ulates the blockIdx and threadIdx variables in each thread (lines 7 and 8) to provide it
with a bit of context in the global execution.

Listing 1: Hello world in CUDA

1 #include <cuda_runtime.h>
2 #include <stdio.h>
3
4 __global__ void kernel_hello() {
5 printf("#########################");
6 printf("Hello from a GPU thread !\n");
7 printf("BlockID: [%u %u %u]\n", blockIdx.x, blockIdx.y, blockIdx.z);
8 printf("ThreadID: [%u %u %u]\n", threadIdx.x, threadIdx.y, threadIdx.z);
9 printf("#########################");

10 return;
11 }
12
13 int main(int argc, char** argv) {
14
15 /* Specifying the number and organisation of worker threads */
16 dim3 grid = (2, 3, 1); /* A grid made of 2 blocks by 3 */
17 dim3 block = (3, 5, 1); /* Each block has 3 by 5 */
18 /* Launching kernel */
19 kernel_hello<<<grid, block>>>();
20 return 0;
21 }

When the execution starts, the kernel is passed to the GPU and executed by all the
threads specified in the grid/block configuration (Figure 2.7). This abstraction is only
relevant to the programmer as the actual behavior of the low-level side remains faithful
to Section 2.2.1.1.

2.2.1.3 Intervals on the GPU

Interval analysis and its efficient implementation on a GPU has been the topic of many
research works over the years due to the suitability of this hardware for the kind of B&B
problems depicted in Figure 2.1. This section discusses some of the major attempts.

An earlywork fromCollange et al. [71, 72] in 2010proposed aCUDA-based library called
"cuda interval roundedarith" dedicated to interval arithmetic. This implementation takes
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Figure 2.7: Example of CUDA grid/block mapping on the GPU

advantage of the fact that NVIDIA GPUs are capable of performing IEEE-754 arithmetic
computations in any roundingmodewithout having to pay the price for context-switches
like on x86 CPUs, thus removing a major performance bottleneck in traditional interval
libraries (see Section ??). The CUDA programming language provides a set of compiler
intrinsics [73] functions to perform correctly-rounded operations (Listing 2) which are
then translated to NVIDIA's PTX assembly [74] instructions during the compilation pro-
cess.

Listing 2: CUDA compiler intrinsics for correctly-rounded float32 addition

1
2 /* Add two floating-point values in round-down mode */
3 __device__ float __fadd_rd(float x, float y);
4
5 /* Add two floating-point values in round-to-nearest-even mode */
6 __device__ float __fadd_rn(float x, float y);
7
8 /* Add two floating-point values in round-up mode */
9 __device__ float __fadd_ru(float x, float y);

10
11 /* Add two floating-point values in round-towards-zero mode */
12 __device__ float __fadd_rz(float x, float y);
13
14

By using these elementary constructs (Figure 2.8a), the authors managed to build an in-
terval template class (Figure 2.8b) which support the common operations in both single
and double-precision.

The performances of the library are then compared with those obtained with the CPU in-
terval library Boost interval (refer to Section 1.4.2). The considered benchmark searches
the root of the set of functions f(x)→ x2 +(α− 2)x+1 (α varies among worker threads)
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(a) Binding over CUDA’s intrinsics

(b) Main template class
Figure 2.8: An overview of Collange et al.’s implementation - Credit to [71]

and exhibitsmultiple branch divergences and irregularmemory accesses tomeasure the
impact on throughput. The results are presented in Figure 2.9 and show a speed-up by
an order of magnitude of 1000 for the GTX 480 GPU and by 100 for the Tesla C1060 GPU
compared to the CPU implementation. This difference is explained by the Tesla card be-
longing to an older GPU familly which is not as good for cached-memory accesses, which
add credits to NVIDIA's effors tregarding micro-architecture improvements.

Collange et al.'s library was re-used in Bagóczki et al.'s [75] paper from2017. The goal of
this work was to propose a parallel B&B strategy to solve the problem of circle covering
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Figure 2.9: Speed-up achieved with Collange et al.’s implementation - Credit to [71]

using interval analysis, i.e. finding the densest covering of a shape using n congruent
circles. The pseudo-code of the algorithm used in the paper is shown on Figure 2.10

Figure 2.10: Parallel B&B algorithm in Bagóczki et al.’s work - Credit to [75]

The performances obtained for the circle and sphere covering applications were com-
pared with a CPU implementation and the results are shown on Figure 2.11. The speed-
up obtained ranges from 10 to 30 times in the circle case and as high as 1500 times in
the sphere case, depending of the problem size n.

The research effort regarding parallel B&B for intervals analysis is still going on with a
recent paper by Zhang et al. [76] (2025). Its approach is overall similar to Bagoczki et al.
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Figure 2.11: Speed-up achieved with Bagoczki et al.’s implementation - Credit to [75]

(Figure 2.12) but offers several improvements, particularly in the way the search space
is distributed among threads with a heuristic called "adaptive partionning strategy".

Finally, another active community in the area of GPU-accelerated intervals comes from
the Julia Programming language with the JuliaIntervals library [77]. This is essentially a
wrapper around the CUDA C library in a more modern language which provides efficient
higher-level primitives for intervals. The package has been used in several works such
as [78, 79].
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Figure 2.12: Parallel B&B algorithm used by Zhang et al.’s - Credit to [76]

2.3 Contractor-Level Acceleration

2.3.1 Using SIMD Instructions

Several studies have attempted to implement efficient interval algorithms using SIMD
parallelism thanks to frameworks such as OpenMP [80, 81]. In particular, [82] shows
how it can be used to accelerate interval matrix multiplications.

The Gaol library [48] proposes an implementation of elementary arithmetic interval op-
erators based on the use of the SSE instruction set from x86 as a workaround for the
inability of the architecture to switch efficiently between floating-point roundingmodes.
The idea is to take advantage of the symmetry between the round-down and round-up
modes (refer to Equation 1.43) to evaluate both bounds with the same rounding mode
and in parallel.

This technique can be applied to generate the interval version of every floating-point
operator supported by the SSE extension. This is sadly not the case for recurrent real
functions such as logarithm, exponential or sine/cosine.

2.3.2 Using Custom Hardware

2.3.2.1 Motivations

The use general-purpose hardware severely hinders the performance of interval opera-
tors. Some workarounds exist, such as the one used by Gaol and presented in Section
2.3.1 but they are limited to the set of arithmetic operators that are supported by hard-
ware SIMD extensions.
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The benefit of designing custom hardware is to address the structural bottlenecks of
general-purpose architectures directly and propose a solution tailored for the needs of
interval arithmetic. The defining features of such hardware should be:

• Parallel evaluation of interval bounds.
• Appropriate rounding for each bound at no extra cost.
• Precision of floating-point bounds suited for the target application.

The next Section presents the FPGA technology which is a popular support for designing
custom hardware.

2.3.2.2 The FPGA Platform

A Field-Programmable Gate Array (FPGA) is a reconfigurable integrated circuit that can
be programmed after manufacturing to implement custom hardware architectures. It
mainly consists of an array of logic elements laid on programmable interconnects, as
illustrated in Figure 2.13.

Figure 2.13: Anatomy of a FPGA Chip

Modern FPGA platforms typically include the following elements:

• Configurable Logic Blocks (CLB):elementary buildingblocks for combinatorial (LUTs
and Muxes) and sequential logic (D flip-flops).

• I/O Blocks: configurable interfaces for other peripheral suchasRAM,PCIeorGPIOs.
Represented in red and green in Figure 2.13.

• Block RAM (BRAM) on-chip memory.
• Digital Signal Processor (DSP): dedicated arithmetic primitives (multipliers, ...).
• Programmable Network: configurable routing between logic elements.
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A configuration bitstream is used to reconfigure the FPGA and implement the custom
logic. More precisely, its role is to program the logic functions implemented by the LUTs,
define how elements should be interconnected or initializes memory and DSP blocks.

To generate a bitstream, the design workflow described in Figure 2.14 is generally ap-
plied. It starts by a description of the desired circuit using Hardware Description Lan-
guages (HDL) such as Verilog or VHDL. The later defines abstractions to represent cir-
cuits and explain how they interact and exchange data together. The synthesis stage
then parses this source code to infer the actual logic and map it into one of the hard-
ware primives available on the FPGA (LUTS, DFF, ...) to create a gate level netlist. Thr
implementation stage pushes this process further and attempts to assign specific physi-
cal locations for all the elements of the netlist to produce the desired bitstream. It deals
with problematics such asmanaging the finite hardware ressources of the target FPGAor
coming with a feasible routing between the designated elements. During the synthesis
or the implementation, the developer is strongly advised to perform circuit simulation to
debug the logic and ensure it works as expected.

The FPGA technology has several noticeable advantages which makes it a good candi-
date to implement dedicated interval primitives. A major factor is economical due to
the reconfigurability which allows for cost-efficient and flexible prototyping compared
to an ASIC chips, even if it comes at the price of a bit of performance. A major benefit
of FPGAs compared to sequential instruction-based processors is to allow spatial paral-
lelism. Complex hardware blocks, such as floating-point primitives, can be instantiated
multiple times and truly run concurrently, as long as their implementation does not re-
quire more logic blocks than available. Another defining feature of this technology is
that circuits implemented on a FPGA are explicitely defined, with predictable latencies
and cycle-accurate. As a consequence, FPGAs are particularly well suited for the most
critical applications such as real-time systems, signal processing and cryptography.

However, despite theadvantages, FPGAdevelopmentpresents significant technical chal-
lenges. Hardware description and simulation are complicated processes which require
profiency in a lot of vendor-specific tools and to master the underlying hardware. For
example, The pool of logic blocks available on the chip must be carefully managed for
an efficient utilization and poor architectural choices in the HDL stage may lead to logic
congestion, resources overuse or routing failures. Another point of attention is related
to timing closures. To generate the explicitely defined circuits mentionned above, each
clock domainmust satisfy appropriate specific time constraints and operate above a pre-
defined maximum clock frequency. These limitations practically prevent from designing
long-combinatorial paths which must therefore be broken into several steps separated
by a clock tick.

For all the reasons described previously, the FPGA technology will be used to implement
the custom interval acceleration primitives. This particularly due to its ability to perform
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Figure 2.14: The Traditional FPGA Design Workflow

concurrent and correctly-rounded evaluations of floating-point operations on the lower
and upper bounds of an interval.

2.3.2.3 Hardware Implementation of IEEE-754 Floating-Point Arithmetic

In the 1970s and early 1980s, floating-point arithmetic generaly behaved differently
across computer systems. Hardware manufacturers were free to use their own repre-
sentations and implemented precision, rounding and exception handling in their own
way. This led numerical programs to be mostly non-portable and hard to verify [83].

In this context, the introduction of the IEEE-754 [84] in 1985 has been amajor improve-
ment. It not only defined a standard binary format for floating-point numbers but ex-
plicitely specified the behavior of notable arithmetic operations, rounding rules and ex-
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ception handling, in an attempt to increase the interoperability of existing systems. The
standard has known twomajor revisions in 2008 and2019but the core principles remain
unchanged.

IEEE-754 represents real numbers using a scientific notation in base two (Equation 2.1)
and the encoding of floating-point values i based on three fields:

(−1)s ×m× 2e (2.1)

where

• s is the sign bit which indicates a positive of negative number.
• m is the mantissa which encodes the precision of the number.
• e is the exponent which encodes the scale factor of the number. The width of this

field has a direct impact on the range of representable values.

The standard introduces several pre-definedbinary formatswhichoffer various tradeoffs
between width, precision and range:

Single-Precision Double-Precision Quad-Precision
width 32 64 128
sign-bit 1 1 1
exponent 8 11 15
mantissa 23 52 112

Table 2.1: Pre-Defined Binary Formats in IEEE-754

As an example, Figure 2.15 illustrates the binary encoding associated to single-precision
floating points.

Figure 2.15: IEEE-754 encoding For Single-Precision

This representation allows to standardize the encoding of special values, as shown in
Table 2.2, which is useful to represent overflow/underflow results or undefined compu-
tations.

Sign Exponent Mantissa
zero 0 or 1 all 0 all 0

subnormal 0 or 1 all 0 non 0
infinity 0 or 1 all 1 all 0
NaN 0 or 1 all 1 non 0

Table 2.2: Encoding of Special-Values in IEEE-754
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IEEE-754 specifies the behavior of the following arithmetic operations:

• Addition/Subtraction
• Multiplication/Division
• Square-root
• Fused multiply-add (FMA)
• ...

Eachof theseoperatorsmust producea correctly-rounded result of the associated,which
is hard to achieve in practice. Floating-point formats can represent only a finite subset
of real numbers and most arithmetic operations produce results that require more pre-
cision bit than available in the chosen binary representation, for example the result of
0.1+0.2 cannot be represented exactly in single-precision. As a consequence, the result
must be rounded to one of the nearest representable numbers.

Several rounding modes are explicitely defined by the standard (Table 2.3) and corre-
sponds to as many strategies for chosing the appropriate representable number in the
vicinity of the real result. They are especially important in numerical algorithms such as
interval arithmetic where error bounds and monotonicity properties must be controlled

Rounding Mode Effect
round-to-nearest-even return the nearest representable number

round to zero apply truncation to the real result
round to toward +∞ return the next representable number (toward +∞)
round to toward −∞ return the next representable number (toward −∞)

Table 2.3: Some of the Rounding-Modes Defined by IEEE-754

To produce an accurate rounding of floating-point operators, FPUs compute intermedi-
ate results with a bigger mantissa than required by the chosen format and use the extra-
precision to generate three special bits called guard, round and sticky which are used to
generate the rounded mantissa. This process is illustrated by Figure 2.16.

Figure 2.16: IEEE-754 Rounding with Guard, Round and Sticky Bits

Implementing floating-point arithmetic in hardware, particularly on a FPGA, is notori-
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ously more challenging [85, 86] than using fixed-point for various reasons.

First of all, floating-point operators require multiple processing stages (see below) re-
sulting in large and often irregular datapaths. This problem is addressed through ag-
gressive pipelining which is which a very error-prone process in hardware design.

• Exponent comparison
• Mantissa alignment
• Arithmetic operation
• Normalization
• Rounding
• Exception handling

Normalization and rounding stages are especially complex. The former requires the in-
stantiation of large shifters and leading-zero detectors that are very expensive in termsof
hardware resources on a FPGA while the later manages large bit vectors (refer to Figure
2.16) which negatively impact the maximum operating frequency.

Floating-point operators play a huge role in interval arithmetic and it thus is absolutely
necessary to have a complete control over this layer when attempting to design a dedi-
cated accelerator for intervals. However, all the aforementionned arguments regarding
the complexity of hardware floating-point advocate in favor of re-using existing imple-
mentations to limit the risk of error.

In the context of this thesis, the FloPoCo project [87, 88], a very popular solution in the
literature [89, 90], is the main source of floating-point primitives. Rather than providing
a fixed library of IP blocks, it acts as a parametrized hardware generator which produces
VHDL code, with the following features:

• A large catalog of primitives, fromarithmetic operators to transcendental functions
• Generation of synthesizable VHDL entities, pipelined to user's requirements
• Respect of IEEE-754 behaviors
• Optimized primitives for FPGA-specific structures (DSPs, LUTs, BRAM)
• Support for arbitrary precision formats
• Correctly-rounded operators

Practically, the tool requires several input constraints to produce pipelined operators
tailored to the user's requirements, as shown in Figure 2.17.

Due to its ability to generate correctly-rounded floating-point primitives, possibly in ar-
bitrary precision formats, FloPoCo is a perfect candidate for the upcoming hardware im-
plementation of a dedicated interval architecture.
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Figure 2.17: FloPoCo, a Parametrized Floating-Point Code Generator

2.4 Conclusion

In this Chapter, we decided in favor of a custom hardware strategy where interval oper-
ators are implemented direcly on a FPGA. The next challenge is to find the most appro-
priate way to expose the hardware to the software developper for him to create interval
applications. The traditional processor model seems like a sensible choice as it is well
understood by most programmers and offers a lot of flexibility. However, popular archi-
tectures aremostly proprietary and do not allow the addition of custom extensions, with
the notable exception of RISC-V, which is the topic of the next Chapter.
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3.1 Motivations for the RISC-V Architecture

This section summarizes the historical context and the technical problems which en-
couraged the development of the popular Reduced Instruction Set Computer (RISC) ar-
chitectures. An analysis of the limitations met by early RISC Instuction Set Architectures
(ISAs) is then conducted followed by a discussion about the solutions brought by the
RISC-V standard.

3.1.1 Early Processor Architectures

In the 1970s, most commercial processors adopted what is now called as the Complex
Instruction Set Computer (CISC) philosophy with prominent examples such as the VAX-
11/780 (1977) [91], the Intel 8086 (1978) [92] or the the Motorola 68k (1979). One
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of the fundamental characteristics of these architectures lies in the size of the underly-
ing instruction sets. These typically consisted of hundreds of instructions, often repli-
cated for different addressing modes, which implemented complex functionalities such
as memory-to-memory operations. Decoding the compiled instructions was also diffi-
cult, mostly because of variable-length instructions, between one and fifteen bytes for
x86, which required complex fetching logic and practically limited pipelining due to un-
predictable instruction boundaries. In addition, many instructions were implemented
as sequences of micro-operations, called microcode, which were stored in an embed-
ded ROM. This technique allowed to implement the most complex instructions without
exponentially increasing the hardware complexity.

In summary, most of the complexity of processors at that time was handled by the hard-
ware. Although this approach may seem outdated from today's perspective, it was in
fact perfectly suited to the technical constraints of this period. A primary argument in
favor of CISC is that memory was much more expensive compared to today, whether in
terms of RAM or storage media (floppy disks, ...). Reducing program sizes was a major
concern that was solved by using highly specialized instructions with the most compact
encoding possible. A second argument lies in the relative immaturity of compilers which
could only perform limited optimizations and were unable to restructure code for per-
formance. To escape the complexity of software tools, ISA designers chose to integrate
high-level constructs directly into hardware, using a microcode-based approach. This
technique brought a lot of flexibility in the implementation of complex ISAs and even al-
lowed post-fabrication bug patching, with the downside of increasing the average cycles
per instruction.

3.1.2 Transition from CISC to RISC

3.1.2.1 Emergence of the RISC Architecture

Starting from early 1980's, several factors have challenged the hegemony of the CISC
model [93]. Due to rapid improvements in manufacturing processes, the density of tran-
sistors available ona chip kept rising, effectively shifting themajor bottleneck frommem-
ory size to execution speed. This trend allowed RTL designers to use more registers,
build deeper pipelines and venture into parallelism at a reduced cost. During the same
period, several projects proposed innovative architectures that layed the foundations for
the RISC philosophy.

The IBM 801 [94](1975) project aimed at creating aminimalist ISA by eliminating every-
thing superfluous in previous CISC model. The decision to keep or discard a particular
instruction was made based on statistical analysis of compilation output. The architec-
turewas optimized for efficient pipeliningwithmost instructions requiring only one clock
cycle and used a large register file to reduce memory traffic. A novelty of this approach
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was to give a greater importance to the compiler to compensate for the fewer and over-
all simpler instructions. This study demonstrated that a simple load/store architecture
with multiple registers and paired with an aggressive pipeling strategy generally outper-
formed complex CISC designs.

The RISC-I [95] (1982) introduced the term RISC for the first time. It was a research
project carried out at the UC Berkeley which extended IBM 801 ideas using VLSI tech-
nolgy and attempted to prove that a reduced instruction set could lead to higher clock
frequencies and a more efficient silicon usage through simpler control logic.

The MIPS (1985) [96] was another research work from the Standford University and at-
tempted to design an efficient processor based on a simple and fast pipeline. One of
the core design principle pushed by this implementation was to rely on the compiler to
detect hazards in the pipeline and insert NOPs when necessary to mitigate them.

Figure 3.1 presents a timeline of themost notable computer designs since the 1950's. It
shows a trend where RISC-based designs have risen in popularity since the 1980's and
are likely there to stay.

Figure 3.1: Timeline of Notable Computer Designs - Credit to [97]

3.1.2.2 Core Design Principles of RISC

Thepreceding examples have highlighted someof the fundamental characteristics of the
RISC philosophy [98]. The main ones are detailed below:

• simple instruction set: RISC architectures favor ISAs made of a small number of
simple instructions, with minimal support for exotic addressing modes. The prin-
ciple is born from the assumption that complex instructions can be decomposed
into sequences of simpler operations.

• load/store architecture: RISC processors separate computations from memory
accesses, which are only served though load and store instructions. This design
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choice keeps the datapath simple, reduces memory bottlenecks and greatly facil-
itates pipelining.

• easy decoding: Most RISC ISAs use fixed-width instructions, which has the ad-
vantage of simplifying the fetching and decoding processes. The predictability of
instruction boundaries also helps with the pipelining.

• single-cycle execution model: RISC architectures emphasize deep pipelining as
a mean to reach high clock frequencies. Most instructions require only one clock
cycle to complete.

• workload deported to the compiler:Acore principle is that the complexity should
be shifted from the hardware to the compiler. The latter becomes responsible for
instruction scheduling, register allocations and code optimization.

3.1.3 Limitations of Legacy ISAs

Over the years, most commercial ISAs, whether built on a CISC or RISC basis, have en-
countered technical limitations, which are detailed in this Section.

3.1.3.1 The Burden of Backward Compatibility

Most long-lived ISAs have a policy of binary backward compatibility which can take var-
ious shapes. This strategy is economically advantageous for both hardware designers
and software developers, as the former can stop producing older processors while the
latter do not need to update their code. ISAs usually keep growing over the years as new
needs appear, practically leading to long-term architectural accumulation where new
features are appended rather than redesigned.

The x86 is the textbook example of this phenomenon [99]. Thus, a modern processor
still supports all the obsolete execution modes released over the last 40 years, such as
the real mode (Intel 8086), the protected mode (Intel 80286) and the compat mode
(32-bit programs on 64-bit systems). At the ISA level, multiple historical additions have
been made:

• x87: floating-point stack.
• streaming SIMD extension (SSE):128-bit SIMD instructions, implemented through

several revisions: SSE→ SSE2→ SSE3→ SSE4.
• advanced vector extension(AVX): Vector instructions, once again implemented

through several revisions: AVX→ AVX2→ AV-512.
• virtulization technology (VT-X) Support for virtualization.
• and much more: cryptography, security, ...

None of the old SIMD formats have been removed frommodern processors, even though
they are mostly redundant with newer extensions. The same thing happens for rarely
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used legacy features such as BCD arithmetic or memory segmentation. This architec-
tural accumulation directly explains the complexity of the x86 platform in terms of de-
coding logic, microcode engine, silicon area and validation efforts.

The ARM architecture, despite being RISC-based, also suffers from the problem of accu-
mulation but handles it differently. It defines several architectural versions (e.g. ARMv4,
ARMv5, ...) which each support one to several ISA extensions among the available (ARM-
32, Thumb, Thumb-2, AArch32, ...). Each new version may choose to drop support for
obsolete extensions, like ARMv8 [100] which introduced AArch64, a redesigned 64-bit
ISA, andmarked AArch32 as optional. In this context, hardware designers were free not
to implement 32-bit (AArch32) at all, which can be seen as a deliberate architectural re-
set to simplifly the accumulated bagage of ARMv7. Many SoCs vendors practically kept
implementing 32-bit at the release of ARMv8, mostly due to commercial constrainsts
(Android used mostly 32-bit applications), but as more and more software stopped de-
pending on it over the years, it progressively disappeared. The architecture cleans itself
following market demands, which makes a huge difference with x86 where features are
here forever by design.

3.1.3.2 Licensing and Governance Constraints

Amajor structural limitation of legacy ISAs, which is not technical but rather institutional,
is due to proprietary control.

Followinghistorical cross-licensing agreements, Intel andAMDexclusively own thepatents
covering the x86 ISA [101]. It prevents any third company from implementing its own
design unless given explicit permission by right-holders. Similarly, Arm Holdings is the
proprietary of the ARM architecture and the only entity allowed to modify its ISA. It of-
fers paid-licenses to companies who want to implement ARM processors, sometimes
allowing them to customize the underlying microarchitecture (e.g. Apple Silicon [102]),
but enforces the strict respect of the ISA.

It can be argued that governance centralization is a problem in itself, since the evolution
of commercial ISAs is driven by corporate strategies, rather than an open consensus.
Research proposals may not align with vendor priorities and some interesting ideas may
remain unpublished due to the lack of legal framework.

This situation creates a high entry cost for startups due to licensing and royalties fees
which practically discourages competition. Moreover, licensed companies are depen-
dent of a central authority, whether it be Intel, AMD, Arm Holdings or others, and are
vulnerable to the slightest change in exploitation policy. Finally, ISAs being locked by
licensers creates a barrier to innovation, especially coming from the academic world
where budgets are typically much lower.
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3.1.3.3 Restricted Extensibility

Legacy ISAswere not designed for long-term extensibility but to solve engineering prob-
lems from the 1980's and design decisions taken at that time still impact the potential
for growth.

Some of the reasons are technical and are mostly linked to the phenomenon of archi-
tectural accumulation described in Section 3.1.3.1. The extensibility of old platforms is
often more reactive (e.g. SIMD instructions from x86) than structural and several issues
have not been properly anticipated. For example, x86 has nomechanism to separate the
base ISA from optional features and the opcode space is now densely packed with little
room left for new instructions. Early ARM releases did not have any concept of names-
pace extensions and were not designed to cleanly incorporate 64-bit. To this day, there
is still no way to automatically discover optional features.

Other barriers to extensibility are of legal nature, as illustrated in Section 3.1.3.2. For
x86, only Intel and AMD are allowed to insert new instructions in the ISA. For ARM,
vendor-extensions can be implemented by companies with a costly architectural license
as long at it does not break the compatibility with official extensions.

3.1.4 Origin and Objectives of the RISC-V

The RISC-V standard [103] is an ISA specificationwhich started in 2010 at the UCBerke-
ley. This initiative was motivated by the fact that most existing ISAs, such as x86, ARM,
MIPS and others, were proprietary andmade it difficult to teach computer design to stu-
dents, experiment with innovative architectures and openly publish research papers. As
the evolution of legacy ISAs had introduced several structural limitations over the years
(refer to Section 3.1.3), the RISC-V project chose to adopt a clean-slate ISA strategy and
rethink entirely some architectural foundations.

It is built around the following design principles:

open-standard: the ISA specification is open and delivered to anyone willing to imple-
ment it without licensing or royalties fees,making it farmore accessible than any existing
ISA for academic or commercial uses. RISC-V is governed by a non-profit consortium
(RISC-V International) where architecture evolutions are publicly debated and ratified
through various working groups. This prevents hardware-vendor from influencing ISA
directions too much which addresses long-term governance risks.

simplicity: the architecture is built following the classic RISC philosophy and deliber-
ately avoids complex constructs to make the hardware simpler.

modularity: the standard is build with modularity in mind. It revolves around a small
frozen ISA which can be complemented at will with optional extensions.
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extensivity: To circumvent the potential limitations of standard extensions, the RISC-V
specification provides a mecanism to insert vendor extensions.

3.2 Fundamental Aspects of RISC-V Architecture

The RISC-V International publishes andmaintains the official RISC-V specification [104,
105], which serves as the normative reference for the architecture. The goal of this docu-
ment is to define the ISA and precisely establish the boundaries between hardware and
software to ensure interoperability across implementations. To achieve this, a strong
focus is made on the explicitation of the behavior of instructions, registers, memory ac-
cess or the interactions between the available privilege levels. The main benefit of this
clear separation between the ISA and the microarchitectural implementation is to allow
designers to innovate internally as long as they remain compliant at the ISA level. This
Section briefly reviews the key design points of the RISC-V architecture in order to justify
the use of this platform in the work carried out in this thesis.

3.2.1 Core Architectural Design

3.2.1.1 Base ISA

As per standard specification, RISC-V processors must implement thirty-two general-
purpose registers with a width of XLEN-bit, that can be set either to 32, 64 or 128-bit.
This flexibility allows to adapt to a wide range of applications, from cryptographic tasks
which may take full advantage of 128-bit registers to embedded applications which are
fine with only 32-bit registers. Figure 3.2 presents the standard registers as well as the
default calling convention used by C programs.

Figure 3.2: RISC-V General-Purpose Registers and Associated Calling Convention
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The minimal set of instructions that any implementation must support then forms the
base ISA, denoted as RV32I, RV64I or RV128I depending of the XLEN chosen. These
instructions can be broadly separated in the following categories:

• Logic/Arithmetic
• Load/store
• Branching
• System call
• Memory synchronization
• Hardware Breakpoints

Figure 3.3 lists all the instructions required in the base ISA when XLEN=32 and shows
how minimalist a RISC-V implementation can be.

Figure 3.3: Overview of the RV32I and Zicsr Extensions

Practically, the base ISA is most of the time complemented with the satellite extension
Zicsr which adds dedicated instructions (CSRRW, CSRRS, CSRRC, ...) to interact with the
Control and Status Registers (CSRs) in an atomically.These additional registers, totalling
4096 entries, are designed to configure, control, and observe the processor's behavior
beyond the basic instruction execution model. They are used for various purposes:

• Implementation of privilege levels.
• Exception and interrupt management. When a trap occursm the processor auto-

matically updates specific CSRs with information related to the event, such as the
cause and the associated program counter.

• Memory management and protection. This includes features required by modern
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operating systems, such as memory paging or physical memory protection.
• Discovery of supported hardware extensions. Refer to Section 3.2.2
• Performancemonitoring through various hardware counters. It is used tomeasure

execution time, cache events and other microarchitectural statistics.
• Events linked to the floating-point unit, if supported.
• ...

3.2.1.2 Instruction Encoding

One of the priorities of the RISC-V standard, in line with the RISC philosophy, is to allow
the decoding of compiled instructions in the simplest way possible. This is achieved
through a clever encoding system inwhich instructions can only adopt one of the formats
displayed in Figure 3.4.

Figure 3.4: Valid RISC-V Instruction Formats

The valid instruction formats are denoted by a unique letter which suggests the most
appropriate usage for each of them:

• R-type: register-register operations.
• R4-type: special case of R-type, the funct7 field is partially replaced by a third

source register rs3. This is mostly used for FMA instructions.
• I-type: short-immediate and load operations.
• S-type: store operations.
• B-type: conditional branch operations.
• U-type: long-immediate operations.
• J-type: unconditional branch operations.

A major benefit of this approach is that instructions are all 32-bit long, which greatly
facilitates fetching and eliminates the need for complex pre-decoding logic as found on
x86. For the same reason, the valid formats rely on a set of internal fields, listed below,
which are layed out in a consistent way across formats. It is possible to retrieve the
meaningful parameters of each instruction using the same piece of circuit.
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• opcode: unique 7-bit identifier which points to a family of instructions.
• funct3/funct7:additional parameters (respectively 3-bit and7-bit long) touniquely

identify an instruction. They are meant to be used in combination with the opcode
field.

• rd: id of the destination register in which the result of the current instruction will
be placed.

• rs1/rs2: id of the sources registers which hold the input parameters of a specific
instruction.

• imm: an immediate value (constant) passed as parameter of a specific instruction.

As an additional optimization, the encoding ensures that for a give opcode value, all the
associated instructionswill share the same format as showed in Figure 3.5, which allows
for efficient and early routing to the right portion of decoder.

Figure 3.5: RISC-V Opcode Space and Format Association

3.2.2 The Modular Extension System

Beyond the ISA base, which is mandatory in any implementation, the RISC-V standard is
built around the concept of extension. Each extension is identified by a single letter, “I”
in the case of the base ISA (hence the name RV32I), and consists of a list of thematically
related instructions used to accelerate specific operations or support a particular pro-
gramming paradigm. Their integration into a RISC-V processor design is entirely optional
and is left to the discretion of the hardware vendor, depending on the target application
or physical constraints such as power consumption, silicon area, etc. This flexibility al-
lows the creation of tailor-made processors perfectly suited to specific needs, which
helps to limit production costs and time to market.
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In this context, the term “RISC-V processor” becomes vague, as it can refer to a mini-
malist processor designed for embedded systemswith only the basic ISA, or, conversely,
to a processor sized for HPC with support for vector and double-precision floating-point
operations. In response, the standard has established a nomenclature, given in Figure
3.6, that allows the extensions supported by a given design to be precisely identified. As
a consequence, a RV64IMA RISC-V processor uses 64-bit registers and implements the
base ISA I as well as standard extensions M and A.

Figure 3.6: Nomenclature to Identify a RISC-V Processor

3.2.2.1 Standard Extensions

Standard extensions are those that have been officially ratified in the RISC-V Interna-
tional standardization document. As such, the behavior of the underlying instructions is
explicitly detailed, and each modification is tracked using a versioning mechanism. As
explained previously, they are entirely optional and are intended to provide additions to
the ISA base in specific areas. Figure 3.7 lists the main standard extensions.

The purposes of the meaningful standard extensions in the context of this thesis are
detailed below:

• M: additional instructions for hardware integermultiplication, division and remain-
der operations.

• A: additional instructions for atomicmemory operations and synchronization prim-
itives based on load-reserved and store-conditional.

• F,D,Q: additional instructions for IEEE-754 floating-point operations, respectively
in single (32-bit), double (64-bit) or quad (128-bit) precision. When either of these
extensions are instantiated, the standard requires to define thirty registers dedi-
cated to floating-point computations (Figure 3.8), with a width corresponding to
the chosen format. It is also possible to support multiple floating-point extensions
(e.g. F and D). The associated registers are then instantiatedwith the biggest width
(here 64-bit) and the smallest type occupies the lower part of the registers.

As an example of the RISC-V modularity, Figure 3.9 presents an exhaustive list of the
instructions supported by a RV32IMAF processor.
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Figure 3.7: Main RISC-V Standard Extensions

Figure 3.8: RISC-V Floating-Point Registers and Associated Calling Convention

3.2.2.2 Custom Extensions

Some niche applications fail to performwell enough using only the instructions available
from the standard extensions and may greatly benefit from additional hardware accel-
eration. This situation has been anticipated by the RISC-V standard with the concept of
custom extensions.

Figure 3.5 shows that four opcodes, named custom-0 to custom-3 (in red), have been
left unutilized and are the suggested insertion point for specialized instructions. This
is meant to be a clean interface which allows the cohabitation between standard and
custom extensions while maintaining a high inter-operability and without the need to
fork the ISA. In accordance with the RISC-V philosophy, a range of CSR registers is also
dedicated to custom extensions as a mean to allow extra configuration.

Thismechanism is often used by hardware-vendors as it typically involves less complex-
ity and thus time-to-market to develop efficient application-specific processors. For ex-
ample, Andes Technology offers a toolchain that let designers define and integrate cus-
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Figure 3.9: Instructions Supported by a RV32IMAF Core

tom instructions to optimize performance for specific application domains [106]. Simi-
larly, Sifive has develop a custom extension to accelerate int8-based matrix multiplica-
tion for AI [107]. In the academicworld , customextensions havebeenused successfully
to create hardware accelerators [108], particularly in the field of AI [109], and to develop
additional security mechanisms [110].

3.3 Conclusion

The RISC-V standard is a modern look on RISC design principles and attempt to provide
solutions to well-documented issues of legacy ISAs. The problem of architectural ac-
cumulation is addressed in a more structured way thanks to a fully modular approach
to ISA design and extensibility is anticipated from the start using a dedicated encoding
space and mecanism for inserting new instructions. Governance and licensing issues
are solved thanks to RISC-V being an open and royalty-free standard governed by a non-
profit organization.

The RISC-V standard has made ISA design more accessible than ever. This is not only
due to its openness but also to the freely available software ecosystem made of com-
pilers, emulators or softcores which give great opportunities for experimentation, espe-
cially in the field of research. In the context of this thesis, the natural extensibility of the
RISC-V will be used to incorporate a custom extension dedicated to interval operators
to execute robotics-oriented applications.
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4.5.2 Total directed contractor for a ternary constraint . . . . . . . . . . 104

4.5.3 Total forward-backward contractor . . . . . . . . . . . . . . . . . 107

4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.1 Problem

Chapter 1 showed how an interval contractor associated to a complex mathematical ex-
pression could bebuilt proceduraly using the forward-backwardmethodology. The latter
is based primarily on constraint propagation and accurate evaluation of interval contrac-
tors on elementary constraints. However, there are known limitations in existing solvers
as soon as the domains of functions involved in the problem are restricted.

As an illustration, an inner and outter approximation of the setX defined in Equation 4.1
is computed using the Codac library [111] (refer to Figure 1.21) and the code presented
in Listing 3.

X = {(x1, x2) |x2 +
√
x1 + x2 ∈ [1, 2]}. (4.1)

Listing 3: Attempting to Characterize the set X using Codac and Forward-Backward Contractors

1 from codac import *
2 from vibes import *
3
4 # Search space for (x1, x2)
5 X0 = IntervalVector([[-10,10],[-10,10]])
6
7 # Create the contractor
8 f = Function(x1,x2,x2+sqrt(x1+x2))
9 S = SepFwdBwd(f,sqr(Interval(1,2)))

10
11 # Run Sivia
12 vibes.beginDrawing()
13 SIVIA(X0,S,0.01)

The execution of the SIVIA algorithm leads to the paving displayed in Figure 4.1 where
the blue boxes are supposed to be outside of X and the magenta boxes are supposed
to be inside. However, when taking a closer look, some boxes are wrongly classified as
inside when they are outside in reality.

This phenomenon occurs for all existing solvers which are able to provide an inner ap-
proximation. The reasons for this is that contractor-based methods obtain an inner ap-
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Figure 4.1: Example of an Inaccurate Set Estimation in Codac. Left: Paving generated by Codac when
the real set X is delimited by the green line. Right: zoom on the red box.

proximation by considering a contractor for the complementary of X as

{(x1, x2) |x2 +
√
x1 + x2 /∈ [1, 2]} (4.2)

whereas it should be

X = {(x1, x2) |x2 +
√
x1 + x2 /∈ [1, 2] or x1 + x2 < 0}. (4.3)

In Figure 4.1, some magenta zones are wrongly classified as inside because in these
zones,

√
x1 + x2 is not defined.

This chapter presents a rigorous way to build contractors associated with the comple-
mentary of a set in the case where functions involved in the constraint are not defined
everywhere. It is organized as follows. Section 4.2 explains the approach which mo-
tivates a new arithmetic. Section 4.3.4 presents an extension of the arithmetic on real
numbers, named total real arithmetic, and shows the role of a flag named ι in the case
where partial functions are involved. Section 4.4 introduces the notion of the total in-
terval arithmetic. Section 4.4 provides the notion of total contractors and extends the
classical forward-backward contractor to total intervals. Section 4.6 concludes the dis-
cussion.

4.2 Approach

TheContractor algebrapresented throughoutChapter 1doesnot allowanynon-monotonic
operation. It means that if a contractor C is defined by an expression E of other contrac-
tors Ci then we always have
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∀i,Ci ⊂ C
′
i ⇒ E (C1,C2, . . . ) ⊂ E

(
C

′
1,C

′
2, . . .

)
. (4.4)

As a consequence, the complementaryC of a contractorC or the restrictionC1\C2 of two
contractors C1,C2 (which both correspond to non-monotonic operations) is not defined.

To be more precise, contractor algebra allows us to construct a contractor for expres-
sions of sets defined by union, intersection and inversion of other sets. Take for instance
the set

X = X1 ∪ f−1(X2 ∩ X3). (4.5)

The expression of the set X from Equation 4.5 can be represented by the tree of Figure
4.2 or equivalently by the following expressions

X = X1 ∪ B
B = f−1(A)
A = X2 ∩ X3

(4.6)

Figure 4.2: Contractor tree for X1 ∪ f−1(X2 ∩ X3)

The intermediate sets A and B correspond to nodes of the tree. In practice, the leaves
Xi of the tree are set reverse (or equivalently inequality constraints) of the form

Xi = φ−1
i ([yi]) = {xi |φi(xi) ∈ [yi]} (4.7)

where φi is a function defined by an algorithm and [yi] is a box of Rn. A contractor for Xi

is usually built by a forward-backward procedure such as the HC4R algorithm presented
in Section 1.2.4.5. The contractor associated with the constraint φ(x) ∈ [y] is denoted
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by C↕
φ−1([y]) and follows the Algorithm 11.

Algorithm 11: Contractor for X = X1 ∪ f−1(X2 ∩ X3) - Obtained through HC4R
Data: [x]

1 [x1] = CX1([x]);
2 [b] = [x];
3 [a] = f([b]);
4 [x2] = CX2([a]);
5 [x3] = CX3([a]);
6 [a] = [x2] ∩ [x3];
7 [b] = C

↕
f−1([a])([b]);

8 [x] = [x1] t [b];
9 return [x]

The De Morgan's laws are used to express the complement X. It states that:

• the complement of the union of two sets is the intersection of their complement.
• the complement of the intersection of two sets is the union of their complement.

We get
X = X1 ∩

(
f−1(X2 ∪ X3) ∪ domf

)
. (4.8)

Note that we had to introduce the domain of f, denoted by domf, to take into account the
fact that f may be a partial function (i.e., not defined everywhere).

If we define the set-valued function f̊−1 : P(Rm) 7→ P(Rn) as

f̊−1(Y) = f−1(Y) ∪ domf, (4.9)

then we have
X = X1 ∩

(̊
f−1(X2 ∪ X3)

)
. (4.10)

The decomposition for X is defined by

X = X1 ∩ B
B = f̊−1(A)
A = X2 ∪ X3

(4.11)

which corresponds to the tree of Figure 4.3.

Since the sets Xi were defined by φi(xi) ∈ [yi], the complement is by

Xi = φ̊−1
i ([yi]). (4.12)
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Figure 4.3: Contractor tree for the complementary of X1 ∪ f−1(X2 ∩ X3)

To implement the complementary of a contractor using the De Morgan's law, the only
brick we need is the forward-backward contractor for the set

f̊−1([y]) = f−1([y]) ∪ domf (4.13)

Now, the set f̊−1([y]) is not a set reverse as defined by (4.7) and thus we cannot apply a
forward-backward contractor without the extension proposed in Sections 4.3.4 to 4.4.

4.3 Total extension

4.3.1 Definitions

In mathematics, a function f : X 7→ Y which is defined for all x ∈ X is said to be total.
Equivalently, a function f : X 7→ Y is total if

∀x ∈ X, ∃y ∈ Y such that f(x) = y. (4.14)

A function f which is not defined for all x is said to be partial. Given a partial function
f , the total extension is obtained by adding an element to Y , say ι which collects all
x /∈ domf.
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Definition 1

The total extension of the partial function f : X 7→ Y is f̊ = X ∪{ι} 7→ Y ∪{ι}with

f̊(x) =

{
f(x) if x ∈ domf

ι otherwise
(4.15)

Note that since ι /∈ domf , we have f̊(ι) = ι.

4.3.2 Illustration

Consider the partial function f as given in Figure 4.4. We have

f−1(Y) = {β, γ, ε}
f−1(Y) = {α}
domf = {α, β, γ, ε}

(4.16)

Now, since f({γ, δ}) ⊂ Y, some would classify δ inside f−1(Y) which is wrong. This
would only be true if f was total.

Figure 4.4: A partial function f

Introducing the indeterminate NaN (Not a number) in the sets, denoted by ι, allows us
to get rid of the problem involved by the partiality of f .

Given a set A, we define the extended total set as Å = A ∪ {ι}. Thus, f̊ : Å 7→ B̊ is the
total extension of f : A 7→ B as illustrated by Figure 4.5. Following Definition 1, extended
functions can be used to set as follows:

f̊(X) =

{
f(X) if X ⊂ domf

f(X) ∪ {ι} otherwise
(4.17)
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where X ⊂ Å. Note that, in the figure, whereas f({γ, δ}) = {3} ⊂ Y, we have f̊({γ, δ}) =
{3, ι} 6⊂ Y.

Figure 4.5: Introduction of Not a Number ι

4.3.3 Properties

For total functions, we have some properties that will be useful in our algorithms.

Proposition 1

If f̊ is a total extension of f , we have

f̊−1(Y) = f̊−1(Y) (i)

f̊(X) ⊂ Y⇒ X ⊂ f̊−1(Y) (ii)

f̊ ◦ f̊−1(Y) = Y (iii)

(4.18)

Proof:
Let us prove (ii) only. We have:

f̊(X) ⊂ Y ⇔ f̊(X) ∩ Y = ∅
⇔ f̊−1 ◦ f̊(X)︸ ︷︷ ︸

⊃X

∩ f̊−1(Y)︸ ︷︷ ︸
=f̊−1(Y)

= ∅

⇒ X ∩ f̊−1(Y) = ∅
⇔ X ⊂ f̊−1(Y)

(4.19)

Proposition 2

If f̊ , g̊ are total extensions of f and g then the total extension of f ◦ g is f̊ ◦ g̊.
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Proof:
If h = f ◦ g, we have

f̊ ◦ g̊(x) =

{
f ◦ g(x) if x ∈ domg and g(x) ∈ domf

ι otherwise
(4.20)

Now, since
domh = domf ◦ g = domg ∩ g−1(domf) (4.21)

We get

f̊ ◦ g̊(x) =

{
h(x) if x ∈ domh

ι if x /∈ domh
(4.22)

which corresponds to h̊(x).

Example. To illustrate the proposition, take

f(x) =
√
1− x

g(x) =
√
x− 1

(4.23)

Note that
domf = (−∞, 1]

domg = [1,∞)
(4.24)

We have
h(x) = f ◦ g(x) =

√
1−
√
x− 1 (4.25)

Since
domh = domg ∩ g−1(domf)

= [1,∞) ∩ g−1((−∞, 1])

= [1,∞) ∩ [0, 2] = [1, 2]

(4.26)

we get

h̊(x) =

{ √
1−
√
x− 1 if x ∈ [1, 2]

ι otherwise
(4.27)

4.3.4 Total real arithmetic

We define the total extension of the classical arithmetic on real numbers. Consider the
extended total set of reals:

R̊ = R ∪ {ι}. (4.28)

Adding such a special value for real numbers is nowclassical since it has been introduced
by the IEEE-754 floating-point standard. Operations on real numbers can be extended
to R̊ as follows:
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f(x) = ι if x /∈ dom(f)

f(ι) = ι

ι � x = ι

(4.29)

where f is any partial function and x ∈ R and any binary operator �.

Note that we do not define comparisons, which means that if we have the relation a ≤ b

then both a and b belong to R (or equivalently neither a nor b can be equal to ι).

Proposition 3

Consider a partial function f : Rn 7→ Rm given by an expression f(x1, . . . , xn)
including elementary functions (sin, √, log,. . . ) and elementary operators
(+,−, ∗, /, . . . ). An expression for f̊ can be obtained by the total real arithmetic.

Proof:
The proof is a direct consequence of the fact that the total extension is preserved by
composition.

An element of the Cartesian product R̊n = R̊× · · · × R̊ is called a total vector.

4.3.5 Link with the complex number i

The set of complex numbersC extends the set of real numbers by adding a number i such
that i2 = −1. The extension preserves some properties such that the fact C is a group
with respect to the addition. Due to this, i has an opposite: −i. Indeed, i+ (−i) = 0.

Take now the set R̊ and let us check if ι has an opposite. We solve ι + x = 0 and we get
no solution for x. This means that R̊ is not anymore a group andmany properties we had
for R are lost. As a consequence, symbolic resolution and group-based simplifications
are not allowed in R̊.

Moreover, adding i to build C involves the addition of many numbers of the form a + ib.
In R̊, we just add a single number: ι.

There exists a tiny link between R̊ and C in the construction since we add one number.
But the link stops here. Whereas complex numbers can be used to build a huge numbers
of theorems and theories, the total numbers will be used as a tool to build the comple-
mentary of contractors.
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4.4 Total intervals

In this section, we introduce the notion of intervals for R̊, called total intervals.

4.4.1 Intervals in unions of lattices

On a lattice (A,≤A) , we can define the notion of intervals, interval hull and contractors.
This has been used for several types of lattices such as real numbers, integers, trajec-
tories, graphs, etc. To be able to use interval methods, the lattice structure is required.
We show here that it is not strictly necessary by considering union of lattices.

Definition 2

Consider two lattices (A,≤A) and (B,≤B) that are disjoint. Denote by IA and IB,
the set of all intervals of A and B. We can define intervals of C = A∪B as subsets
C which have the form

[c] = [a] ∪ [b], (4.30)

where [a] ∈ IA and [b] ∈ IB.

Indeed, the set (C,≤C) can be equipped with an order relation:

x ≤C y ⇔

{
x ∈ A, y ∈ A, x ≤A y

or x ∈ B, y ∈ B, x ≤B y
(4.31)

Now, C is not a lattice, i.e., if x ∈ A, y ∈ Bwe cannot define x∧ y and x∨ y. This is due to
the fact that we cannot provide a common lower or upper bounds for x, y.

Example. Consider the casewhereA = R the set of real numbers andB = {a, b, c, . . . , z}
the set of letters. Both can be equipped with an order relation and both are lattices.
Examples of intervals for the set C = A ∪ B are

[c1] = [2, 5]

[c2] = {e, f, g, h}
[c3] = [2, 5] ∪ {e, f, g, h}
[c4] = [4, 9] ∪ {g, h, i}
[c5] = ∅
[c6] = A ∪ B

(4.32)

It is easy to check that the intervals of C is closed under intersection. It is thus a Moore
family [112],[113] which means that contractor methods can be used.
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4.4.2 Total intervals

Consider the singleton {ι} which is equipped with the trivial order relation : ι ≤ ι . The
set of all intervals of {ι} is {∅, {ι}}. The set R̊ can be equippedwith a partial order relation
≤R̊ derived from R:

ι ≤R̊ ι

a ∈ R, b ∈ R then a ≤R̊ b iff a ≤R b
(4.33)

Total intervals are denoted by [̊x].

Examples of intervals of R̊ are:

[̊a] = [1,∞)

[̊b] = [−1, 0] ∪ {ι}
[̊c] = {ι}
[d̊] = ∅,

(4.34)

as illustrated by Figure 4.6.

Figure 4.6: Total intervals are intervals of R̊ = R ∪ {ι}

The set of total intervals is denoted by IR̊. We define the hull of a subset of X̊ of R̊ as the
smallest total interval [̊x] which encloses X̊. We will write [̊x] = X̊. For instance

{1, 2, 3} = [1, 3]

{1, 2, 3, ι} = [1, 3] ∪ {ι}
{ι} = {ι}

(4.35)

4.4.3 Total interval arithmetic

Consider a partial function f : R 7→ R. We define its total interval extension as follows

[f̊ ] = {f̊ (̊x), x̊ ∈ [̊x]}. (4.36)
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For instance
√
[−1, 4] = [0, 2] ∪ {ι}.

In the same manner, if � ∈ {+,−, ·, /}, we define

[̊a] � [̊b] = {̊a � b̊, å ∈ [̊a], b̊ ∈ [̊b]} (4.37)

4.4.4 Total interval vector

The set of interval vectors R̊n is a lattice [114]. We can thus define intervals of R̊n. The
set of interval vectors has the form IR̊n = IR̊× · · · × IR̊.

We define the hull of a subset of X̊ of R̊n as the smallest [̊x] which encloses X̊. We will
write [̊x] = X̊. For instance,

([1, 2]× {ι}) ∪ ([3, 4]× [5, 6]) = [1, 4]× ([5, 6] ∪ {ι}). (4.38)

4.5 Total contractors

This section extends the notion of contractor to total intervals. We first consider the case
of elementary contractors built from elementary functions. Then, we consider the case
of contractors defined from elementary operators.

4.5.1 Total directed contractor for a binary constraint

Consider a constraint of the form y = f(x), where f : R 7→ R: is a partial function with
domain domf . We can extend the constraint to R̊ by the following decomposition


ẙ = f (̊x)

x̊ ∈ R̊
ẙ ∈ R̊

⇔


ẙ = f (̊x), x̊ ∈ domf, ẙ ∈ R

or x̊ ∈ R \ domf , ẙ = ι

or x̊ = ι, ẙ = ι

(4.39)

This means that ι = f(x) is considered as true only if and only if x = ι or if x /∈ domf .

We define the forward directional contractor as

−→
Cf ([̊x]) = {ẙ | ∃x̊ ∈ [̊x], ẙ = f (̊x)} (4.40)

and the backward directional contractor
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←−
Cf ([̊x], [̊y]) = {x̊ ∈ [̊x] | ∃ẙ ∈ [̊y], ẙ = f (̊x)}. (4.41)

Proposition 4

The forward directional contractor associated with f is

−→
Cf ([̊x]) = f([̊x] ∩ R) ∪ ([̊x] ∩ {ι}) ∪ ι([̊x] ∩ (R \ domf)), (4.42)

where ι is the constant function ι, i.e,

ι(A) =

{
ι if A 6= ∅
∅ if A = ∅

(4.43)

Proof:

Since
x̊ ∈ domf ⇒ ẙ = f (̊x)

x̊ = ι ⇒ ẙ = ι

x̊ ∈ R \ domf ⇒ ẙ = ι

(4.44)

we have
f([̊x]) = f([̊x] ∩ dom f)︸ ︷︷ ︸

f([̊x]∩R)

∪ ι([̊x] ∩ {ι})︸ ︷︷ ︸
=[̊x]∩{ι}

∪ ι([̊x] ∩ (R \ domf)). (4.45)

Thus −→
Cf ([̊x]) = {ẙ | ∃x̊ ∈ [̊x], ẙ = f (̊x)}

= f([̊x] ∩ R) ∪ ([̊x] ∩ {ι})
∪ ι([̊x] ∩ (R \ dom f))

(4.46)

As a consequence,
−→
Cf ([̊x]) can be generated using Algorithm 12.

Algorithm 12: Forward directional contractor −→Cf

Data: f, [̊x]
1 [̊y] = f([̊x] ∩ R);
2 [̊y] = [̊y] ∪ ([̊x] ∩ {ι}) if [̊x] 6⊂ dom f then
3 [̊y] = [̊y] ∪ {ι}
4 end
5 return [̊y]
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Proposition 5

The backward directional contractor associated with f is

←−
Cf ([̊x], [̊y]) = [̊x] ∩

(
f−1([̊y] ∩ R) ∪ I([̊y])

)
(4.47)

where

I([̊y]) =

{
{ι} ∪ (R \ dom f) if ι ∈ [̊y]

∅ otherwise
(4.48)

Proof:

We have

ẙ ∈ R ⇔ x̊ ∈ f−1({ẙ})
ẙ = ι ⇔ (̊x = ι) ∨ (̊x ∈ R \ dom f)

⇔ x̊ ∈ {ι} ∪ (R \ dom f)

(4.49)

As a consequence,
←−
Cf ([̊x], [̊y]) can be generated using Algorithm 13.

Algorithm 13: Backward directional contractor←−Cf

Data: f−1, [̊x], [̊y]
1 [̊r] = ∅;
2 if [̊y] = ∅ then
3 return [̊r];
4 end
5 [̊r] = f−1([̊y] ∩ R);
6 if ι ∈ [̊y] then
7 [̊r] = [̊r] ∪ (R \ dom f) ∪ {ι};
8 end
9 return [̊r] ∩ [̊x];

Example. Total contractor for the square root. Consider the constraint

y =
√
x (4.50)

where all variables belong to R̊. The values (9, 3), (−4, ι), (ι, ι) for (x, y) are consistent
with the constraint (4.50) whereas (9, 2), (−4, 2), (9, ι), (ι, 2) are inconsistent.
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For instance, assume that we have x ∈ [̊x] = [−2, 9], y ∈ [̊y] = [−1, 2] ∪ {ι}. We obtain

−→
C√

·([̊x]) =
√
[−2, 9] = [0, 3] ∪ {ι}

−→
C√

·([̊x]) ∩ [̊y] = ([0, 3] ∪ {ι}) ∩ ([−1, 2] ∪ {ι})
= [0, 2] ∪ {ι}

←−
C√

·([̊x], [̊y]) = [−2, 4]

(4.51)

It means that x ∈ [−2, 4] and y ∈ [0, 2] ∪ {ι}.

Assume now that x ∈ [̊x] = [4, 9], y ∈ [̊y] = [3, 15] ∪ {ι}. We obtain

−→
C√

·([̊x]) =
√

[4, 9] = [2, 3]
−→
C√

·([̊x]) ∩ [̊y] = [2, 3] ∩ ([3, 15] ∪ {ι}) = {3}
←−
C√

·([̊x], [̊y]) = {9}
(4.52)

It means that x = 9 and y = 3.

4.5.2 Total directed contractor for a ternary constraint

Consider the ternary constraint of z = x+ y. The case of constraints involving−, ·, / can
be defined from + and binary constraints already treated in the previous section. The
following reasoning can also be done for these operators.

We can extend the constraint z = x+ y to R̊ by the following decomposition


z̊ = x̊+ ẙ

x̊ ∈ R̊
ẙ ∈ R̊
z̊ ∈ R̊

⇔

{
z̊ = x̊+ ẙ, x̊ ∈ R, ẙ ∈ R, z̊ ∈ R

or (̊x = ι ∨ ẙ = ι) ∧ z̊ = ι
(4.53)

Note that in R̊, we do not have

z̊ = x̊+ ẙ ⇔ x̊ = z̊ − ẙ. (4.54)

Indeed, take x̊ = 1, ẙ = ι, z̊ = ι. We have z̊ = x̊+ ẙ whereas x̊ 6= z̊− ẙ. As a consequence,
the values (2, 3, 5), (2, ι, ι), (ι, ι, ι) for (x, y, z) are consistent with the constraint whereas
(2, 3, 6), (2, ι, 4), (2, 3, ι) are inconsistent.
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We define the forward directed contractor

−→
C+([̊x], [̊y]) = {z̊ | ∃x̊ ∈ [̊x], ∃ẙ ∈ [̊y], z̊ = x̊+ ẙ} (4.55)

and the backward directed contractor

←−
C+([̊x], [̊y], [̊z]) = {(̊x, ẙ) ∈ [̊x]× [̊y] | ∃z̊ ∈ [̊z], z̊ = x̊+ ẙ} (4.56)

We get Algorithms 14 and 15 for
−→
C+ and

←−
C+.

Algorithm 14: Forward directed contractor −→C+

Data: [̊x], [̊y]
1 [̊z] = ([̊x] ∩ R) + ([̊y] ∩ R);
2 [̊z] = [̊z] ∪ ([̊x] ∩ {ι}) ∪ ([̊y] ∩ {ι});
3 return [̊z];

Step 1 computes to the interval containing of all feasible z ∈ R.
Step 2 adds ι when ι ∈ [̊x] or when ι ∈ [̊y].

Algorithm 15: Backward directed contractor←−C+

Data: [̊x], [̊y], [̊z]
1 if ι /∈ [̊z] then
2 [̊x] = [̊x] ∩ ([̊z]− [̊y]);
3 [̊y] = [̊y] ∩ ([̊z]− [̊x]);
4 end
5 return [̊x], [̊y]

The implementation for
←−
C+ is simplified by the fact that it is called after

−→
C+.

Remarks

The contractor
←−
C+ is often minimal, but not always. Indeed, there exist some rare

counterexamples. Consider for instance the case

x ∈ [1, 2]

y ∈ [3, 4] ∪ {ι}
z ∈ [6, 9] ∪ {ι}

(4.57)

If we call
−→
C+, we get
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Remarks (cont’d)

x ∈ [1, 2]

y ∈ [3, 4] ∪ {ι}
z ∈ [6, 6] ∪ {ι}

(4.58)

The backward contractor
←−
C+ (see Algorithm 15) yields no contraction for x and y

whereas it should conclude the following contraction for y :

y ∈ [4, 4] ∪ {ι}.

An optimal backward contractor could be obtained by Algorithm 16

Algorithm 16: An optimal backward contractor
Data: [̊x], [̊y], [̊z]

1 [̊rx] = ∅,[̊ry] = ∅;
2 [x] = [̊x] ∩ R [y] = [̊y] ∩ R [z] = [̊z] ∩ R;
3 if [x] 6= ∅, [y] 6= ∅, [z] 6= ∅ then
4 [̊rx] = [x] ∩ ([z]− [y]) [̊ry] = [y] ∩ ([z]− [x]);
5 end
6 [y] = [̊y] ∩ {ι}; [z] = [̊z] ∩ {ι};
7 if [x] 6= ∅, [y] 6= ∅, [z] 6= ∅ then
8 [̊ry] = [̊ry] ∪ {ι};
9 end

10 [y] = [̊y] ∩ R [x] = [̊x] ∩ {ι} [z] = [̊z] ∩ {ι};
11 if [x] 6= ∅, [y] 6= ∅, [z] 6= ∅ then
12 [̊rx] = [̊rx] ∪ {ι}
13 end
14 [x] = [̊x] ∩ {ι} [y] = [̊y] ∩ {ι} [z] = [̊z] ∩ {ι};
15 if [x] 6= ∅, [y] 6= ∅, [z] 6= ∅ then
16 [̊rx] = [̊rx] ∪ {ι} [̊ry] = [̊ry] ∪ {ι}
17 end
18 return [̊rx], [̊ry]

Now, this algorithm improves the efficiency of a propagation only for rare situations. This
is why we will preferred the use of the backward contractor of Algorithm 15, even if not
fully minimal.
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4.5.3 Total forward-backward contractor

We show how the forward-backward contractor works on two test-cases.

Test-case 1:

Consider the set

S = {(x, y) | y +
√
x+ y ∈ [1, 2]}. (4.59)

We built the AST (Abstract Syntax Tree) associated with S as shown in Figure 4.7(a). We
also build the AST for S as in Figure 4.7(b). Note that the two trees are identical except
the images that are complementary in R̊, i.e.,

[1, 2] ∪ ((−∞, 1] ∪ [2,∞) ∪ {ι}) = R̊. (4.60)

Figure 4.7: AST for the constraint y +√x+ y ∈ [1, 2] (left) and its complementary (right)

A forward-backward contractor yields Algorithm 17. Note that the set Z used below is
not the set of relative integers (as often used in math books), but an interval of R.

To have a contractor for S we call Algorithm 17 with Z = [1, 2]. To get a contractor for
S, we call the same algorithm with Z = (−∞, 1] ∪ [2,∞) ∪ {ι}. Using a paver with these
two contractors, we are able to generate the approximation illustrated by Figure 4.8. The
frame box is [−10, 10]× [−10, 10]. An implementation is given in [115].
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108 4. Accurate Generation of the Complementary of Contractor

Algorithm 17: Contractor for the constraint y +√x+ y ∈ Z
Data: [̊x], [̊y],Z

1 [̊b] =
−→
C+([̊x], [̊y]);

2 [̊a] =
−→
C√ ([̊b]);

3 [̊z] =
−→
C+([̊a], [̊y]);

4 [̊z] = [̊z] ∩ Z;
5 [̊a], [̊y] =

←−
C+([̊z], [̊a], [̊y]);

6 [̊b] =
←−
C√ ([̊b], [̊a]);

7 [̊x], [̊y] =
←−
C+([̊b], [̊x], [̊y]);

8 return [̊x], [̊y];

Figure 4.8: Paving obtained using the contractor for S and its complementary

Test-case 2:

Consider the discrete-time state space system, inspired from Henon map, of the form
x(k + 1) = f(x(k)) with

f(x) =
(

bx1

1 + ax21 +
√

x22 + c

)
(4.61)

where a = −1.4, b = 0.3 and c = 0.075. The behavior of this system may not lead to a
well defined state x(k) if the initial state vector x(0) is not chosen properly. We want to
compute the set S of all initial vectors x(0)which lead to a state vector ofR2 when k = 5.
We define

f0(x) = x
fk+1(x) = fk ◦ f(x).

(4.62)

Final Version - 2026/03/06



4.5. Total contractors 109

We have

S = {x ∈ R2 | f5(x) ∈ R2}. (4.63)

The forward backward contractor (see Algorithm 18) associated to the constraint f(x) ∈
Y is based on the AST of Figure 4.9.

Figure 4.9: AST for the constraint f(x) ∈ Y

To have a contractor for S we call Algorithm 18 with Y = R2. To get a contractor for
S, the same algorithm is called with Y = (R × {ι}) ∪ ({ι} × R) ∪ ({ι} × {ι}) which is
the complementary of R2 in (R ∪ {ι})2 Using a paver with these two complementary
contractors, we are able to generate the approximation illustrated by Figure 4.10. The
frame box is [−5, 5]× [−5, 5].
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Algorithm 18: Contractor for a constraint f(x) ∈ Y for Test-case 2
Data: [̊x1], [̊x2],Y

1 [̊a] = −1.4; [̊b] = 0.3; [̊c] = −0.075;
2 [̊v1] =

−−→
Csqr([̊x1]);

3 [̊v2] =
−→
C×([̊a], [̊v1]);

4 [̊v3] = 1 + [̊v2];
5 [̊v4] =

−−→
Csqr([̊x2]);

6 [̊v5] =
−→
C+([̊v4], [̊c]);

7 [̊v6] =
−→
C√ ([̊v5]);

8 [̊y1] =
−→
C×([̊x1], [̊b]);

9 [̊y2] =
−→
C+([̊v3], [̊v6]);

10 [̊y1]× [̊y2] = ([̊y1]× [̊y2]) ∩ Y;
11 [̊v3], [̊v6] =

←−
C+([̊y2], [̊v3], [̊v6]) (see Step 9);

12 [̊x1], [̊b] =
←−
C×([̊y1], [̊x1], [̊b]) (see Step 8);

13 [̊v5] =
←−
C√ ([̊v5], [̊v6]) (see Step 7);

14 [̊v4], [̊c] =
←−
C+([̊v5], [̊v4], [̊c]) (see Step 6);

15 [̊x2] =
←−−
Csqr([̊v4], [̊x2]) (see Step 5);

16 [̊v2] = ([̊v3]− 1) ∩ [̊v2] (see Step 4);
17 [̊a], [̊v1] =

←−
C×([̊v2], [̊a], [̊v1])(see Step 3);

18 [̊x1] =
←−−
Csqr([̊x1], [̊v1]) (see Step 2);

19 return [̊x1], [̊x2];

Figure 4.10: Paving representing the solution set for Test-case 2

4.6 Conclusion

This section proposed an extension to the interval arithmetic developed by Moore [116]
in order to facilitate the implementation of complementary of contractors. For this pur-
pose, we proposed to add a flag ι to each interval to form total intervals. This imply an
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evolution of the associated arithmetic. For example, we now have
√
[−1, 1] = [0, 1]∪ {ι}

instead of
√

[−1, 1] = [0, 1]. This is due to the fact that
√
·, which is a partial function, has

been made total. The ι number is not seen anymore as an exception, but as a possible
value.

The flag ι has similarities with some decorations already used in the context of interval
computation [117], [118]. The main advantage of our extension is to allow the interval
propagationwhen some partial functions are involved in the definition of the constraints.
We have presented a generalization of the forward-backward propagation to total inter-
vals with an application to two test-cases.
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A High-Level View of the Xinterval
Extension

The work described in this chapter has been published in the following paper:
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Primitives in the Context of Mobile Robotics.” Acta Cybern. 26 (2024): 889-912.
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5.1 The Xinterval Custom Extension

The main ambition of this PhD dissertation is to complement the RISC-V ISA with a cus-
tom extension dedicated to interval arithmetic with a focus on embedded robotics. For
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114 5. A High-Level View of the Xinterval Extension

compliancy with the RISC-V specification regarding naming conventions [119], the pro-
posed extension will be referred as xinterval.

The philosophy of xinterval is to optimize the workflow presented in Section 1.2.4.5
which is central to a lot of robotics problems. As a reminder, complex interval con-
tractors can be generated procedurally through the use of the HC4R algorithm which
breaks down the mathematical expression of the associated contraint into multiple el-
ementary sub-constraints and then perform a forward-backward propagation. In this
context, the evaluation of forward-backward contractors over elementary interval con-
straints, whether arithmetic (addition, ...) , algebraic (square-root, ...), or transcendental
(cosine, ...) play a critical role in the overall performances and are the main focus of the
xinterval implementation.

In addition to contractors, themicro-architecture of xinterval adds native hardware sup-
port for the interval data-type and defines multiple instructions to manipulate it from a
high-level language such as C.

5.2 Encoding Intervals in RISC-V’s Registers

All the instructions from xinterval use the opcode custom-0 (value 0xB) which is ded-
icated to custom extensions [120]. The decision was made to refrain from using the
vacant instruction slots from standard opcodes in order to limit potential collisions with
future standard extensions. However, due to RISC-V architectural constrainsts, instruc-
tions sharing an opcode must adopt the same instructions format (see Section 3.2.1.2).

The R-type instruction format (Figure 5.1), seemed like themost sensible choice for xin-
terval as it is already used in the standard for most arithmetic operators on integers and
floating-points. The content of two source registers rs1 and rs2 is read as input of the
computation and the result is then stored in a destination register rd. This principle is
extended to intervals in the context of xinterval.

Figure 5.1: R-type instruction format in the RISC-V

The RISC-V architecture provides 32 general-purpose integer registers of width XLEN,
which can be either 32-bit, 64-bit or 128-bit depending of the implementation. If the
optional standard extensions F, D, or Q are supported, 32 additional floating-point reg-
isters are added with a width equal to the biggest floating-point size supported (32-bit
for F, 64-bit for D and 128-bit for Q). When several floating-point extensions are sup-
ported in the same design , for example single-precision F and double-precision D, the
narrower type is stored in the lower part of the register (Figure 5.2).
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Figure 5.2: Floating-point register for a processor supporting both F and D extensions. Double-precision
numbers fill the whole space while single-precision numbers occupy only the lowest half. In the last case,
the upper half is padded with 1’s to return a NaN when attempting to read a float64 (NaN boxing).

In the xintervalextension, intervals are representedusing the64-bit data-structure shown
on top of Figure 5.3. The goal is to allow intervals to fit in the 64-bit double-precision
registers offered by the RISC-V standard extension D to keep architectural impact to a
minimum and ease the deployment of the custom extension. The concept of iota, intro-
duced in Chapter 4, is integrated in the chosen representation through a dedicated 1-bit
flag as well as another 1-bit flag to indicate the empty interval. This leaves 31 bits of
data to represent each bound, which is inferior to the 32 bits used in the common single-
precision format (1 sign bit, 8 exponent bits and 23 fraction bits). The choice was made
to sacrifice one bit of exponent to keep the same precision as the standard floating-point
format. More precisely, the fields of the data-structure are organized as follow:

Figure 5.3: Interval data-structure in xinterval. On top, the 64-bit interval format with Float31 bounds
as implemented in xinterval. At the bottom, an example of what a port for double-precision bounds would
look like (assuming the support of Q extension).
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Empty Flag (bit 63): this bit is used to mark an interval as empty. Some software imple-
mentations of interval arithmetic do not save this state and instead re-evaluate it when
needed by comparing both floating-point bounds to ensure proper ordering. Saving this
information is very handy in the context of a hardware implementation because 1) check-
ing a bit in a register is almost free and 2) it prevents from instantiating floating-point
comparators in each circuit which saves space on the FPGA/ASIC and reduces the depth
of the pipeline.

Iota Flag (bit 31): this bit is used to mark an interval which is subject to the iota phe-
nomenondescribed inChapter 4. This acts as a hardware trap to prevent a forward/back-
ward propagation to yield incorrect results due real functions such as square-root or log-
arithm being evaluated out of their domain of definition.

Upper/Lower Bounds (bit [62-32] and [30-0]): to compensate for the two bits used by
the empty/iota flags and still fit in the 64-bit D registers, the bounds are encoded using a
custom floating-point format denoted as Float31. This format keeps the samemantissa
(and thus precision) as the classic single-precision/Float32 numbers and sacrifices one
exponent bit (going from 8 to 7). The consequence is a decrease in the range of repre-
sentable values (Figure 5.4) with little to no impact on the typical robotics applications.
Similarly, xinterval prevents the use of subnormal bounds in intervals and instead flush
them either to zero (round-down) or to the smallest normal number (round-up). The
main reason is that the only goal of the proposed implementation is to ensure that the
output of the computations will lead to an interval which encloses the real result, but
not necessary with the minimal enclosure. In robotics, these guarantees matter impor-
tant than excessive precision, especially since the support for subnormals (i.e < 10−19

for Float31) vastly increases the complexity of hardware operators and rarely makes
sense in robotics. The FloPoCo library (refer to Section 2.3.2.3), which is the basis for
the floating-point operators used in this study, has also made the choice not to support
subnormals, and handle them in a similar way.

Figure 5.4: Comparison of the Range of Representable Numbers for Float31 and Float32

The same kind of encoding could be used to support intervals with double-precision
bounds, as depicted at the bottom of Figure 5.3.
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5.3 Basic Interval Computations

Asignificant number of instructions from xintervalarededicated to interfacing thehardware-
representation of an interval (Figure 5.3) from a high-level programming language. This
section presents the most relevant design choices regarding this topic.

5.3.1 Creating Intervals From Single-Precision Bounds

Figure 5.5: Instructions to create an interval (with or without iota)

Xinterval handles the creation of new intervals using the itv.mk and itv.mki instructions
(Figure 5.5). The programmer passes two Float32 bounds in source registers rs1/rs2
which are used to construct the associated interval in the destination register rd. The
only difference between these instructions lies in the fact that the iota flag is set to 1 for
itv.mki. Listing 4 gives a preview of how these instructions can be used directly from the
C language. Section 7.2.1 goes into more details on how to set up this chain.

More precisely, the creation of an interval involves the following operations:

Bound conversion (Float32→ Float31): the bounds are fetched from double-precision
registers and interpreted as Float32 bounds through the mecanism illustrated in Figure
5.2. To generate the encoding of the resulting interval, the circuit must convert both
bounds from Float32 to Float31. This operation technically saves the precision as both
formats share the same mantissa but additional events may occur:

• Any Float32 subnormal input is flushed to zero, for the reasons given in Section
5.2.

• In some cases, a Float32 input may be converted as a subnormal Float31, which
is also flushed to zero.

• A Float32 input may fall out of the range of valid Float31 (Figure 5.4). In these
cases, the associated Float31 bound is either set to 0 (input too small) or∞ (input
too big).

Checks for illegal values: after the conversion step, the circuit ensures that bounds are
properly ordered, as required by the set-based flavor of IEEE-754 (Section 1.4.1.1), and
that they do not form an illegal interval ({−∞}, {+∞} or anything involving a NaN ). If
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Listing 4: Creating intervals using C language and wrappers around itv.mk and itv.mki

1 /* typedef double as interval */
2 typedef double interval_t;
3
4 /* values of iota flag */
5 enum iota_t {
6 NO_IOTA = 0,
7 IOTA = 1
8 };
9

10 /* inline function which makes use of xinterval instruction itv.mk */
11 /* inputs loaded from double registers */
12 /* output stored in double register */
13 inline interval_t __attribute__((always_inline)) itv_mk(float lb, float ub) {
14 interval_t result;
15 asm("itv.mk %0, %1, %2" : "=f"(result) : "f"(lb), "f"(ub));
16 return result;
17 }
18
19 /* inline function which makes use of xinterval instruction itv.mki */
20 /* inputs loaded from double registers */
21 /* output stored in double register */
22 inline interval_t __attribute__((always_inline)) itv_mki(float lb, float ub) {
23 interval_t result;
24 asm("itv.mki %0, %1, %2" : "=f"(result) : "f"(lb), "f"(ub));
25 return result;
26 }
27
28 /* Create an interval with the dedicated primitive */
29 interval_t new_itv(float lb, float ub, enum iota_t iota_flag) {
30 if(IOTA == iota_flag) {
31 return itv_mki(lb, ub);
32 }
33 else {
34 return itv_mk(lb, ub);
35 }
36 }

these conditions are not met, the empty interval, whose encoding is presented in Figure
5.6, is stored in the destination register.

Figure 5.6: Encoding of the empty interval in xinterval, where the iota flag can be optionnaly set.
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5.3.2 Loading And Storing Intervals

There is no special instructions in xinterval to transfer intervals between memory and
registers as it would require respectively the use of the S-type (store) and I-type (load)
instruction formats which would be against the design choices adopted in Section 5.2.

Practically, this is not an issue because the intervals live in the double-precision floating-
point registers of the processor, thus allowing the re-use of the standard RISC-V instruc-
tions fld and fsd. In C, this can be achieved very simply by typedef'ing the double type as
interval_t (Listing 4) which tricks the compiler into using the existing load/store instruc-
tions. Figure 5.7 illustrates this fact with the compilation of a simple xinterval-based
code.

1 /* typedef double as interval */
2 typedef double interval_t;
3
4 int main(int argc, char** argv) {
5
6 float lb = -1.0f;
7 float ub = 1.0f;
8 interval_t itv = new_itv(lb, ub,

NO_IOTA);↪→

9 return EXIT_SUCCESS;
10 }

(a) xinterval ”hello world” (b) An Extract of the Compiled Code (objdump)
Figure 5.7: Compilation of a simple xinterval code

5.3.3 Extracting Information From An Interval

Figure 5.8: Instructions to extract information from an interval

Xintervalallows theprogrammer toextract individual fields from the interval data-structure
(Figure 5.3) to accomodate most applications.
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120 5. A High-Level View of the Xinterval Extension

Checking for empty intervals: this is performed through the itv.ext.e instruction which
extracts the empty flag from the interval stored in source register rs1 and returns either
'1' (when empty) or '0' (when non-empty) in the integer destination register rd. The be-
havior is similar to existing standard RISC-V instructions such as fclass.d which returns
the result of the classification of a double-precision number in an integer register.

Checking for iota intervals: the itv.ext.i instruction works similarly to itv.ext.e but op-
erates on the iota flag. Once again, the target interval is passed through source register
rs1 and the result ("1" when iota is set, else "0") is returned in the integer destination
register rd.

Extracting bounds: instructions itv.ext.lb and itv.ext.ub repectively extract the lower
(resp. upper) bound of the interval passed in the source register rs1 and returns it as a
Float32 value in the floating-point destination register rd. Internally, the instructionmust
convert Float31 bounds to Float32, which is the opposite of the operation performed in
itv.mk. This conversion is however far less challenging as the range of valid Float31
numbers is included in Float32's one.

Listings 5 and 6 illustrate how these instructions can be wrapped and used in the C lan-
guage. Again, refer to Section 7.2.1 for more details.

5.3.4 Set Operations

Figure 5.9: Instructions to Perform Set operations on Intervals

Basic set operators such as union or intersection are very common in interval applica-
tions, whether as standalone computations or as part of a backward contractor (Table
5.1):

Addition Subtraction

Constraint x3 = x1 + x2 x3 = x1 - x2

−→
C∗ [x3] = [x1] + [x2] [x3] = [x1] - [x2]

←−
C∗

[x1] = ([x3]− [x2]) ∩ [x1]

[x2] = ([x3] - [x1]) ∩ [x2]

[x1] = ([x3] + [x2]) ∩ [x1]

[x2] = ([x1] - [x3]) ∩ [x2]

Table 5.1: Use of set operators in backward contractors

Interval union and intersection are performed respectively with instructions itv.set.u
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Listing 5: Wrappers around itv.ext instructions

1 /* typedef double as interval */
2 typedef double interval_t;
3
4 /* inline function which makes use of xinterval instruction itv.ext.e */
5 /* inputs loaded from double register */
6 /* output stored in integer register */
7 inline int __attribute__((always_inline)) itv_ext_e(interval_t itv) {
8 int result;
9 asm("itv.ext.e %0, %1" : "=r"(result) : "f"(itv));

10 return result;
11 }
12
13 /* inline function which makes use of xinterval instruction itv.ext.i */
14 /* inputs loaded from double register */
15 /* output stored in integer register */
16 inline int __attribute__((always_inline)) itv_ext_i(interval_t itv) {
17 int result;
18 asm("itv.ext.i %0, %1" : "=r"(result) : "f"(itv));
19 return result;
20 }
21
22 /* inline function which makes use of xinterval instruction itv.ext.lb */
23 /* inputs loaded from double register */
24 /* output stored in float register */
25 inline float __attribute__((always_inline)) itv_ext_lb(interval_t itv) {
26 float result;
27 asm("itv.ext.lb %0, %1" : "=f"(result) : "f"(itv));
28 return result;
29 }
30
31 /* inline function which makes use of xinterval instruction itv.ext.ub */
32 /* inputs loaded from double register */
33 /* output stored in float register */
34 inline float __attribute__((always_inline)) itv_ext_ub(interval_t itv) {
35 float result;
36 asm("itv.ext.ub %0, %1" : "=f"(result) : "f"(itv));
37 return result;
38 }
39
40 /* Wrappers */
41 int itv_empty(interval_t interval) {
42 return itv_ext_e(interval);
43 }
44 enum iota_t itv_iota(interval_t interval) {
45 return (enum iota_t)(itv_ext_i(interval));
46 }
47 float itv_lb(interval_t interval) {
48 return itv_ext_lb(interval);
49 }
50 float itv_ub(interval_t interval) {
51 return itv_ext_ub(interval);
52 }
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122 5. A High-Level View of the Xinterval Extension

Listing 6: Extracting Fields from Intervals using C language

1 /* typedef double as interval */
2 typedef double interval_t;
3
4 int main(int argc, char** argv) {
5
6 /* Creating interval */
7 float lb = -1.0f;
8 float ub = 1.0f;
9 interval_t itv = new_itv(lb, ub, NO_IOTA);

10
11 /* Testing stuffs */
12 if(itv_empty(itv)) {
13 printf("This interval is empty !");
14 }
15 if(itv_iota(itv)) {
16 printf("This interval is subject to iota !");
17 }
18
19 /* Retrieving bounds */
20 float bound_lb = itv_lb(itv);
21 float bound_ub = itv_ub(itv);
22
23 return EXIT_SUCCESS;
24 }

and itv.set.i. Input intervals passed in source registers rs1, rs2 and the result of the set
operation is returned in destination register rd. Internally, several floating-point com-
parisons are performed between all the input bounds to detect one of the patterns illus-
trated in Figure 5.10.

Figure 5.10: Behavior of Union and Intersection in itv.set.u and itv.set.i
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5.4. Half-Contractors 123

Remarks

In addition to the regular instruction formats available in theRISC-V format (Figure
3.4), a subtype of theR-type format, called R4-type, allows the use of three source
registers rs1, rs2 and rs3:

Naively, R4-type format seems perfect to implement backward contractors for
two-input operators (addition, subtraction, ...) which require three loads and one
store in the registers (Table 5.1). However, this flexibility comes at the price of the
funct7 field becoming a funct2, thus reducing the number of instructions available
for a given opcode to 25 = 32. This choice may prevent the potential addition of
new instructions in xinterval, as 25 instructions slots are already in use.
This limitation comforts the decision made to implement every xinterval instruc-
tions using the R-type format (Section 5.2). As a consequence, the instructions for
backward contractors (especially the 2-input ones) actually only perform a half-
contraction (without the final re-intersection) and must be followed by a call to
the relevant set instruction such as itv.set.u or itv.set.i.

5.4 Half-Contractors

As stated previously, xinterval provides instructions to compute the half-contractors for
themost recurring elementary constraints in interval applications. They are organized in
two families:

• Half-contractors based on 2-input arithmetic operators.
• Half-contractors based on other real arithmetic/transcendental functions.

5.4.1 Arithmetic Operators

The instructions from xinterval responsible for contractors related to arithmetic opera-
tors are listed below:

Addition and subtraction:

The forward-backward contractors required in both addition/subtraction constraints are
constructed as follow:
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124 5. A High-Level View of the Xinterval Extension

Figure 5.11: Instructions for Half-Contractors Based on Arithmetic Operators

Constraint

Let x,y,z three variables linked by the addition constraint z = x+ y.
As stated in Table 1.4, the z variable can be first evaluated through the forward
contractor

−→
C+, which is simply

−→
C+(x, y) = [x] + [y]

After that, x and y can be narrowed down through backward propagation by using
respectively

←−−
C+1 and

←−−
C+2:

←−−
C+1(x, y, z) = ([z]− [y]) ∩ [x]
←−−
C+2(x, y, z) = ([z]− [x]) ∩ [y]

The logic is analogous for subtraction: if x,y,z are now linked by the constraint
z = x− y, the associated forward contractor

−→
C− becomes

−→
C−(x, y) = [x]− [y]

and
←−−
C−1 and

←−−
C−2 are

←−−
C−1(x, y, z) = ([z] + [y]) ∩ [x]
←−−
C−2(x, y, z) = ([x]− [z]) ∩ [y]

As a consequence, all the aforementionned contractors can be evaluated by providing
dedicated instructions for interval addition (itv.add) and subtraction (itv.sub) and by re-
lying on itv.set.i for the backward intersection. Both itv.add and itv.sub requires the
interval operands to be passed through source registers rs1/rs2 and return the result in
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5.4. Half-Contractors 125

the destination register rd.

Multiplication and division:

The forward-backward contractors required in both multiplication/division constraints
are obtained in a similar way as addition and subtraction:

Constraint

Let x,y,z three variables linked by the multiplication constraint z = x× y.
As stated in Table 1.4, the z variable can be first evaluated through the forward
contractor

−→
C×, which is simply

−→
C×(x, y) = [x]× [y]

After that, x and y can be narrowed down through backward propagation by using
respectively

←−−
C×1 and

←−−
C×2:

←−−
C×1(x, y, z) =

[z]

[y]
∩ [x]

←−−
C×2(x, y, z) =

[z]

[x]
∩ [y]

The logic is analogous for division: ifx,y,z are now linkedby the constraint z = x/y,
the associated forward contractor

−→
C/ becomes

−→
C/(x, y) =

[x]

[y]

and
←−
C/1

and
←−
C/2

are

←−
C/1

(x, y, z) = ([z]× [y]) ∩ [x]

←−
C/2

(x, y, z) =
[x]

[z]
∩ [y]

Once again, it is only necessary to add instructions for interval multiplication (itv.mul)
and division (itv.div). Their calling convention is also similar to itv.add/itv.sub.
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5.4.2 Other Real Functions

Many robotics applications have to compute things like distances, angles or trajectories,
which requires the evaluation of real functions such as square, square-root, logarithm or
sine/cosine. Xinterval provides primitives to accelerate the related forward-backward
contractors. This is an improvement compared to existing solutions such as the Gaol
library (refer to Section 1.4.2). The latter relies on x86's SIMD extensions to compute
the bounds of intervals in parallel in the case of arithmetic operators, but has no means
to do it when dealingwith real functions. This is one of the benefit of designing dedicated
hardware.

Figure 5.12: Instructions for Half-Contractors Based on Real Functions

Square and square-root:

Constraint

Let x,y be two variables linked by the square constraint y = x2.
As per Table 1.5, the forward contractor

−−→
Csqr is obtained by applying the interval

version of the square function:

−−→
Csqr(x) = [x]2

The backward contractor
←−−
Csqr is slightly more complex because the square-

function is not strictly monotonous over its domain of definition (refer to Section
1.2.4.4).
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Constraint (cont’d)

Figure 5.13: Illustration of the Square Backward-Propagation

The range of feasible values for [x] after the backward propagation of [y] is illus-
trated in Figure 5.13, which implies that

←−−
Csqr(x, y) = itv(−

√
ȳ,
√
ȳ) ∩ [x]

Let now x, y be linked by the constraint y =
√
x. The square-root function is easier

to implement, due to its strict monotonicity. The forward contractor
−→
C√ is again

obtained by simply applying the interval version of the square-root function. How-
ever, the subtlety comes from the fact that the square-root function is not defined
everywhere, whichmeans that depending of value ofx, the iota flagmust be raised
to guide the future backward propagation.

−→
C√(x) =

√
[x]

The backward contractor
←−
C√ is also very simple and relies on the interval square

function:

←−
C√(x, y) = [y]2 ∩ [x]

Xinterval provides three new instructions to implement all these half-contractors. The
squared-interval required by

−−→
Csqr and

←−
C√ is obtained through the itv.sqr instruction. For

the reasonsexposed in the remarks fromSection1.2.4.5, re-using the itv.mul instruction
to perform the square would be sub-optimal. Similarly,

←−−
Csqr and

−→
C√ can be computed

respectively using the itv.sqr.revh and itv.sqrt instructions.
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Exponential and logarithm:

Due to their stricty monotonicity, the implementation of the contractors associated to
exponential and logarithm is trivial:

Constraint

Let x,y be two variables linked by the exponential constraint y = ex,
−−→
Cexp and

←−−
Cexp are simply:

−−→
Csqr(x) = e[x]

←−−
Csqr(x, y) = log([y]) ∩ [x]

If x,y are now linked by y = logx,
−−→
Clog and

←−−
Clog are also simple:

−−→
Clog(x) = log([x])
←−−
Clog(x, y) = e[y] ∩ [x]

Similarly to square-root, the only subtlety for logarithm is due to the function being
partially defined on R, thus potentially requiring the assertion of a iota flag.

Xinterval adds two additional instructions to implement all these half-contractors, which
are itv.exp and itv.log.

Trigonometry

Two trigonometric functions, namely sine and cosine, are supported in xinterval.

Constraint

Let x,y be two variables linked by the cosine constraint y = cos(x),
−−→
Ccos is obtained by applying the interval version of the sine function:

−−→
Ccos(x) = cos [x]

The backward contractor is a lot trickier. It relies both on the ability to compute
the arccosine function and select the 2π-wide windows consistent with the ini-
tial value of [x]. This operation is illustrated in Figure 5.14, where the y interval
(in blue) can be contracted to one of the green intervals (numbered from 1 to 8),
the third one is finally selected because there is a valid intersection with x (red
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Constraint (cont’d)

interval).

Figure 5.14: Illustration of the Cosine Backward-Propagation
The principle is exactly the same for sine and thus not described.

Xinterval provides instructions itv.cos and itv.sin to compute respectively the forward
contractors

−−→
Ccos and

−−→
Csin. Regarding the backward contractors, only the interval counter-

parts of arccosine/arcsine are provided through instructions itv.acos and itv.asin. The
actual backward-contractor is then implemented as software on top of these instruc-
tions, since the box-selection algorithm for selecting the right green window in Figure
5.14 implies a lot of branching logic which would perform poorly in hardware.

5.5 Conclusion

This chapter presented thedesign choices for xinterval at the ISAandsoftware-hardware
interface levels, based on the mathematical expressions of the main half-contractors.
The next step is now to descend a bit further toward hardware micro-architecture and
present the circuits which implement the backend of the aforementionned instructions.
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Figure 5.15: Listing of xinterval instructions
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6.1 The Software/Hardware Interface

6.1.1 From ISA Instructions to Hardware Circuits

The classic RISC pipeline involves a decoding process during which the next instruction
is analyzed and sent to the appropriate processing unit. The RISC-V architecture greatly
reduces the complexity of this operation thanks to clever design choices. For example,
instructions have a fixed length of 32-bit (trivial fetching) as well as an opcode field po-
sitionned invariantly between bits 0 and 6 to associate them with one of the formats
presented in Section 3.2.1.2. After that, a set of additional identification fields (funct2,
funct3, funct7, ...) are used to deduce the assembly instruction about to be executed.
Asmentionned previously, xinterval fully relies on the custom-0 opcode and use a R-type
encoding for all its instructions:

Figure 6.1: R-type instruction format in the RISC-V

Due to funct3 and funct7 being respectively 3 and 7-bit long, an opcode set to encode
R-type instructions can contain at most 23+7 = 1024, which is more than enough for
intervals. The association between the ISA instructions presented throughout Chapter
5 and the underlying hardware circuits is presented in Table 6.1.

InstructionsHardware
Entity

Xinterval
Encoding Funct7 Funct3
itv.mk 0x0

itv_make
itv.mki

0x0
0x1

itv.ext.e 0x0
itv.ext.i 0x1
itv.ext.lb 0x2

itv_extract

itv.ext.ub

0x1

0x3

itv.set.u 0x0
itv_set

itv.set.i
0x2

0x1

itv.add 0x0
itv_add

itv.sub
0x3

0x1

Table 6.1: Relationship Between Hardware Circuits
and xinterval ISA Instructions

InstructionsHardware
Entity

Xinterval
Encoding Funct7 Funct3
itv.mul 0x0

itv_mul
itv.sqr

0x4
0x1

itv_div itv.div 0x5 0x0

itv.sqrt 0x0
itv_sqrt

itv.sqr_rev
0x6

0x1

itv_exp itv.exp 0x7 0x0

itv_log itv.log 0x8 0x0

itv.cos 0x0
itv_trig

itv.sin
0x9

0x1

itv.arccos 0x0
itv_trig_inv

itv.arcsin
0xA

0x1

Each hardware entity is associated to one or several closely-related instructions, like
itv_make which is used for both itv.mk and itv.mki. To ease the decoding, the funct7
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field is used to refer to a particular hardware operator while the funct3 discriminates
between all the instructions handled by the circuit. As an example, Figure 6.2 presents
the full encoding signature of itv.add and itv.sub:

Figure 6.2: Encoding of two xinterval instructions

6.1.2 The Minimal Xinterval Core

Since all xinterval instructions use the R-type format, the hardware operators described
in Table 6.1 can be conveniently wrapped using the interface depicted in Figure 6.3.

Figure 6.3: Common Hardware Interface For R-Type Instructions

Final Version - 2026/03/06



134 6. The Micro-Architecture of the Xinterval Extension

The purpose of the ports used in this generic interface are described below:

Input

• enable: asserted at the first clock cycle when the instruction execution
starts.

• rd_addr: id of the destination register (between 0 and 31) where the result
of the instruction will be stored.

• rs1/rs2_content: content of the source registers rs1,rs2 read from register
file and required by the instruction for the computation.

• funct3: used for instruction identification.

Output

• done: asserted when the instruction execution stops.
• dest: id of the destination register (between 0 and 31) where the result of

the instruction will be stored. Practically propagated from rd_addr during
the n cycles of the instruction execution.

• result: 64-bit value corresponding to the result of the instruction which will
be stored in the register identified by dest.

To reflect on the viability of interval arithmetic bundled as a RISC-V custom extension,
the proposed hardware primitives are evaluated against the following metrics:

• Functional verification (refer to Section 7.2.2.2).
• Speedup on reference benchmarks (refer to Section 7.3).
• Timing estimations: Fmax, latency, ...
• Hardware utilization/Energy consumption.

To achieve this in fairly simple way, a minimalist processor called xinterval core and in-
spired by the traditional RISC pipeline has been developped. The architecture is summa-
rized in Figure 6.4. The core features a decode unit compatible with the RISC-V's R-type
instruction format, a local register file and an execution unit which performmultiplexing
between all the interval operators presented in Table 6.1.
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Figure 6.4: The Minimal xinterval Core

6.2 Review Of Hardware Primitives For Intervals

6.2.1 A Word About Floating-Point Arithmetic

As presented in Chapter 1, interval computations make an extensive use of IEEE-754
floating-point arithmetic which is notoriously hard to implement on a FPGA, at least in
a reliable and performant way. To overcome this, the primitives reviewed in this sec-
tion rely on the FloPoCo library (see Section ) to generate the required operators. As a
reminder, the tool has the following advantages:

• Support of custom floating-point formats (i.e Float31).
• Support of every IEEE-754 rounding modes, up and down being required for inter-

val arithmetic.
• Selectable pipeline depth and Fmax given the target FPGA platform.

From now on, FloPoCo operator blocks appearing in interval circuits will be denoted ac-
cording to Figure 6.5.

For reference, Table 6.2 shows the resource utilization and timings obtained when syn-
thesizing the FloPoCo operators used in xinterval primitives on Xilinx XC7Z020 FPGA.
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Figure 6.5: FloPoCo Addition Block For Float31 Operands In Multiple Rounding Modes.
Rounded toward −∞ (left), +∞ (center), nearest-even (right).

FloPoCo Operator LUTs FFs Muxes DSPs Cycles FMax

Comparator 23 0 0 0 1 100 MHz

Addition 455 397 0 0 4 100 MHz

Multiplication 73 96 0 2 2 100 MHz

Division 759 605 13 0 12 100 MHz

Exponential 298 388 5 1 9 100 MHz

Logarithm 355 286 0 0 9 100 MHz

Square-Root 671 779 24 3 9 100 MHz

Fuse-Multiply-Add 822 650 0 2 6 100 MHz

CORDIC (Q1.23) 1332 649 0 0 8 100 MHz
Table 6.2: Synthesis Results For The Main FloPoCo Operators On Xilinx XC7Z020 FPGA

6.2.2 Conversions Between Intervals and Floating-Points

The itv_make primitive is the hardware backend for instructions itv.mk and itv.mki
whose behaviors have been been presented in Section 5.3.1.

The itv_extract primitive is the hardware backend for instructions itv.ext.e, itv.ext.i,
itv.ext.lb and itv.ext.ub whose behaviors have been been presented in Section 5.3.3.
Its main purpose is to operate in the opposite direction as itv_make and convert the
fields of the interval data-structure to the standard RISC-V types.

6.2.2.1 Itv_make: Operator Interface

The primitive returns the 64-bit interval corresponding to a Float32 lower bound f32_lb,
a Float32 upper bound f32_ub and a iota flag passed as input. The purpose of this in-
struction is mostly to ensure that intervals passed as input data (e.g initial search space
or other constants) are well-formed in the sense of the IEEE-1788 standard. As a re-
minder, this implies that for an interval [x], the bounds are such as

¯
x ≤ x̄ with

¯
x 6= +∞

and x̄ 6= −∞. Additionaly, it acts as the main bridge between the standard RISC-V and
the interval world and ensures that all the created intervals are valid with respect to the

Final Version - 2026/03/06



6.2. Review Of Hardware Primitives For Intervals 137

format presented in Figure 5.3 and will be compatible with the other xinterval instruc-
tions. Implementing this instruction in hardware rather than pure software allows to run
the Float32 to Float31 conversions on each bound concurrentlywhich saves a bit of time.

Hardware Entity

Figure 6.6: Top-level Entity For Itv_make

Input Ports

• f32_lb: Float32 lower
bound for output interval.

• f32_ub: Float32 upper
bound for output interval.

• iota: ota flag for output in-
terval.

Output Ports

• itv: output interval.

6.2.2.2 Itv_make: Operator Datapath

The circuit datapath (Figure 6.7) is composed of three main stages:

• Conversion of bounds candidates from Float32 to Float31.
• Ensuring the proper ordering of converted Float31 bounds.
• Crafting a sanitized intervalwhich takes into account potentialNaN/unorderedbounds

after conversion.

Stage 1 - Conversion from Float32 to Float31:

The first step involves a classification of the Float32 input, which can be performed by
analyzing the values of the sign,exponent and mantissa fields as specified in the IEEE-
754 standard. Subnormals numbers are deemed of little interest in robotics while vastly
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Figure 6.7: Datapath of Itv_make

increasing the complexity of floating-point hardware. To simplify things greatly, interval
properties allows them to be classified according to the current rounding direction with-
out removing any correct values but at the price of a bit of pessimism. This implies that
a subnormal given as a lower bound will be effectively flushed to zero (round-down) and
that an upper bound will be set to the smallest normal number (round-up). This leads to
the classification process illustrated in Figure 6.8 where the result is a 2-bit encoding:
00→ zero, 01→±∞, 10→ NaN and 11→ normal.

Depending of the unbiaised exponent eu, some Float32 numbersmay be either too small
(eu < -64) or too big (eu > 64) to be represented as valid Float31. Figure 6.9 illustrates
this final step of conversion. Special values such as NaN, zero, infinity are replaced by
their Float31 counterparts whereas normal values go through the range analysis process
which computes the biaised exponent for Float31 eb31.
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Figure 6.8: Classification Of Float32 Bounds

Figure 6.9: Range Checks And Conversion Between Float32 and Float31

Stage 2 - Check for converted Float31 bounds: theproper orderingof convertedbounds
is achieved using a simple FloPoCo Float31 comparison block which account for special
values such as NaN and infinity.

Stage 3 - Sanitize interval output: if convertedboundshappen tobeunorderedor if any
is a NaN, a properly encoded empty set is returned, composed of an asserted empty flag
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and two Float31 QNaNs for the bounds (Figure 5.6). In the other case, the converted
bounds are properly packed into a 64-bit interval with the iota flag set as required.

6.2.2.3 Itv_extract: Operator Interface

Hardware Entity

Figure 6.10: Top-level Entity For Itv_extract

Input Ports

• itv: input interval.

Output Ports

• lb/ub: Float32 lower (resp.
upper) bound of the input in-
terval.

• iota/empty: Int32 iota
(resp. empty) flag of the
input interval.

6.2.2.4 Itv_extract: Operator Datapath

The circuit datapath (Figure 6.11) is composed of three main stages:

• The fields of the data-structure are separated.
• Empty and iota flags are returned in RISC-V's integer registers.
• Bounds are converted from Float31 to Float32 standard and returned in RISC-V's

single-precision registers.

Stage 1/2 - Field extraction + Empty/Iota flags:

The interval data-structure can be trivially split using VHDL formalism, according to Fig-
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Figure 6.11: Datapath of Itv_extract

ure 6.12. Empty and iota flags are then extracted, sign-extended to 32-bit (0 → non-
empty, 1→ empty) and returned in integer registers.

Figure 6.12: Interval Fields Splitting

Stage 3 - Bounds conversion back to Float32:

The conversion from Float31 to Float32 is essentially the reverse process as the one
depicted in 6.9 and aims at detecting special values and computing the biaised exponent
eb32. However, this side is a little bit easier in the sense that all Float31 can technically
be represented as Float32 numbers, which makes range checks unnecessary.

6.2.3 Itv_set

The itv_set primitive is the hardware backend for instructions itv.set.u, itv.set.i whose
behaviors have been been presented in Section 5.3.4. It implements the interval version
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of the intersection and union set operations. The former is notably used to compute
the backward contractors associated to the hald-contractors provided by most xinterval
instructions and the latter is useful for many robotics problems.

6.2.3.1 Operator Interface

Hardware Entity

Figure 6.13: Top-level Entity For Itv_set

Input Ports

• itv_1: interval operand 1.
• itv_2: interval operand 2.
• mode: 0→ union,

1→ intersection.

Output Ports

• result: output interval.

6.2.3.2 Operator Datapath

The circuit datapath (Figure 6.14) is composed of two main stages:

• Relevant comparisons between the bounds of both operands are performed.
• The final interval is created using the result of comparators and the values of emp-

ty/iota flags of both operands.

Stage 1 - Comparisons:

Several FloPoCo Float31 comparators are instantiated to concurrently evaluate the or-
dering of lb1/lb2, ub1/lb2, ub1/ub2, lb1/ub2. The goal is to detect the current situation from
all the possibilities illustrated in Figure 5.10.
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Figure 6.14: Datapath of Itv_set

Stage 2 - Final result:

The rules applicable to the selected operation mode are applied with respect to the re-
sults obtained in the comparison stageor thepotential emptynatureof one/bothoperands.
The value of the final iota flag is obtained by OR-ing (union) or AND-ing (intersection) the
iota flags of both inputs.

6.2.4 Itv_add

The itv_add primitive is the hardware backend for instructions itv.add and itv.subwhich
are two half-contractors based on arithmetic operators as presented in Section 5.4.1.
The advantage of the hardware implementation is that both bounds of the result can be
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evaluated concurrently thanks to a dual instantiation of FloPoCo entities.

6.2.4.1 Operator Interface

Hardware Entity

Figure 6.15: Top-level Entity For Itv_add

Input Ports

• itv_1: interval operand 1.
• itv_2: interval operand 2.
• mode: 0→ addition,

1→ subtraction.

Output Ports

• result: output interval.

6.2.4.2 Operator Datapath

The circuit datapath (Figure 6.16) is composed of two main stages:

• Concurrent evaluation of both additions (resp. subtractions).
• The final interval is created using the result of additions and the values of emp-

ty/iota flags of both operands.
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Figure 6.16: Datapath of Itv_add

Stage 1 - Adders:

Two FloPoCo adders are instantiated in order to evaluate both bounds concurrently, us-
ing respectively the «round toward −∞» mode for the lower bound and the «round to-
ward +∞» for the upper bound. This strategy is made possible by the use of custom
hardware and allows to compute a guaranteed estimation of the output interval. An
operand selection logic is used to give the proper second operand to each adder de-
pending of the current operation (addition/substraction):

• Addition: adder_lb : lb1 + lb2, adder_ub : ub1 + ub2.
• Subtraction: adder_lb : lb1 − ub2, adder_ub : ub1 − lb1.
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Stage 2 - Final result:

If at least one of the operands is ∅, the result is set to ∅ are required by the IEEE-1788
standard. In other cases, the result of adders are used for the bounds of the output
interval.

6.2.5 Itv_mul

The itv_mul primitive is the hardware backend for instructions itv.mul and itv.sqr. It is
practical to handle these operations in the same circuit since they are closely related but
with subtle differences, as illustrated in the remarks of Section 1.2.4.5.

6.2.5.1 Operator Interface

Hardware Entity

Figure 6.17: Top-level Entity For Itv_mul

Input Ports

• itv_1: interval operand 1.
• itv_2: interval operand 2.
• mode: 0→multiplication,

1→ square.

Output Ports

• result: output interval.
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6.2.5.2 Operator Datapath

The circuit datapath (Figure 6.19) is composed of three main stages:

• Classification of interval operands.
• Concurrent evaluation of multiple multiplications + reordering.
• The right bounds are selected from all the candidates and properly re-rounded.

Stage 1 - Interval operands classification:

To prepare for the upcoming multiplications, each interval operand must be classified in
one of the format depicted in Figure 6.18, which is achieved by the means of FloPoCo
comparators. The result is a 3-bit encoding indicating that the input is:

• 000: the empty set ∅.
• 001: the interval {0}.
• 010: the interval R.
• 011: an interval included in R−.
• 100: an interval included in R+.
• 101: an interval encompassing 0.

Figure 6.18: Classification Process for Interval Input in Itv_mul

Stage 2 - Multiplications and re-ordering:

Depending of the class of both interval operands (stage 1), the bounds of the final result
may take at most four values which are computed concurrently using the same number
of FloPoCo multiplication blocks. At this step, there is no way to predict which pair of
products will be finally chosen and thus all the computations are temporarily performed
using the «round-to-nearest mode». Two additional comparisons between some of the
bound candidates are also made to prepare for the final step.
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Figure 6.19: Datapath of Itv_mul
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Stage 3 - Generation of the final result:

The bounds of the final output depend of several factors. The first one is the class of both
interval operands (stage 1), the second is the value of all the bound candidates as well
as their ordering (stage 2). The last factor is the kind of operation requested:

For the multiplication mode: trivial cases involving∅ or {0} input are resolved in accor-
dance with the IEEE-1788 standard. The regular cases follow the rule depicted in Figure
6.20.

For the square mode: trivial cases involving ∅ or {0} input are resolved in accordance
with the IEEE-1788 standard. The regular cases follow the rule depicted in Figure 6.21.

Once selected among all the candidates, the final bounds are correctly re-rounded to-
ward −∞ (for a lower bound) or +∞ (for an upper bound) to ensure that the result is
guaranteed.

Figure 6.20: Regular Cases for Multiplication

Figure 6.21: Regular Cases for Square
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6.2.6 Itv_div

The itv_div primitive is the hardware backend for the instruction itv.div, which imple-
ments thehalf-contractor associatedwith thedivisionoperator as shown inSection5.3.4.

6.2.6.1 Operator Interface

Hardware Entity

Figure 6.22: Top-level Entity For Itv_div

Input Ports

• itv_1: interval operand 1.
• itv_2: interval operand 2.

Output Ports

• result: output interval.

6.2.6.2 Operator Datapath

The circuit datapath (Figure 6.23) is composed of three main stages:

• Classification of interval operands.
• Concurrent evaluation of multiple divisions.
• The right bounds are selected from all the candidates and properly re-rounded.

Stage 1 - Interval operands classification:

The first stage classifies interval operands, which is a slightly more complex process
for division compared to multiplication due to the assymetry brought by the numerator
and denominator. The 3-bit encoding corresponding to the classification of itv_1 (the
numerator) and itv_2 (the denominator) are respectively given in Figure 6.24 and 6.25.
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Figure 6.23: Datapath of Itv_div

.
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The chosen encoding is summarized below:

Numerator classification:
• 000: the numerator is the empty set

∅.
• 001: the numerator is the interval {0}.
• 010: the numerator is included in R−.
• 011: the numerator is included in R+.
• 100: the numerator encompasses 0.

Denominator classification:
• 000: the denominator is the empty set

∅.
• 001: the denominator is the interval
{0}.

• 010: the denominator has ub = 0.
• 011: the denominator has lb = 0.
• 100: the denominator is included in

R− and ub 6= 0.
• 101: the denominator encompasses

0.
• 100: the denominator is included in

R+ and lb 6= 0.

Figure 6.24: Classification Process for Interval Input itv1 (numerator) in Itv_div

Figure 6.25: Classification Process for Interval Input itv2 (denominator) in Itv_div
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Stage 2 - Divisions

Depending of the class of both interval operands (stage 1), the bounds of the final result
may take atmost four valueswhich are computed concurrently using the samenumber of
FloPoCo division blocks. At this step, there is no way to predict which pair will be finally
chosen and thus all the computations are temporarily performed using the «round-to-
nearest» mode.

Stage 3 - Generation of the final result:

Using the classification of numerator and denominator (stage 1) and the four possible
bounds obtained through divisions (stage 2), the bounds of the result are obtained ac-
cording to the Figure 6.26. Once selected among all the candidates, the final bounds
are correctly re-rounded toward −∞ (for a lower bound) or +∞ (for an upper bound) to
ensure that the result is guaranteed.

Figure 6.26: Regular Cases for Division
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6.2.7 Itv_sqrt

The itv_sqrtprimitive is thehardwarebackend for the instructions itv.sqrtand itv.sqr_rev.
The first one implements the interval version of the square-root function while the sec-
ond is the half-contractor associated with the backward propagation of the square func-
tion. Their respective behaviors have been described in Section 5.4.2.

6.2.7.1 Operator Interface

Hardware Entity

Figure 6.27: Top-level Entity For Itv_sqrt

Input Ports

• itv_1: interval operand 1.
• mode: 0→ square-root,

1→ square_rev.

Output Ports

• result: output interval.

6.2.7.2 Operator Datapath

The circuit datapath (Figure 6.28) is composed of two main stages:

• Concurrent evaluation of two square-root.
• Generation of the output depending of the mode/input.

Stage 1 - Square-roots

Two FloPoCo square-root operators evaluate concurrently the lower and upper bounds
of the result using the proper rounding modes, respectively «round to −∞» and «round
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Figure 6.28: Datapath of Itv_sqrt

to +∞». The input of the square-root block associated to the lower bound is generally
set to the lower bound of the input but may be hardwired to zero if the latter is negative,
as required by Algorithm 3.

Stage 2 - Generation of the final result:

Special cases involving ∅ or {0} are handled with respect to the IEEE-1788 standard.
Regular cases depend of the output of both square-root oeprators and the operation
selected:
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For the square-root mode: the bounds are selected accordingly to Algorithm 3.

For the backward-square mode: the output interval is set to [−
√
ȳ,
√
ȳ], where y is the

interval input.

6.2.8 Itv_exp

The itv_exp primitive is the hardware backend for the instructions itv.exp which im-
plements the interval version of the exponential function whose behavior has been de-
scribed in Section 5.4.2.

6.2.8.1 Operator Interface

Hardware Entity

Figure 6.29: Top-level Entity For Itv_exp

Input Ports

• itv_1: interval operand 1.

Output Ports

• result: output interval.

6.2.8.2 Operator Datapath

Since the exponential function is fully defined and strictly monotonous over R (refer to
Section1.2.2.3), the datapath of the circuit (Figure 6.30) simply instantiates twoFloPoCo
exponential blocks (properly rounded) and using their output as the bounds of the final
results. Special cases involving∅ or {0} are once again handledwith respect to the IEEE-
1788 standard.
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Figure 6.30: Datapath of Itv_exp

6.2.9 Itv_log

The itv_log primitive is the hardware backend for the instruction itv.log which imple-
ments the interval version of the logarithm function (refer to Section 5.4.2).

Hardware Entity

Figure 6.31: Top-level Entity For Itv_log
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Hardware Entity (cont’d)

Input Ports

• itv_1: interval operand 1.

Output Ports

• result: output interval.

6.2.9.1 Operator Datapath

The circuit datapath (Figure 6.32) is relatively straightforward and mainly instantiates
two FloPoCo logarithm blocks with the proper roundingmodes. Similarly to square-root,
a preliminary step replaces the lower bound of the interval operand by zero as the entry
of the first logarithm block because the function is not defined for R−.

Figure 6.32: Datapath of Itv_log
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6.2.10 Itv_trig and Itv_trig_inv

Trigonometry on intervals is a recurring part of many robotics applications and is inte-
grated in the micro-archtitecture by the mean of two hardware primitives: itv_trig and
itv_trig_inv. As the names suggest, these circuits respectively implement the interval
versions of the sine/cosine functions (for instructions itv.sin/itv.cos) and the arcsine/ar-
ccosine functions (for instructions itv.arcsin/itv.arccos). Their purpose is to accelerate
the most resource-demanding parts in the computation of the forward/backward con-
tractors for constraints of type y = sin(x) or y = cos(x) (refer to Section 5.4.2).

6.2.10.1 Operator Interface for Itv_trig

Hardware Entity

Figure 6.33: Top-level Entity For Itv_trig

Input Ports

• itv_1: interval operand 1.
• mode: 0→ cosine,

1→ sine.

Output Ports

• result: output interval.

6.2.10.2 Datapath for Itv_trig

The circuit datapath (Figure 6.34) is composed of three main stages:

• Argument reduction for the input bounds to ease the upcoming computations.
• Concurrent evaluation of sine/cosine on both bounds using CORDIC blocks (fixed-

point arithmetic).
• Reordering of CORDIC outputs and generation of the final result.
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Figure 6.34: Datapath of Itv_trig

Stage 1 - Argument reduction

The datapath of the argument reduction block introduced in Figure 6.34 is fully repre-
sented in Figure 6.35. A first goal of this circuit is to produce the 2-bit signal q which
maps the input Float32 bounds (denoted x) to the associated quadrant of the trigono-
metric circle. Practically, this value is obtained by multipling the input by the constant
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2
π , flooring the result and applying a mod-4. The second goal is to compute the signal
xred = xr

π where xr is the mod-2π equivalent to x in the window [−π, π]. The Cody-Waite
algorithm [121], [122] is a traditional solution to perform this kind of range-reduction and
especially well suited for moderately large input including Float32/Float31. The goal is
to give an estimate of b and k such as b = a−kC, where a andC are respectively the initial
floating point argument and the constant of the range reduction. The interest of Cody-
Waite's range-reduction is to decompose theC constant asC = C1+C2 to achieve better
precisions. At the hardware level, the computation is performed using two FloPoCo FMA
blocks.

Figure 6.35: Datapath of argument reduction for itv_trig
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Stage 2 - Concurrent evaluation of sine/cosine for both bounds

The CORDIC implemented in this design uses the traditional range-reduction and itera-
tion technique depicted in [123]. It operates on the reducted argument xred evaluated
during stage 1 (contained in [−1, 1]) to computes simultaneously sin(xred) and cos(xred).
However, the input must be converted into the Q1.23 fixed-point format, which uses 1-
bit for the integer part and 23 bits for the fractional part. The inverse conversion is per-
formed after the computation from Q1.23 back to Float31. The datapath for the whole
process is presented in Figure 6.36.

Figure 6.36: Datapath of CORDIC evaluation for itv_trig

Stage 3 - Generation of the final result:

With the knowledge of the trigonometric quadrant and the values of sine/cosine associ-
ated to input bounds (stage 1 and 2), it is now possible to produce the final output. First,
a trivial case happens if the width of the input interval is superior to 2π and generates
the [−1, 1] output interval. For regular cases, the result will mostly depend of the com-
bination of qlb and qub which are respectively the trigonometric quadrant of the input
lower bound and upper bound. The most simple situation occurs when qlb 6= qub and is
resolved as shown in Figure 6.37.

In the eventwhereqlb = qub, the results obtained after theCORDIC (for example sin (xlb)
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Figure 6.37: Interval sine/cosine resolution when qlb 6= qub

and sin (xub)) need to be properly ordered using a dedicated comparator shown in Figure
6.34. The resolution is then performed according to Figure 6.38. The output for partic-
ular cases such as ∅ or {0} are handled accordingly to the the IEEE-1788 standard and
the iota flag of the output is equal to the one of the input.
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Figure 6.38: Interval sine/cosine resolution when qlb = qub

6.2.10.3 Operator Interface for Itv_trig_inv

Hardware Entity

Figure 6.39: Top-level Entity For Itv_trig_inv
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Hardware Entity (cont’d)

Input Ports

• itv_1: interval operand 1.
• mode: 0→ arccosine,

1→ asine.

Output Ports

• result: output interval.

6.2.10.4 Datapath for Itv_trig_inv

The circuit datapath (Figure 6.40) is composed of two main stages:

• Affectation of each input bound to one of the Arcsine/Arcosine blocks.
• computation of the angles associated to both bounds using CORDIC blocks (fixed-

point arithmetic).

Figure 6.40: Datapath of Itv_trig_inv
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Stage 1 - Affectation of bounds to the right Arcsine/Arccosine block:

Depending the selectedmode (arcsine/arccosine), the order of input boundsmaybe per-
muted before being routed to the proper hardware Arcsine/Arccosine block. This is due
to the Arcsine and Arcosine graphs being respectively strictly increasing and decreasing
over [−1, 1], as show by Figure 6.41.

Figure 6.41: Graph of Arcsine (left) and Arccosine (right) Functions over [−1, 1]

Stage 2 - Angle evaluation

The angles corresponding to the input bounds are computed using CORDIC blocks set
to evaluate Arctan2 [124] using the values of sine and cosine (bottom of Figure 6.41 and
fully described in Figure 6.42). Depending of the selectedmode, only the value for sine is
available from the considered bound (resp. cosine) which requires to compute the other
one using the the relations c =

√
1− s2 and s =

√
1− c2. This is done efficiently using

FloPoco FMA and Square-root blocks. Similarly to the CORDIC block used for itv_trig,
the input/output use fixed-point numbers in format Q1.23 which calls for the same con-
versions.
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Figure 6.42: Datapath of angle computation using asin/acos
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6.3 Synthesis Results

The aforementionned hardware operators have been synthesized on the Xilinx XC7Z020
FPGA in the context of the xinterval coredescribed in Figure6.4. Theyare all fully pipelined
and can produce one result per clock cycle once the initial latency is over. The corre-
sponding per-operator hardware utilization are given in Table 6.3 (percentages relative
to the total resources of the FPGA) and must be analyzed while keeping in mind the uti-
lization of the FloPoCo operators from Table 6.2 on the same hardware.

Hardware Entity LUTs FFs Muxes DSPs Latency

(cycles)
Fmax

itv_make 214 (0.4%) 307 (0.3%) 0 (0%) 0 (0%) 5 100 MHz

itv_extract 124 (0.2%) 182 (0.2%) 0 (0%) 0 (0%) 1 100 MHz

itv_set 458 (0.8%) 418 (0.4%) 0 (0%) 0 (0%) 4 100 MHz

itv_add 1219 (2.3%) 1036 (1%) 0 (0%) 0 (0%) 8 100 MHz

itv_mul 951 (1.8%) 956 (0.9%) 0 (0%) 8 (3.6%) 7 100 MHz

itv_div 3464 (6.5%) 3161 (3%) 52 (0.2%) 0 (0%) 16 100 MHz

itv_sqrt 794 (1.5%) 639 (0.6%) 0 (0%) 0 (0%) 12 100 MHz

itv_exp 653 (1.2%) 894 (0.8%) 10 (0.03%) 2 (0.9%) 13 100 MHz

itv_log 1390 (2.6%) 1660 (1.6%) 48 (0.2%) 6 (2.7%) 12 100 MHz

itv_trig 9769 (18.4%) 6289 (5.9%) 0 (0%) 16 (7.2%) 42 100 MHz

itv_trig_inv 5683 (10.7%) 4228 (4%) 0 (0%) 8 (3.6%) 42 100 MHz
Table 6.3: Synthesis Results For The Interval Operators On Xilinx XC7Z020 FPGA

Regarding the xinterval core, thehardwareutilization andanoverviewof the implemented
design in Vivado are given respectively in Figure 6.43a and 6.43b.

(a) Resources Utilization (b) Implemented Design in Vivado
Figure 6.43: Synthesis of the Xinterval Core on Xilinx XC7Z020 FPGA @100MHz

Final Version - 2026/03/06



7

Design, Validation and
Benchmarking methodology for

the Xinterval Extension

The work described in this chapter has been published in the following paper:

Contributions

▶ Filiol Pierre et al. "An Iterative Design and Validation Methodology for RISC-V
Custom Extension" 2025, 32nd IEEE International Conference on Electronics, Cir-
cuits and Systems (ICECS). doi: 10.1109/ICECS66544.2025.11270698
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7.1 A Testbench Platform for the Xinterval Extension

7.1.1 Designing the Extension

7.1.1.1 The Development Process

The xinterval extension aims at providing the best-suited instructions to accelerate a set
of reference benchmarks. The latter are thoroughly presented in Section 7.3 and intend
to demonstrate themost recurrent interval primitives in robotics-oriented contractor ap-
plications such as localization.

With this goal in mind, the development process follows the iterative strategy depicted
in Figure 7.1 and described below:

Figure 7.1: The iterative development process used for the xinterval extension

Refinement of the instruction set: The instruction set is gradually improved by reflect-
ing on the limitations highlighted by the previous iterations. Several reasonsmay lead to
this reassessment. For example, translating input benchmarks to actual C programsmay
be hard using the current version of the instruction set. One may also fail to reach the
desired performances while implementing a specific hardware operator or realize that
the current configuration achieves poor performances on a high-level application. The
solution sometimes involves adding new instructions in order to circumvent a particular
bottleneck, as it was the case for interval sine/cosine which were first evaluated in soft-
ware before getting dedicated primitives. Another axis is to change the prototype or split
a specific instruction. Section 5.3.4 shows that backward-contractors transitioned from
using the R4-type format (to include a third source register for the final re-intersection)
to the standard R-type with the introduction of standalone set instructions.
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Translation of benchmarks: The C programs associated to the reference benchmarks
are re-written to take advantage of the new instructions and are then compiled into na-
tive RISC-V binaries in preparation for the upcoming execution. An immediate benefit
of this step is to assess the practicality of the instruction set (from the programmer's
perspective) to describe real-world applications.

Hardware implementation: The backend of the instruction set is handled by a set of
hardware operators such as the one presented in Chapter 6 for the final version of xin-
terval. Themain goals are to implement efficient primitives using HDL code (VHDL in this
case), ensure their validity through unit testing and evaluate their performances in terms
of latency, max frequency or hardware utilization on FPGA.

Benchmark execution: The synthesized hardware is used to execute the benchmark ap-
plications in a profiled environment to assess how well the extension perform on real-
world problems. Output products of this step are the verification of the correctness of
the execution as well as a measure of speedup compared to a non-accelerated version
of the benchmark.

7.1.1.2 Practical Challenges and Solutions

Bringing changes to the instruction set, a very central aspect of a processor, naturally
causes several side-effectswhich greatly complicate thedesignprocesspresentedabove.

The Toolchain:
The compiler must be gradually enriched with the new interval instructions as the de-
velopment progresses to generate RISC-V binaries relying on the hardware acceleration
brought by xinterval. The RISC-V foundation maintains an open-source GCC toolchain
which can be extendedwith a little bit of effort and the knowledge of the GNU assembler
(gas) syntax to declare instruction prototypes (refer to Section 7.2.1.2).

Running reference benchmarks on real hardware:
The proposed benchmarks are a set of fairly high-level applications which require a fully
fledged RISC-V processor to run properly. In the context of a PhD work focused solely
on the design of a new extension, it seemed unreasonnable to write a core from scratch
to integrate the xinterval hardware. Several off-the-shelf RISC-V designs offer prede-
fined ways of interfacing with custom designs. In this regard, Rocket [125] (UC Berke-
ley) and its ROCC [126] interface are popular choices in the literature [127, 128]. It does
technically support accesses to floating-point registers (which is a pre-requisite of xin-
terval) through a recent update called extended RoCC interface. However, there are very
few documentation an examples available on this topic so this solution was not further
explored. On the other side, performing a manual modification of an existing core is
somewhat doable but very error-prone without direct support from the authors of the
core [129] especially when targeting the floating-point pipeline. The potential outcome
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was deemed not worth the risk of introducing sneaky bugs which would only impede
the development of the interval operators. The workaround adopted in this study is to
rely on a software simulation of a RISC-V core for the standard instructions combined
with hardware-in-the-loop capabilities to delegate xinterval instructions to real hard-
ware. This approach is detailed in Sections 7.2.2 and 7.2.2.2.

7.1.2 Architecture of the Testbench Platform

The architecture of the testbench platform used to support the design of xinterval is pre-
sented in Figure 7.2.

Figure 7.2: Top-Level View of the Architecture of the Testbench Platform

The platform allows to execute robotics-oriented applications at any point of the design
process, regardless of the progress of the hardware implementation of xinterval instruc-
tions. The strategy is to progressively replace a software-based goldenmodel for interval
instructions by hardware of increasing representativity. An advantage of this approach is
to smooth the complexity of RTL design by introducing several easy development mile-
stones which all get validated against the benchmark applications.

Thepurposeof the system-on-chip (SoC) simulation is to performa low-levelmodeling of
a robot executing a contractor program. This component, whose internal organization is
explicited in Figure 7.3, simulates a tiny embedded system composed of a RISC-V core,
a main memory and several general-purpose actuators/sensors, all tied to the same in-
terconnect bus. The simulator, while being mostly written using the Rust programming
language, provides a plugin system to evaluate xinterval instructions using hardware op-
erators written in VHDL rather than the default software model.

Localization and robust control algorithms are primary targets for xinterval. An exam-
ple is the problem of the navigation in a field of landmarks using range-only measure-
ments which has been presented in Section 1.3. In this context, the proposed algorithm
estimates the position of the robot using contractor evaluations based on sensor mea-
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Figure 7.3: A Detailed View of the RISC-V-based SoC Simulation

surements and then update the parameters of its actuators to adjust the trajectory. This
behavior can be replicated on the testbench platform through a close collaboration be-
tween the SoC and the event simulator. The SoC implements emulatedmemory-mapped
peripherals accessible by theRISC-V core through the interconnect to either read the last
measurements obtained (e.g. current distance to each landmark) or write a control up-
date (e.g change the heading) to interact with the event-driven robot simulator. The lat-
ter is a really simple program which defines landmarks with known positions and sends
periodic robot-to-landmark measurements to the SoC, wait for the end of the contractor
evaluation and update the pose of the robot using the actuator commands returned by
the SoC. Such simulation can be achieved by using a simple control models for the robot,
such as the cart equations :



ẋ = v cos θ
ẏ = v sin θ
θ̇ = u1

v̇ = u2

(7.1)

where v is the speed of the cart, θ its orientation and (x, y) the coordinates of its center.
The associated state vector is then given by x = (x, y, θ, v) and u1, u2 are the actuator
commands managed by the SoC.

7.2 In-depth Analysis of the SoC Simulator

This section provides an in-depth analysis of the most important elements of SoC simu-
lation.
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7.2.1 Developping Applications for the SoC

7.2.1.1 A Contractor Library With Two Interval Backends

The typical robotic applications targetedby xinterval, andparticularly theproposedbench-
marks, rely heavily on the intensive use of elementary interval contractors. As explained
previously, the primitives provided by xinterval do not directly implement the usual ele-
mentary contractors but provide primitives which facilitate their implementation. As an
example, the itv.add and itv.set.i instructions form the basis of the forward and back-
ward contractors on addition, whose expressions were given in Figure 1.4.

As part of the thesis, a toy library offering an implementation of common contractors
was developed using the C language, with a level of abstraction similar to Ibex, Gaol,
or libieeep1788. Its purpose is first and foremost to facilitate the implementation of
common robotic applications by hiding the low-level interval layer to the end-user, but
also to help in the measurement of the real impact of xinterval on performances. To
achieve this latter objective, it is required to accurately measure, for a given benchmark,
the performance gap between a standard RISC-V and another which is allowed to use
xinterval primitives.

Consequently, the library is available in two flavors respectively denoted as libctc_noacc
and libctc_acc. The list of supported contractors is the same in both cases but the major
difference lies in their backend implementation. In the first flavor (non-accelerated), the
interval arithmetic and contractor layers are implemented using only standard RISC-V
instructions whereas the second one (accelerated) makes use of all the additional in-
structions provided by xinterval. A summary outline in shown in Figure 7.4.

Figure 7.4: Overview of the Two Flavors of the Implemented Contractor Library
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The datastructure used to represent an interval changes depending of the considered
flavor. Libctc_acc relies on the xinterval 64-bit representation from Figure 5.3 which is
type-casted to double in the context of a C language to force the compiler to use the
dedicated floating-point registers to process intervals (Listing 8). Libctc_no_acc uses
the C structure shown on Listing 7 which corresponds to the naive way of representing
intervals. In this scenario, bounds are represented by Float32 values which allow com-
putations to take advantage of the hardware floating-point pipeline of the RISC-V.

Listing 7: Interval Datastructure Used in Libctc_no_acc

1 /* Interval in libctc_noacc */
2 typedef struct {
3 /* Lower bound */
4 float lb;
5 /* Upper bound */
6 float ub;
7 /* Empty flag */
8 uint32_t empty;
9 /* Iota flag */

10 uint32_t iota;
11 } interval_t;

Listing 8: Interval Datastructure Used in Libctc_acc

1 /* Interval in libctc_acc */
2 typedef double interval_t;

AppendicesB andC illustrates the implementation of the forward andbackward contrac-
tors for addition respectively in the non-accelerated and accelerated flavor. Both ver-
sions starts by defining wrapper functions for the required interval arithmetic operators,
in this case addition, subtraction and intersection. Libctc_noacc achieved this through
Listing 14 using only standard instructions and a similar implementation to existing soft-
ware interval libraries. On the contrary, Libctc_acc directly binds xinterval instructions
using inline assembly, following Listing 16 and the methodology described in Section
7.2.1.2. Using this abstraction layer, the contractors can be easily implemented for both
flavors as shown in Listings 15 and 17.

7.2.1.2 Extending the RISC-V toolchain With Xinterval

The RISC-V toolchain is built around the GCC compiler which generates machine code
through the process illustrated in Figure 7.5. To compile the source code presented in
Listing 16, the compilermust bemade aware of the existence and specificities of the xin-
terval instruction. However modifying GCC directly is discouraged due to the complexity
of the tool. A better solution, encouraged by the RISC-V standard, is to leave the proces-
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sor untouched and intervene at the level of the binutils layer to patch the GNU assembler
(gas) which is the part responsible for converting text assembly to object code.

Figure 7.5: Code Generation With GCC

New instructions, for example xinterval ones, are declared directly in the source code
of binutils by inserting new instances of the riscv_opcode datastructure in a predefined
array, as show by Listing 9.

Listing 9: Declaring Xinterval Instructions in the GNU Assembler

1 const struct riscv_opcode riscv_opcodes[] = {
2
3 /* Standard instructions */
4 /* (ommited) */
5
6 /* xinterval instructions */
7 {"itv.mk", 0,INSN_XINTERVAL, "D,S,T", MATCH_ITV_MK, MASK_R, match_opcode, 0},
8 {"itv.add", 0,INSN_XINTERVAL, "D,S,T", MATCH_ITV_ADD, MASK_R, match_opcode, 0},
9 {"itv.sub", 0,INSN_XINTERVAL, "D,S,T", MATCH_ITV_SUB, MASK_R, match_opcode, 0},

10 {"itv.mul", 0,INSN_XINTERVAL, "D,S,T", MATCH_ITV_MUL, MASK_R, match_opcode, 0},
11 {"itv.sqr", 0,INSN_XINTERVAL, "D,S", MATCH_ITV_SQR, MASK_R, match_opcode, 0},
12 {"itv.div", 0,INSN_XINTERVAL, "D,S,T", MATCH_ITV_DIV, MASK_R, match_opcode, 0},
13 /* (ommited) */
14 {"itv.exp", 0,INSN_XINTERVAL, "D,S", MATCH_ITV_EXP, MASK_R, match_opcode, 0},
15 {"itv.log", 0,INSN_XINTERVAL, "D,S", MATCH_ITV_LOG, MASK_R, match_opcode, 0},
16 {"itv.cos", 0,INSN_XINTERVAL, "D,S", MATCH_ITV_COS, MASK_R, match_opcode, 0},
17 {"itv.sin", 0,INSN_XINTERVAL, "D,S", MATCH_ITV_SIN, MASK_R, match_opcode, 0},
18 {"itv.acos", 0,INSN_XINTERVAL, "D,S", MATCH_ITV_ACOS, MASK_R, match_opcode, 0},
19 {"itv.asin", 0,INSN_XINTERVAL, "D,S", MATCH_ITV_ASIN, MASK_R, match_opcode, 0},
20
21 /* Terminate the list. */
22 {0, 0, INSN_CLASS_NONE, 0, 0, 0, 0, 0}
23 };
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Some parameters of this datastructure are worth explaining, for example

• Argument 1: Assembly mnemonic (for source code).
• Argument 3: Associated RISC-V extension.
• Argument 4: A String representing the instruction prototype. For example, letters

"d", "s", "t" respectively point to a destination, source_1 and source_2 register, liv-
ing in integer registers when found in lowercase and in floating-point otherwise.

• Argument 5: Amatch integer which tells the assembler about the values expected
in the encoding of the instruction such as opcode, funct3 and funct7. This works in
combination with the sixth argument.

• Argument 6: A mask integer which tells the assembler about the position of the
bits used to decode the instruction. As xinterval uses exclusively R-type instruc-
tions, this corresponds to the mask made of the opcode, funct3 and funct7 fields.

When the toolchain is recompiled, support for thenew instructions is automatically added
and robotics applications relying on xinterval primitives can be compiled seamlessly.
This allows to produce native RISC-V binaries that are given as input to the SoC.

7.2.2 The Hardware-In-The-Loop RISC-V ISA Simulation

The RISC-V ISA simulator is responsible for executing the binaries of the benchmark
applications andmimic thebehavior of a real processor. It not only supports the standard
extensions defined in the RISC-V specification, but also includes amodel for all xinterval
instructions in order to evaluate the impact of the proposed hardware accelerations. By
default, the behavior of xinterval instructions is implemented as pure software in the
same way as the standard instructions, but the advantage lies in the fact that the same
evaluation can be performed using the xinterval hardware blocks as their development
progresses thanks to a specific plugin system. The architecture of the component is
divided into two main parts: the first implements all the basic features of a standard
RISC-V aswell as an executionprofilingmechanism,while the second is used to interface
with the xinterval hardware modules.

7.2.2.1 The Skeleton of the Simulator

A schematic view of the ISA simulator is shown in Figure 7.6.

According to theRISC-Vnomenclature, the simulatedprocessor is aRV64IMAFD_xinterval
core, which indicates support for xinterval and the following standard extensions:

• I: Core instructions.
• M: Integer multiplication/division/modulos.
• A: Atomic operations.
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Figure 7.6: A Schematic View of the ISA Simulator Deployed in the SoC

• F: Single-precision floating-point numbers.
• D: Double-precision floating-point numbers.

As required by the RISC-V standard, the processor defines the following registers:

• General-purpose registers: 64 registers of width 64-bit.
• Floating-point registers:64 registers ofwidth64-bit (sharedbyFloat32andFloat64).

For simplicity, the ISA simulator uses a functional approach to binary emulation which
treats each instruction as an atomic event. In this scenario, all the potential compli-
cations related to the classic RISC pipeline, such as data hazards, are ignored. Each
instruction supported by the simulator, whether it comes from the standard or from xin-
terval, is implemented by a dedicated handler function written in Rust which modifies
the internal state of the SoC (register, memory, IOs) in the appropriate way. As an ex-
ample, Listing 10 shows how the decoded instructions are sent to the proper evaluation
function and Listing 11 shows of the the JAL instruction is implemented.

Functional simulation, although simple and fast, makes it hard to evaluate the perfor-
mance of the underlying hardware. A class of tools called computer architecture simu-
lator precisely tackle this issue by introducing an actual modelling of a given computer
architecture in addition to the simple execution of instructions. Features such as CPU
pipelines, cache hierarchie and interconnects are taken into account to produce themost
accurate prediction of the performances if the considered processor was built for real.
The Gem5 simulator performs this task for the RISC-V architecture and allows to pre-
cisely configure the latency of each supported instruction to see the impact on thewhole
execution. At the beginning of the thesis work, The modification of Gem5 sources has
been considered to interface it with real hardware, using a tactic similar to the one pre-
sented in in Section 7.2.2.2. The goal was to take advantage of its architectural simula-
tion capabilities, which would have been really time-consuming to re-implement other-
whise, and add only the specificities of the xinterval model. However, Gem5's internal
architecture made this evolution difficult, and the attempt was abandoned.

As an alternative, the proposed ISA simulator records the occurrence of each instruction
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Listing 10: Routing the decoded instruction to the right execution function

1
2 pub fn execute_instruction_i(cpu : &mut RvCore, instr : &RvInstrContent, trace : bool) ->

Result<RvCoreException,RvCoreError> {↪→

3 match instr.mnemonic.as_str() {
4 "LUI" => return lui(cpu, instr, trace),
5 "AUIPC" => return auipc(cpu, instr, trace),
6 "JAL" => return jal(cpu, instr, trace),
7 "JALR" => return jalr(cpu, instr, trace),
8 "BEQ" => return beq(cpu, instr, trace),
9 "BNE" => return bne(cpu, instr, trace),

10 "BLT" => return blt(cpu, instr, trace),
11 "BLTU" => return bltu(cpu, instr, trace),
12 "BGE" => return bge(cpu, instr, trace),
13 "BGEU" => return bgeu(cpu, instr, trace),
14 "LB" => return lb(cpu, instr, trace),
15 "LBU" => return lbu(cpu, instr, trace),
16 ....
17 _ => return Err(RvCoreError::ExtensionNotSupportedError)
18 }
19 }

Listing 11: The JAL instruction in the ISA simulator

1 fn jal(cpu : &mut RvCore, instr : &RvInstrContent, trace : bool) ->
Result<RvCoreException,RvCoreError> {↪→

2 cpu.write_xregs(instr.rd as usize, cpu.pc().wrapping_add(4))?;
3 let sext_imm = match instr.sext_imm() {
4 Some(v) => v,
5 _ => return Err(RvCoreError::ExecutionInternalError)
6 };
7 let new_pc = cpu.pc().wrapping_add(sext_imm).wrapping_sub(4);
8 cpu.set_pc(new_pc);
9 if trace {

10 println!("jal {:#018x}", new_pc);
11 }
12 return Ok(RvCoreException::NoException);
13 }
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during the execution of a program and estimates the number of clock cycles and total
CPU time required. To this end, the latency of each instruction must be precisely known
in order to perform an accurate summation. The latency database mentionned in Figure
7.6 is a way for the user to specify the latency of each instruction prior to the execution
andmatch the performances of a realistic processor. In the absence of real hardware for
standard RISC-V instructions, proposing a latency model involves a bias that is kept to
a minimum thanks to the strategy presented in Table 7.1, which serves as the basis for
the performance measurements in Section 7.3.

Extension Method for latency selection

I Analogous to Gem5’s default parameters for RISC-V.

M Analogous to Gem5’s default parameters for RISC-V.

A Analogous to Gem5’s default parameters for RISC-V.

F Latency of the associated FloPoCo operator at the target frequency.

D Latency of the associated FloPoCo operator at the target frequency.

Xinterval Latency achieved during synthesis, as announced in Table 6.2.
Table 7.1: Proposition of a Latency Model for the ISA Simulator

Remarks

The proposed strategy for performance estimation, based on the addition of the
individual latencies of all the executed instructions, is a naive approach which
does not take into account some common microarchitecture constructs, such as:

• pipelining
• branch prediction
• instruction reordering
• ...

However, xinterval is primarily targeted at embedded robotics applications where
energy consumption is a major concern. As a result, the processors used in these
areas tend to be simpler andmake sparing use of the aforementionnedmecanism.
The considered approach, although imperfect, offers a beliveable yet pessimistic
assessment of the viability of the proposedmodel, which would benefit from con-
solidation in future works, particularly by improving the realism of the in the ISA
simulator.

7.2.2.2 Interfacing Real Hardware in the Simulator

The purpose of the ISA simulator is to support the development of xinterval instructions,
by gradually transitioning from the default software model to real hardware. To achieve
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this, the xinterval core from Section 6.1.2 can be connected to the main loop of the ISA
simulator. The xinterval core, whose architecture is recalled in Figure 7.7, waits for 32-bit
instructions coming from the simulator, perform decoding and execution locally before
sending back the content of the destination register.

Figure 7.7: Architecture of the xinterval core

For the Rust executable and the VHDL model to run cooperatively and execute the ap-
plication, the xinterval core is encapsulated in a wrapper which acts as a bridge between
the hardware and the software. Throughout the development process, the method used
to implement this wrapper evolves as hardware operators become more reliable to in-
crease representativity. The list of all the available wrappers and their advantages are
presented in Section 7.2.3. From the ISA simulator's perspective, the handler functions
responsible for xinterval instructions revolve around an abstraction mecanism called
«session» to communicate with the xinterval core with respect to the current wrapper
used, as illustrated by Figure 7.8 and Listing 12.

Figure 7.8: Communication Between the ISA Simulator and the xinterval core
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Listing 12: The itv.make Instruction in the ISA Simulator

1 pub fn itvmake(cpu : &mut RvCore, instr : &RvInstrContent, trace : bool) ->
Result<RvCoreException,RvCoreError> {↪→

2 /* Get bounds in rs1/rs2 of fpregisters */
3 let rs1_content = cpu.read_fpregs_f32(instr.rs1 as usize)?;
4 let rs1_content_u64 = rs1_content.to_bits() as u64;
5 let rs2_content = cpu.read_fpregs_f32(instr.rs2 as usize)?;
6 let rs2_content_u64 = rs2_content.to_bits() as u64;
7 /* Check that we are using xinterval core instead of software */
8 match cpu.mk1_session_mut() {
9 Some(session) => {

10 /* Copy bounds in xinterval core registers 1 and 2 */
11 session.write_register(1, rs1_content_u64)?;
12 session.write_register(2, rs2_content_u64)?;
13 /* Run itv.make instruction on core and store result in register 3 */
14 let result = session.make_interval_noiota(3, 1, 2)?;
15 let result_f64 = f64::from_bits(result);
16 /* Copy result back to the simulator */
17 cpu.write_fpregs_f64(instr.rd as usize, result_f64)?;
18 return Ok(RvCoreException::NoException);
19 }
20 None => return Err(RvCoreError::Mk1TransactionError)
21 }
22 }

7.2.3 Available Xinterval Wrappers for the RISC-V Core Simulator

During thedevelopment, the xinterval corehasbeenexposed to the ISAsimulator through
several wrappers, following the timeline shown in Figure 7.9.

Figure 7.9: Workflow Used in the Evolution of Wrapper Methodology for Xinterval Core

Initially, xinterval instructions are implemented as pure software (milestone 0 from Fig-
ure 7.9), using similar handler functions to the one presented in Listing 11. When the
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extension is modified, either by the addition/removal/modification of an instruction, the
wholedevelopmentprocess reverts to this stage toestablish the functional goldenmodel
thatwill be used as a baseline for the subsequentmilestones. Sections 7.2.3.1 to 7.2.3.3
presents the philosophy and design choices used to implement the wrappers frommile-
stones 1 to 3.

7.2.3.1 Cosimulation with GHDL

In this setup, the xinterval core is evaluated by GHDL [130], an open-source VHDL sim-
ulator, and cooperates with the ISA simulator, following the method described in Figure
7.10. This solution heavily relies on the VHPIDIRECT [131] protocol, an higher-level al-
ternative to the VPI [132] and VHPI [133] cosimulation standards, which allows the inte-
gration of foreign language functions (e.g written in C) from within the VHDL simulation.
In the context of this wrapper, the ISA simulator instantiates a TCP client which operates
as the dedicated transfer layer for the session used by the xinterval handler functions.

Figure 7.10: Interfacing the ISA Simulator with the Xinterval Core through GHDL cosimulation

The GHDL process is composed of two main parts:

The VHPIDIRECT plugin: A standalone shared object library, written in C and loaded
alongside GHDL. Its purpose is to run a minimalist TCP server to which the ISA sim-
ulator connects and exchanges the instructions/results corresponding to the xinterval
instructions of the current benchmark. The VHPIDIRECT protocol is used to transfer
data at runtime between the C data-structures on the server side and the VHDL signals
managed inside the testbench. As a an example, Listing 13 shows how the C function
recv_instruction, which is responsible for receiving a 32-bit integer instruction from the
server, is hooked from the shared object and exposed to the VHDL world.

The main testbench: The VHDL testbench instantiates the xinterval core and starts the
infinite loop shown in Figure 7.11. The latter blocks until an instruction is received by
the server, loads it as an input signal for the core, runs the simulation for a while until the
result is ready and returns it to the C context.
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Figure 7.11: Summary of the Exchanges Between the VHDL and C Contexts

Listing 13: Defining the Instruction Type in VHDL and Binding the C Function

1 package cosim_pkg is
2
3 -- instruction datatype
4 type instruction is record
5 b0 : integer;
6 b1 : integer;
7 b2 : integer;
8 b3 : integer;
9 end record instruction;

10
11 -- pointer to instruction
12 type instruction_ptr is access instruction;
13
14 -- receive the next instruction (via libcosim.so)
15 function recv_instruction return instruction_ptr;
16 attribute foreign of recv_instruction:
17 function is "VHPIDIRECT libcosim.so recv_instruction";
18
19 end package;

The GHDL simulator provides a simple way to prototype hardware operators without the
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constraints imposed by the deployment on a real FPGA. At this stage, the main focus is
made on functional verificationwhich allows some compromises on the implementation.
For example, the operators can be written in portable VHDL (without vendor-specific
primitives) and the problems related to synthesis can be temporaly ignored (latency,
max frequency, resource utilization). There are still several limitations to this method.
Themain drawback is that an evaluation performed in the context of a simulator typically
fails to capture the complexity of real hardware and provides absolutely no guarantees
regarding actual deployment on a chip. It is necessary to go up to the synthesis to accu-
rately estimate the performances achieved by each operator, especially when attempt-
ing to evaluate the speedup of xinterval. Another drawback is the overall slowness of the
simulation process, mostly due to the overhead imposed by the VHPIDIRECT plugin and
the TCP communication. While it practically allows to execute real-world binaries with
little efforts, the time required to do so can bemeasured in hourswhich is not acceptable
as the tests grow in complexity. Figure 7.12 summarizes the pros and cons of the GHDL
wrapper for the ISA simulator.

Figure 7.12: Pros and Cons for the GHDL Wrapper

7.2.3.2 UART Coprocessor

The interval core is now deployed on a FPGA board and interfacedwith the ISA simulator
(running on a Linux desktop) through the UART protocol, as shown in Figure 7.13. The
main goal of this milestone is to produce interval operators that are meant to be synthe-
sized, which is achieved through refinements of the hardware model used in milestone
1. A big part of the job is to develop a pipelined version of the former single-cycle opera-
tors to run at the requested frequency, whilemaking the best use of the limited hardware
resources of the target chip. This step introduces more hardware representativity and
results in an explicit knowledge of the operator latencies, which is the prerequisite for
the proposed performance evaluation strategy.
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Figure 7.13: Interfacing the ISA Simulator with the Xinterval Core through the UART protocol

From the perspective of the ISA Simulator, the xinterval handler functions now relies
on a dedicated UART session. At the beginning of the simulation, a request is made
to the Linux operating system to configure and open a serial port to communicate with
the FPGA board. The exchanges of instructions/results are then performed using this
channel. From the FPGA's side, the instructions are received through theUART endpoint,
stored in a dedicated register and fed to the interval core. The result obtained is then sent
back to the ISA simulator in a similar way.

This method offers an easy way to execute fairly high-level applications using synthe-
sized hardware, which would be hard to achieve otherwise in a context where no fully
fledged RISC-V is available. However, there is still a large performance overhead due
to the repeated exchanges of small instruction/result buffers over UART, leading once
again to a rather slow simulation. Figure 7.14 summarizes the pros and cons of the UART
wrapper for the ISA simulator.

Figure 7.14: Pros and Cons for the UART Wrapper

7.2.3.3 AXI Coprocessor on Zynq

The lastwrapper takes advantage of the Xilinx's Zynq [134] platform, an hybrid SoC com-
posed of an ARM processor and a FPGA, which are respectively denoted as the Process-
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ing System (PS) and the Programmable Logic (PL). The architecture of this solution is
displayed in Figure 7.15. Practically, Linux and the ISA simulator are executed on the
PS part, the xinterval core is synthesized on the PL part and the communication happens
through the high-speed AXI bus which ties both parts.

Figure 7.15: Interfacing the ISA Simulator with the Xinterval Core through the AXI protocol

The main idea is to directly expose the instruction/result registers of the xinterval core
on the AXI bus and use the capabilities of the Linux operating system tomanipulate their
contents from the ISA simulator. This method typically leads to much lower latencies,
sometimes by more than an order of magnitude, in the communications between the
ISA simulator and the hardware. As a consequence, the speed of the simulation, which
was the biggest drawback of the previous wrappers, is greatly improved and running the
benchmarks presented in Section 7.3.1 is now a matter of minutes.

The most relevant technical details behind this wrapper are described below:

Configuration of the embedded Linux:

The Linux image used is heavily configured to be compatible with the PS part:

• Generation of a custom first-stage bootloader (FSBL) from Vivado.
• Use of the Uboot second-stage bootloader to 1) configure the PL part at startup

with the xinterval core bitstream produced by Vivado and 2) load the kernel.
• The Xilinx's fork of the Linux kernel is modified to include a device-tree extension

which essentially tells the kernel about the presence of the xinterval core on the
AXI bus.

• A minimal userland is constructed to support the execution of Rust binaries.

The xinterval device driver:

• Generation of a custom first-stage bootloader (FSBL) from Vivado.
• Use of the Uboot second-stage bootloader to 1) configure the PL part at startup

with the xinterval core bitstream produced by Vivado and 2) load the kernel.
• The Xilinx's fork of the Linux kernel is modified to include a device-tree extension

which essentially tells the kernel about the presence of the xinterval core on the
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AXI bus.
• A minimal userland is constructed to support the execution of Rust binaries.

A dedicated Linux kernel module has been developped to properly expose the xinterval
core to applications running on the PS part. It instantiates a simple character device
/dev/xitv which can be used to send an instruction and wait for the result by the mean
of ioctl commands. Internally, the io_remap and io{write,read}32 functions are used to
interact with the xinterval core physical memory addresses on the AXI bus (which were
given to the Linux kernel in the device-tree).

The ISA simulator AXI session:

The handler functions of the ISA simulator now rely on an AXI session which uses the
ioctl commands provided by the kernel module to discuss with the hardware.

Exposing the xinterval core through an AXI slave:

In the PL part, the xinterval core is now packaged as an AXI-LITE slave and several reg-
isters are exposed on the AXI bus:

• A 32-bit write-only instruction register.
• Two 32-bit read-only registers called result_high and result_low.

These registers can be accessed by software applications using the aforementionned
kernel module. An overview of the vivado block design is available in Figure 7.16.

Figure 7.16: Vivado Block Design for the Zynq-PL

Finally, the pros and cons of the Zynq-based wrappers are summarized in Figure 7.17.
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Figure 7.17: Pros and Cons for the Zynq Wrapper

7.3 Evaluating the Performances of the Xinterval Extension

This section presents the benchmarks used to evaluate the performance of the xinterval
extension. An explanation of the experimental methodology is conducted followed by a
summary of the result achieved.

7.3.1 Presentation of the Benchmarks

Four case-study of increasing complexities have been chosen to debug and benchmark
the performances of the xinterval instructions. They all aim at characterizing a solution
set using interval contractors and the SIVIA paving algorithmwhile remaining somewhat
representative of robotics-oriented applications.

7.3.1.1 Benchmark 1 - Ring

The first benchmark uses the same contractor as the range-only localization algorithm
presented in Section 1.3. The expression of the associated CSP is given in Equation 7.2.

H :


X : (x1, x2)

D : ([−10, 10], [−10, 10]) where f(X) = (x1 − 1)2 + (x2 − 2)2

C : f(X) ∈ [16, 25]

(7.2)

It uses only relatively simple elementary contractors such as addition, subtraction and
square function and it thus a great starter.
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7.3.1.2 Benchmark 2 - Waves

The second benchmark introduces more complex elementary contractors such as sine,
exponential and division. The expression of the associated CSP is given in Equation 7.3.

H :


X : (x1, x2)

D : ([−3.5, 2], [−3, 3]) where f(X) =
{

sin (x1
2+x2

2)
ex1+x2

2

C : f(X)∈ [0.325, +∞]

(7.3)

7.3.1.3 Benchmark 3 - Donut

The third benchmark uses the same elementary contractors are the second benchmark
in a slightly different configuration. The expression of the associated CSP is given in
Equation 7.4.

H :


X : (x1, x2)

D : ([−3, 3], [−3, 3]) where f(X) = ex1×x2 − sin(x1 − x2)

C : f(X) ∈ [−0.2, 0.2]

(7.4)

7.3.1.4 Benchmark 4 - Vortex

The last benchmark features a more complex contractor which introduces partially de-
fined operators such as square-root. The expression of the associated CSP is given in
Equation 7.5.

H :


X : (x1, x2)

D : ([−3.5, 2], [−3, 3]) where f(X) = (x2 − 5) cos(4
√

(x1 − 4)2) + x22

C : f(X)∈ [0.325, +∞] − x1 sin(2
√
x12 + x22)

(7.5)

7.3.2 A Methodology for Fair Comparisons

Most interval-related developments, especially in robotics, are targeted for x86 or ARM
architectures where the rounding of floating-point greatly impact performances, as ex-
plained in Section 1.4.3. To compensate for this, most of the popular interval software
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libraries rely on implementation tricks that have no equivalent in the RISC-V architec-
ture. The later has the advantage of performing floating-point rounding context change
at zero cost but suffers from the lack of ASIC-based chips which are serious competi-
tors for x86/ARM alternatives. In this context, it seems hard to comewith a setup where
processors are equally performant and rely on equally optimized libraries, even when
putting xinterval aside.

This study hypothesizes that the gradual adoption of consumer RISC-V processors will
eventually allow them to compete with x86 chips in terms of raw computing power and
that their approach to floating-point rounding will give them a structural advantage for
interval arithmetic. As a consequence, the choice has been made to compare the dif-
ference of performance obtained between a standard RISC-V and a RISC-V augmented
with xinterval.

To achieve this, the benchmarks presented in Sections 7.3.1.1 to 7.3.1.4 are compiled
against the two flavors of the interval toy-library described in Section 7.2.1.1. For the
benchmark X, it leads to two binaries benchmark_x_no_acc and benchmark_x_acc rep-
resenting respectively the standalone RISC-V and the accelerated version. For the rea-
sons detailed in 7.1.1.2, the evaluation is based on the Hardware-in-the-loop approach
presented throughout the Chapter and uses the instruction occurence-counting strategy
from Section 7.2.2.1 despite its obvious limitations. The later are compensated by the
fact that the same method is used for both platforms and that the speedup ratio should
remain the same.

7.3.3 Results Obtained

The pavings shown in Figure 7.18 have been obtained by running the xinterval acceler-
ated binaries of the proposed benchmark through the ZynqWrapper of the ISA simulator.
The speedup obtained as well as the simulation time are displayed in Table 7.2.

Benchmark Speedup Simulation Time (Zynq)
ring ×3.2 22s
waves ×7.3 156s
donut ×8.2 185s
vortex ×7.8 372s

Table 7.2: Speedup Estimate Relative to a RISC-V Processor Without Xinterval

First of all, each benchmarks leads to a speedup above 2 times, which is reassuring con-
sidering that the bounds of the intervals are now evaluated in parallel thanks to the dedi-
cated hardware. The first benchmark seems to perform comparativelyworse (only 3.2×)
than the others, which may be explained by the fact that it mostly involves «easy» ele-
mentary contractors such as addition, subtraction or square for which no clever imple-
mentation trick is doable beside from calling the associated operator concurrently on
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(a) ring (b) waves

(c) donut (d) vortex
Figure 7.18: Pavings Obtained for the Benchmarks When Using the Xinterval Flavor of the Interval Toy-
Library and the Zynq Wrapper for the ISA Simulator.

the lower and upper bounds. The gain is essentially made on the other interval opera-
tions, such as intersection or the backward-contractor on the square constraint which
would require several instructions if xinterval was not available. The other benchmarks
feature similar levels of gain (between 7.3 and 8.2 ×) which is explained by the use of
more complex contraints such asmultiplication, division or trigonometrywhose software
equivalents involve at lot of expensive and non-parllelized operations.

These results seems underwhelming compared to what can be typically achieved by
hardware acceleration in other areas such as compression. Howver, the proposed op-
erators and their implementation are provided as proof of concept and are far from op-
timal, since it is indeed possible to increase their performances in several ways. Areas
for improvement include, for example, optimizing floating-point primitives, reducing the
latency of specific operators or making changes in some algorithms used to evaluate the
intervals. In addition, one of themajor constraints of the studywas to propose a solution
that would not disrupt the way of programming with intervals and would maximize the
reuse of existing code. In this context, a gain of 10 × remains very interesting.
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Synthesis of the Contributions

This thesis was initially motivated by the existence of performance bottlenecks in in-
terval applications used in embedded robotics, such as location or robust control. The
proposed work examined how a dedicated hardware acceleration could benefit inter-
val arithmetic, whose current software implementations face issues related to general-
purpose architectures. In robotics, interval methods rely mainly on the evaluation of
elementary interval contractors, whose optimization is therefore a major focus.

In addition to merely improving the performances of interval applications, the study
seeks to propose an acceleration model that allows maximum reuse of existing inter-
val code by easily substituing to popular interval software libraries.

Achievements

Thework helped to consolidate the theoretical basis of interval constraint programming,
by proposing an extension to interval arithmetic which allows to correctly generate the
complementary of a contractor when partially defined functions are involved. This prob-
lemwas encountered in most of the popular interval libraries and the solution found, i.e.
the introduction of the iota element, is a promising idea for a potential future revision
of the IEEE-1788 standard. This new feature has been successfully implemented in the
hardware model described below.
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Amajor achievement is the specification and the implementation of hardware primitives
dedicated to the acceleration of elementary interval contractors. The resulting opera-
tors have been synthesized on a physical FPGA to profile resources utilization, latency
andmaximum operating frequency. The potential of customization brought by the FPGA
platform has been used to circumvent the limitations of traditional processors and build
amicroarchitecture suited for intervals. Themain optimizations tackle the floating-point
layer of interval computations. For a given interval operator, both bounds are now eval-
uated in a purely concurrentmanner andwith the appropriate roundingmode, which im-
proves performance significatively compared to a software solution running on x86. An-
other interesting outcome of tailor-made hardware is that interval bounds can be made
to use custom-float formats to closely match the needs of the considered application
(e.g. robotics), particularly in term of precision bits.

A discussion related to the integration of interval arithmetic as a RISC-V extension has
been conducted. The main difficulty was find the optimal tradeoff between the features
that should be handled in hardware and those who belong to software, in accordance
with the requirements of embedded robotics, while adapting to the architectural con-
trainsts of the RISC-V. The resulting instruction set, named xinterval, provides a solid
basis to implement an interval contractor library, which can then be used as a seamless
replacement to existing software libraries.

Finally, the behavior of the xinterval extension has been verified using a hardware-in-the-
loop approach which interfaces a software RISC-V model with an interval core made of
the aforementionned operators and synthesized on a FPGA. This setup allowed to suc-
cessfully execute a set of reference robotics applicationswhich proves the viability of the
ISA extension strategy for interval arithmetic. In addition, the same platform has been
used to estimate the performance gain brought by the proposed model compared to a
similar implementation running of a non interval-accelerated RISC-V. The experimenta-
tion led to speedups ranging from three to ten depending of the considered problem,
with room for growth.

Limitations

The hardware operators developed, although functional, still have significant room for
improvement. The FloPoCo library has fulfilled its role of providing configurable and syn-
thesizable floating-point operator primitives, without which the work carried out would
not have been possible. However, it is still an automatic code generator, and a man-
ual approach optimized for a specific FPGA will yield better results, at the cost of a long
and time-consuming development effort that was out of the scope of this study. Some
of the choices made in the hardware algorithms can be discussed and improved. For
example, trigonometric operators rely on CORDIC primitives which are not known to be
fastest method on FPGA. Overall, although the proposed operators are fully pipelined,

Final Version - 2026/03/06



7.3. Evaluating the Performances of the Xinterval Extension 195

little effort has been put into aggressive optimization, whichmeans that the performance
announced for xinterval can only be improved.

One of the major limitations of the work carried out is that development was not pur-
sued to the point of final integration into a RISC-V hardware model. The main reason for
this omission is strategic, as this integration process had the potential to lead to many
technical difficulties that would have cut into the time allocated to other elements of
the already broad spectrum of work. The hardware-in-the-loop solution used as a re-
placement proved the viability of the ISA extension for interval arithmetic, but was quite
limited in its ability to accurately evaluate performance gains, which can only be done
through integration in a fully-fledged processor.

Future Works

This research opens up prospects for future work. As a direct continuation of the thesis,
integrating the xinterval extension into a synthesized RISC-V processor is a priority, as
it will enable more accurate measurement of performance improvements. The Rocket
RISC-V, as a reference research implementation, is an ideal candidate for hosting the
proposed extension, particularly via its ROCC interface, which simplifies co-processor
deployment.

Another option is toport awell-established interval software library in thefieldof robotics,
such as codac, so that it uses xinterval as the main back-end instead of the general-
purpose hardware. This would increase the accessibility of the extension for other re-
searchworks, enable testing in real-world conditions, and ultimately improve themodel.

On a more exploratory note, it may be interesting to explore other acceleration mod-
els for interval arithmetic. Still in the context of the traditional processor model, it is
possible to study the feasibility of an ISA extension dedicated to SIMD operations with
intervals, following the design principles of the V extension of the RISC-V standard. This
approachmakes sense in robotics for evaluating several branches of the SIVIA algorithm
in parallel.

Finally, the «hardware-only» approach to interval arithmetic could also be promising.
This strategy completely diverges from the work carried out and sacrifices the flexibility
offered by the processormodel in order to increase performance. The thesis developped
hardware operators for elementary interval contractors which are the low-level build-
ing blocks for more complex contractors following the forward-backward methodology.
They could be reused in a workflow based on the HC4R algorithm to lay down the entire
contractor (forward and backward parts) as a unique combinatorial circuit.
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216 A. Top Level view ot the NVIDIA Hooper Architecture

Figure A.1: Architecture of the NVIDIA H100 (Hooper) - Credit to NVIDIA Hooper Whitepaper [69]
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Listing 14: An Overview of the Interval Layer in Libctc_no_acc

1 /* Addition for intervals - without xinterval */
2 interval_t itv_add(interval_t x, interval_t y) {
3 uint32_t iota_add = ((x.iota | y.iota) > 0) ? 1 : 0;
4
5 /* Omitted early exit logic due to empty input */
6
7 float new_lb = x.lb + y.lb;
8 float new_ub = x.ub + y.ub;
9 interval_t res = {.lb = new_lb, .ub = new_ub, .empty = 0, .iota = iota_add};

10 return res;
11 }
12
13 /* Subtraction for intervals - without xinterval */
14 interval_t itv_sub(interval_t x, interval_t y) {
15 uint32_t iota_sub = ((x.iota | y.iota) > 0) ? 1 : 0;
16
17 /* Omitted early exit logic due to empty input */
18
19 float new_lb = x.lb - y.ub;
20 float new_ub = x.ub - y.lb;
21 interval_t res = {.lb = new_lb, .ub = new_ub, .empty = 0, .iota = iota_sub};
22 return res;
23 }
24
25 /* Intersection for intervals - without xinterval */
26 interval_t itv_intersection(interval_t interval_1, interval_t interval_2) {
27 uint32_t iota_inter = ((interval_1.iota | interval_2.iota) > 0) ? 1 : 0;
28
29 /* Omitted early exit logic due to empty/disjoint input */
30
31 float new_lb = (interval_1.lb <= interval_2.lb) ? interval_2.lb : interval_1.lb;
32 float new_ub = (interval_1.ub <= interval_2.ub) ? interval_1.ub : interval_2.ub;
33 interval_t res = {.lb = new_lb, .ub = new_ub, .empty = 0, .iota = iota_inter};
34 return res;
35 }
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Listing 15: Implementing Addition Contractors in Libctc_no_acc

1 /* Addition forward contractor */
2 interval_t addfwctc(interval_t x, interval_t y) {
3 return itv_add(x,y);
4 }
5
6 /* Addition backward contractor 1 */
7 /* Given that Z = X + Y */
8 /* This function return Xc such as : */
9 /* Xc = X � (Z - Y) */

10 interval_t addbwctc1(interval_t x, interval_t y, interval_t z) {
11 interval_t subtraction = itv_sub(z, y);
12 interval_t intersected = itv_intersection(x, subtraction);
13 return intersected;
14 }
15
16 /* Addition backward contractor 2 */
17 /* Given that Z = X + Y */
18 /* This function return Xc such as : */
19 /* Yc = Y � (Z - X) */
20 interval_t addbwctc2(interval_t x, interval_t y, interval_t z) {
21 interval_t subtraction = itv_sub(z, x);
22 interval_t intersected = itv_intersection(y, subtraction);
23 return intersected;
24 }
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Listing 16: An Overview of the Interval Layer in Libctc_acc

1 /* inline function which makes use of xinterval instruction itv.add */
2 /* inputs loaded from double registers */
3 /* output stored in double register */
4 inline interval_t __attribute__((always_inline)) itv_add(interval_t itv1, interval_t

itv2) {↪→

5 interval_t result;
6 asm("itv.add %0, %1, %2" : "=f"(result) : "f"(itv1), "f"(itv2));
7 return result;
8 }
9

10 /* inline function which makes use of xinterval instruction itv.sub */
11 /* inputs loaded from double registers */
12 /* output stored in double register */
13 inline interval_t __attribute__((always_inline)) itv_sub(interval_t itv1, interval_t

itv2) {↪→

14 interval_t result;
15 asm("itv.sub %0, %1, %2" : "=f"(result) : "f"(itv1), "f"(itv2));
16 return result;
17 }
18
19 /* inline function which makes use of xinterval instruction itv.ext.i */
20 /* inputs loaded from double register */
21 /* output stored in integer register */
22 inline int __attribute__((always_inline)) itv_intersection(interval_t itv) {
23 int result;
24 asm("itv.ext.i %0, %1" : "=r"(result) : "f"(itv));
25 return result;
26 }
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Listing 17: Implementing Addition Contractors in Libctc_acc

1 /* Addition forward contractor */
2 interval_t addfwctc(interval_t x, interval_t y) {
3 return itv_add(x, y);
4 }
5
6 /* Addition backward contractor 1 */
7 /* Given that Z = X + Y */
8 /* This function return Xc such as : */
9 /* Xc = X � (Z - Y) */

10 interval_t addbwctc1(interval_t x, interval_t y, interval_t z) {
11 interval_t subtraction = itv_sub(z, y);
12 interval_t intersected = itv_intersection(x, subtraction);
13 return intersected;
14 }
15
16 /* Addition backward contractor 2 */
17 /* Given that Z = X + Y */
18 /* This function return Xc such as : */
19 /* Yc = Y � (Z - X) */
20 interval_t addbwctc2(interval_t x, interval_t y, interval_t z) {
21 interval_t subtraction = itv_sub(z, x);
22 interval_t intersected = itv_intersection(y, subtraction);
23 return intersected;
24 }

Final Version - 2026/03/06


	Abstract
	Contents
	List of Figures
	List of Tables
	Acronyms
	Introduction
	Context
	Problem
	Objectives of the Thesis
	Contributions
	Novelties
	Comprehensive Listing of Publications

	Organization of the Manuscript

	I Theoretical Background
	Interval Methods
	Motivations
	Interval Analysis Fundamentals
	Intervals
	Interval Computation
	Interval Vectors
	Interval Contractors
	Subpavings

	A Complete Localization Example
	Modelling the Problem
	Building The Contractors
	Computing The Subpavings

	Practical Implementation
	An Overview of the IEEE-1788 Standard
	The Software Ecosystem
	The Limits of Software

	Conclusion

	Hardware Acceleration Strategies
	Context
	Graph-Level Acceleration
	GPU Strategy

	Contractor-Level Acceleration
	Using SIMD Instructions
	Using Custom Hardware

	Conclusion

	RISC-V Architecture
	Motivations for the RISC-V Architecture
	Early Processor Architectures
	Transition from CISC to RISC
	Limitations of Legacy ISAs
	Origin and Objectives of the RISC-V

	Fundamental Aspects of RISC-V Architecture
	Core Architectural Design
	The Modular Extension System

	Conclusion


	II Contributions
	Accurate Generation of the Complementary of Contractor
	Problem
	Approach
	Total extension
	Definitions
	Illustration
	Properties
	Total real arithmetic
	Link with the complex number i

	Total intervals
	Intervals in unions of lattices
	Total intervals
	Total interval arithmetic
	Total interval vector

	Total contractors
	Total directed contractor for a binary constraint
	Total directed contractor for a ternary constraint
	Total forward-backward contractor

	Conclusion

	A High-Level View of the Xinterval Extension
	The Xinterval Custom Extension
	Encoding Intervals in RISC-V's Registers
	Basic Interval Computations
	Creating Intervals From Single-Precision Bounds
	Loading And Storing Intervals
	Extracting Information From An Interval
	Set Operations

	Half-Contractors
	Arithmetic Operators
	Other Real Functions

	Conclusion

	The Micro-Architecture of the Xinterval Extension
	The Software/Hardware Interface
	From ISA Instructions to Hardware Circuits
	The Minimal Xinterval Core

	Review Of Hardware Primitives For Intervals
	A Word About Floating-Point Arithmetic
	Conversions Between Intervals and Floating-Points
	Itv_set
	Itv_add
	Itv_mul
	Itv_div
	Itv_sqrt
	Itv_exp
	Itv_log
	Itv_trig and Itv_trig_inv

	Synthesis Results

	Design, Validation and Benchmarking methodology for the Xinterval Extension
	A Testbench Platform for the Xinterval Extension 
	Designing the Extension
	Architecture of the Testbench Platform

	In-depth Analysis of the SoC Simulator
	Developping Applications for the SoC
	The Hardware-In-The-Loop RISC-V ISA Simulation
	Available Xinterval Wrappers for the RISC-V Core Simulator

	Evaluating the Performances of the Xinterval Extension
	Presentation of the Benchmarks
	A Methodology for Fair Comparisons
	Results Obtained


	Conclusion
	Synthesis of the Contributions
	Achievements
	Limitations

	Future Works

	Bibliography
	Top Level view ot the NVIDIA Hooper Architecture
	Implementing Addition Contractors in Libctc_no_acc
	Implementing Addition Contractors in Libctc_acc


